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Summary. In this paper we study the dispersion equation of Stoneley waves that are travelling in an
inhomogeneous elastic half-space over an anisotropic homogeneous elastic half-space.

The phase velocity is calculated as a function of the wave number. The results indicate that the effect
of anisotropy on such waves is small and can be neglected, while the effect of inhomogeneity is very
pronounced. The results show that Stoneley waves do not exist after some cut-off value of the wave
number.

1 Introduction

The crust of the earth has three dimensional structures with continuous variation of elastic
parameters [1]. These variations are caused by long term variation of temperature and pressure
with depth. Inhomogeneity and anisotropy in the earth are regarded as the orlgln of attenuation
and scattering of seismic waves [2], [3].

The classical problems of wave propagation in elastic homogeneous media posses a property
such that they can be formulated in terms of two potentials, each one satisfying a second order
differential equation. For problems in inhomogeneous media this is not always possible.
Ravindra [4] proved that when the density is constant and Poisson’s ratio equals 0.25 (i.e. 4 = y)
it is possible to have two separate second order wave equations for compressional and shear
wave potentials. Acharya [5] used the results of [4] to study the reflection from the free surface of
an inhomogeneous medium. Rao [6] considered the tensorial stress equation in heterogeneous
media and showed that for plane strain and axisymmetric cases, the stresses are determined by
a single function satisfying a fourth order differential equation. Rao and Goda [7] used this
approach to study Lamb’s problem for a class of heterogeneous elastic half-spaces. Also, Rao [8]
studied the reflection and transmission coefficients from Epstein transition zones in nonhomoge-
neous isotropic elastic media.

Approximate theories have, also, been used in dealing with wave propagation in heteroge-
neous media as the geometrical ray theory. Most of the applications of ray theory have been
limited to ray tracing because of some essential instabilities that appear in the numerical
evaluation of ray amplitude. They are mostly due to the fact that ray theory is an infinite
frequency method. However, there are several methods that have been proposed to avoid these
instabilities in ray theory. Chapman [9] proposed to use the WKB method, Chapman and
Drummond [10] used the method of Maslov for the calculation of high frequency fields in
arbitrary heterogeneous media. Farra and Madariaga [11] studied ray propagation in three
dimensional heterogeneous media. A general formalism based on Hamiltonian theory was used
so that the results are independent of the coordinate system.
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The effect of anisotropy on P and SV waves has not been discussed by many investigators.
Isotropy is one of the assumptions which people usually make. Such an assumption is not right
especially in sedimentary layers. Anderson and Harkrider [12] indicated that anisotropy is also
present in the near surface layers. Abubakar and Hudson [13] studied the dispersive properties of
liquid overlying an anisotropic half-space and compared the results with the case of an isotropic
lower half-space. They found that anisotropy has little effect on the results. Sharma [14] discussed
the propagation of Rayleigh waves in an elastic medium with two horizontal layers overlying
a semi-infinite elastic medium above which lies a liquid layer. The second elastic layer was
assumed to have an anisotropic behavior. Keith and Crampin [15] studied the characteristics of
body wave propagation in anisotropic media and developed a means of calculating the plane
wave reflection coefficient of body waves for layered anisotropic media. They, also, computed
theoretical seismograms for the same model.

In this paper we investigate the effect of inhomogeneity and anisotropy on Stoneley waves.
We use a model which consists of two half-spaces, the upper one is an isotropic inhomogeneous
elastic medium, while the lower one is an anisotropic homogeneous elastic medium. We obtain
the dispersion equation and investigate it for different cases.

2 Formulation of the problem

2.1 Model description

Choose a two dimensional Cartesian coordinate system (x, z) with the z-axis pointing upwards.
Let two elastic half-spaces be in contact along the plane z = 0. The upper half-space is occupied
by an isotropic inhomogeneous elastic medium, while the lower half-space is occupied by an
anisotropic homogeneous medium. We assume that the quantities relating to the upper and
lower half-spaces are denoted by the the subscripts 1 and 2, respectively. The densities p; and
p, are constants. Lame’s parameter /,, y; are assumed to be equal, i.e. Poisson’s ratio in the
upper halfequals 0.25. The velocities oy and §; of the compressional and shear wave, respectively,
are assumed to be functions of depth only. Clearly, as A, = u; then a; = (3)%/2 B,.

2.2 Equations of motion and boundary conditions

Let S; = (u;, v) j = 1,2 be the displacements in the two half-spaces. According to Ravindra [4], it
is possible to have separate wave equations for the compressional and shear wave potentials,
¢1 and ¥4, respectively. The displacement S; is given by

S1=piV(py T y) + TV X () (0

where the potentials ¢, and ¥, satisfy the equations

224,
Py — 2 e) S =0, @
P2, — 0 S —o. ®

or?
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The expressions for the stresses are given by

¢y Py oy 0%, o,
L = 2 — 3 —3g—=—3¢,g 4
(01) “1<ax2 t2o o e 3 3 3k )
Py opy Py Yy oy
= 2 _grt — — — Y
(Gl)zx .u1< dx 0z g Ox + axz 622 g oz lpl g (5)
where
M 7
g= Hl : ©)
1

" denotes differentiation with respect to z. ;” is the y-component of y,. However, yr,” is the only
component which we shall need. For this reason, from this point on, we shall write it as .

As for the lower half-space, we assume that the properties of the medium are defined by the
condition that its strain energy volume density function W, has the form [16]

2W, = Aye2, + Cye2, + 2F e e, + Lae,. (7
Since W, is a positive definite form,

A4,>0, C,>0, L,>0 and A4,C,> F,2. (8)

Following [13], we shall further assume that

Ay;>L, and C,> L,. ®

The stresses can be derived from the strain energy volume density function by the formulae

oW oW,
(G2)ij = 2 and (2) = 2 (no summation). (10)
Oey; dey;
Thus we get ‘
0 d
(Uz)zz=F2£+ Cs 2z (11.1)
Ox 0z
0 0
(02)z = Ly (ﬂ + ﬁ>, (11.2)
0z Ox '

where e,, etc. are replaced by there values in terms of displacements. The equations of motion,
when A,, C,, L, and F, are constants, are given by

0u 0%u 0%u )
0s —6t22 =4, —axj + L, —azj + (P2 + Ly) o a; (12.1)
d%v v 0% 0%u
s __at; =L, ij 1, —azj + (2 + La) 5 6; . (12.2)
If we substitute
Ay =Co=Ay+ 2y, Fy=2;, Ly=yp,, (13)

Egs. (12.1), (12.2) are reduced to the familiar equations for isotropic homogeneous elastic
media [17].
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The boundary conditions are

(i) continuity of the x and z components of the displacements at the surface of interface,
ie. at z =0,

Uy = Uy (141)
vy = Uy (142)

(i) continuity of the normal and tangential stresses at z = 0,

(O-l)zz = (62)22 (151)
(Jl)zx = (62)zx- (152)

3 Solution of the problem

We assume that oy, in the upper half-space, varies as
0:2(2) = 0z, + (a® — a%) e %, (16)

where the subscripts 0 and oo mean the values of the parametersatz = 0,z = oo, respectively. ¢ is
a positive constant which has a dimension of (length)~ 1.
The general solution of Eq. (2) is given by

¢1 = Gi(z) 74, 17)

where o is the frequency and k is the horizontal wave number. G(z) satisfies the differential
equation

¥6.6) L 6 < o k2> —0. (18)

dz* o?(z)
The solution of Eq. (18) can be obtained by introducing the new variable {, where
{=e"". (19)

The semi-infinite interval 0 £ z £ oo will be transformed to the unit interval 0 £ { £ 1. From
Eqg. (19) we find that

d
=D, (20)

d
where D = @ From (16) and (19)

oy = te(l — A, (21)
where

A=1—ag*la?. (22)
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1
Also, as A; = u, then p; = 3 p102(1 — AZ) and we find that

, AL , AL
#1=§P10€ (40), g=e1 p g=‘82(—1702-
Equation (18) in terms of { takes the form
1 (0*
(1 =40 DIDGO + 5| 7 — k(1 =40 ) 61O =0. (23)

Equation (23) is in a suitable form for solution by using the Frobenius power series method
around { = 0, viz,
GiQ)= ), al"*™. (24)

n=0

Equation (23) gives

n= oo 1 /w? n=
(1—40) Y am+m?* "'+ 2<~—k21—/1(,> z al"tm =0 (25)
n=0 € aw =
Equating the coefficient of {"*™ to zero
1 2 K?
a, [(n+m)2+8—2<:—2-—k2>]—Aa,,_l[(n—km—l) —8—]—0. (26)
Putting n = 0 in Eq. (26) and letting a_; = 0 and a, = 1, we get
c2\112
my s = £ <1 ‘?2) : )

where ¢ = w/k is the phase velocity of Stoneley waves and [ = k/e.
The recurrence relation (26) is reduced to

ay(n® + 2mn) — Aa,—((n +m — 1)*> — ?) = 0. (28)

The general solution for G4({) is given by
G1(0) = Q4 Z a, Vet 4+ Yy Z a, P, (29)
n=0 n=0

where a,V, a,'® are given by Eq. (28) after replacing m by m, and m,, respectively. Q, and Y, are
arbitrary constants. However, for large values of z, ie. for very small values of { the only
important terms in the series solution are the zeroth terms, from which one can deduce that in
order to satisfy the radiation conditions at z = o0, we have to set Y; = 0 [7]. Therefore, the
solution for G({) takes the form

Gi()=01 Y al"™™, (30)

n=0

where m = m;.
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Following the same procedures, we find that the solution of Eq. (3) is given by

Yy = Ti() &, (1)

where Ti({) is given by

TQ)=H;y ), b{"™. (32)

n=0

H, is an arbitrary constant. b, is given by a similar equation as Eq. (28) after replacing a, by
b, and m by v, where

- <1 _ ;—>/ (33)

From Eq. (1) we find that

o, o 0p: v
Ml—ax gl/jl_@z’ 01—‘g¢1+az+ax-

Substituting for ¢; and y; we get (after dropping the term "~ %)

=0

Uy = _ingI Z ancn+m+8H1 Z bn <‘“
n=0

n=0

AL
1—A¢

+ @+ v)) gy (34)

n=q0 A n=q0
Uy = — 8Ql Z ay (1__—{74, + (n + m)) §n+m - iZSHl Z ann+v. (35)
n=0 n=0

Also, from Egs. (4) and (5) we find that

=0

(01).: = 118°Q "Z ay (—lz +3(n +m)® + 34¢C (n +m) + —”L) grtm

n=0 1—AL (1 —AL7?

n=ac

+ipellH, Y b, (2(n Y+ /IC/M) A (36)
n=0 -

n= 0

A
(01)2x = i1671Q4 ngo ay (2(” +m) + 1 _€AC> grem

e A 4
A O e LA R i Lt ®)

As for the lower medium, we seek solutions of Egs. (12.1) and (12.2) of the form
Uy = Gy(z) ) (38.1)
vy = Ty(z) €7, (38.2)
G,(z) and T,(z) satisfy the equations
— 202 Gy(z) = ~k*A3G4(2) + L1Gy"(z) — ik(F, + L) T,/(2) (39)

_prZTZ(Z) == **kZLsz(Z) + Csz”(Z) — lk(FZ + Lz) GZI(Z), (40)
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if we assume
Gy(z) = Pe®?  Ty(z) = Re*, (41)

where P and R are constants. From (39) and (40) we find that P and R satisfy the following two
equations:

(A2 — pac® — Lys*) P+ is(F, + L) R=0 (42)
(Ly — pc? — Cys) R+ is(F, + L,) P = 0. (43)
Clearly, in order to have a non zero solution for (42) and (43), we must have

(Az — pac? — Ly5%) (Ly — pac? — Cy8%) + s (F, + Ly)>. (44)
Using the notations

q= (A3 — psc?), r=(Ly—pyc?, j=(F,+ L), I=rL,+qC,—j? (45)
Eq. (44) can be written in the form

L,Cys* —I's*> +rq = 0. (46)
This is a quadratic form in s%. Let 5,2 and s,? be the roots of (46), then

$12 = {I = (I'* — 4L,C,rq)**}/{2L,C5}. @7

These two roots are both positive real for elastic media with slight departure from isotropic
media and when ¢ < L,/p, [13].

From (47) the solutions for G,(z) and T,(z) which are bounded at z = — oo are given by
Gy(z) = Pe** 4 Ee*** (48)
Ty(z) = Re™* 4+ N7, (49)

where s and § are the positive roots of 5,2 and s,2, respectively. E and N are constants. P, R and
also E, N are not independent, as they are related by Eq. (42) and (43). That is,

R — Los? N — L,8%
—=iu=in and —=iq4_2=iy. (50)
P sj E oj

Therefore, the displacements in the lower half-space (after dropping the term e %)
are given by

Uy = Qzeksz + Hzek(iz (51)
vy = i(nQ2e"* + yH,e*?), (52)

where Q, and H, are arbitrary constants.
From Egs. (11.1) and (11.2) we can obtain the required stresses, without the term =% in
the form

(02). = ikQo(—F5 + Cays) €7 + ikH,(—F5 4+ Cypd) (53)

(02)zx = L2kQs(s + 1) €% + LokH (6 + y) €47, (54)
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Applying the boundary conditions in Egs. (14.1), (14.2), (15.1) and (15.2) and equating the
determinant of the coefficients of Q,, H;, O, and H, to zero, we obtain the dispersion equation for
Stoneley waves in the form

det4 =0, (55)

where 4 = {A,;;}, i denotes rows and j denotes columns and

H= o0 H= 00
A= —k z Ay, A, =¢ b,myi,
n=0 =0
A= -1, Ara=—1
Az = —e¢ Z AnTlag, A=k Z b,
n=0 n=0
Az =n, Aza=vy
Az = llot82 Z Ayl31, Aszy = —#0321 Z 2P
n=0 n=0
Azz = k(—F; + Cans), Ags = K(—F5 + Cyy9)
Aay = poe’l z OnTla, Aar = lot® Z )
#=0 n=0
Asz = —Lyki(s + 1), Ass = —Lok(d + ),

where pq is the value of u; at z =0,

T2 = —Ql + (n =+ V), Ty = Ql + (n + m), T3 = _12 + 3(” + m)z + 391(” + m) + 392:
Taa =2+ +Q1, 7wy =20+m+Ql, 7mym=—1—n+v?+Qln+v)+Q2,
Ql=A/1—4) and Q2= A/l — 4)*.

4 Numerical study of the dispersion equation

In this Section we study the dispersion equation of Stoneley waves for four models designated as
M1, M2, M3 and MA4. In all models we have taken «y = 3, ¢, = 5 and p; = 2. For & we
considered ¢ = 1 for M1 and M2, ¢ = 0.5 for M3 and ¢ = 10 for M4. The elastic constants for the
lower half-space for M1, M3 and M4 are taken as in [13], viz,

A, =2694, C,=2363, F,=661, L,=653, p,=27
while for M2 we considered
A2 = C2 = 2694, FZ = Lz = 653, Pr = 27

meaning that the lower half-space in M2 is isotropic. »

Figure 1 for M1 shows that with increasing the wave number k, 1.e. with decreasing the wave
length, the phase velocity ¢ decreases indicating a normal dispersion behavior. The rate of
decrease in ¢ with respect to k is slow at very small values of k, then it increases with the values
k until it becomes very sharp around k & 1.82. After this value of k, the dispersion equation has
no roots which means that Stoneley waves for this model do not exist for values of k greater than
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Horizontal wave number k
Fig. 1

1.82. In other words, this value of k is a cut-off value for the existence of Stoneley waves for M1, we
denote it by k..

The results for M2 are almost the same as for M1 which means that the effect of anisotropy is
very small on the propagation of Stoneley waves and for practical applications it can be
neglected.

As for M3 we find that the dependence of the phase velocity on the wave number has the
same features as the other two cases. Also, we find that k. for this model = .906. The results
for M4 are shown in the same figure up to k = 2, where it is clear that for this range of k the
phase velocity of Stoneley waves is nearly constant. The full results for M4 are given in Table 1.

Table 1
k 2 6 10 14 16 18 18.2
¢ 1.55 1.55 1.49 14 1.28 0.98 0.82

Clearly, the general behavior is still the same and we find that k. for M4 is about 18.2.

The comparison of the cut-off value for M1, M3 and M4 shows that k, is nearly linearly
dependent on ¢. Also, we note that the variation in oy, iy, etc. in the upper half-space takes place
over a certain width due to the exponential variation which is given by Eq. (16). The width of this
transition zone depends mainly on &[7]. This means that the cut-off wave number depends on the
width of the transition zone.
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5 Concluding remarks

In this paper we investigated the effect of inhomogeneity and anisotropy on Stoneley waves. We
found that the effect of anisotropy is very small and it can be neglected, while the effect of
inhomogeneity is very strong. We found that for the kind of variations given in this paper,
Stoneley waves do not exist after a certain value of the wave number. This value depends mainly
on the width of the transition zone.
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