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On the Second C o h o m o l o g y  G r o u p s  
of  Semidirect  Products  

Ken-ichi Tahara 

Introduction 

Let G be a finite group, then H 3 (G, Z) is canonically isomorphic to 
H 2 (G, Q/~), which is called the Schur multiplicator of the group G. In 
general we study H 2 (G, A), where A is a G-module with trivial G-action. 
The second cohomology group H 2 (G, A) is the additive group of 2-co- 
cycles taken modulo the subgroup of 2-coboundaries, where a map 
f :  G x G--, A is a 2-cocycle on G if and only i f f  satisfies the following: 

f (a ,  "c)--f(p ~r, ~) +f(p,  a 'c)- f (p ,  a) = 0 (p, a, z ~ G), 

a n d f i s  a 2-coboundary on G if and only if there exists a map g: G--~A 
such that 

f (a ,  z )=g(z ) -g (az )+g(a )  (a, zEG). 

Lyndon [5] proved that if a finite group G is the direct product of its 
normal subgroups N and T, then the cohomology group H"(G, A) of G 
with a coefficient module A with trivial G-action is related to the com- 
pound cohomology groups H k (T, H n- k (N, A)) (0 -< k =< n). 

In this paper we show that, when G is the semidirect product of a 
normal subgroup N and a subgroup T, then 

H2(G, A ) -  H2 (T, A) @ -02 (G, A), 

and we have the following canonical exact sequence 

0 --~ H 1 (T~ H 1 (n,  A))--~ _02 (G, A) ~ H 2 (N, A) T 

_ , (N, A))-,_03 (G, A), 

where _0i (G, A) is the kernel of the restriction homomorphism H i (G, A)--* 
Hi(T, A). When both N and T are finite cyclic subgroups, the homo- 
morphism d 2, and _02 (G, A) hence H 2 (G, A) can be determined com- 
pletely for an arbitrary G-module A with trivial G-action. As its applica- 
tion, the Schur multiplicator of a semidirect product of cyclic subgroups 
is concretely computed. 

The author would like to express his appreciation to Professor 
Y. Akagawa who pointed out to him an error of the first draft of this 
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paper, and also to Professor T. Oda for his helpful suggestions and 
encouragement during the preparation of this paper and for his critical 
reading of the manuscript. 

w 1. Theorems 

Let G be a finite group, and let A be a G-module with trivial G-action. 
Then it was shown by Eilenberg and MacLane [3] that the cohomology 
group H'(G, A) is unaffected even if we restrict ourselves only to those 
n-cochains f which satisfy f (g l ,g2 . . . .  , g , )=0  whenever one of the 
arguments gi is 1 (=  the identity element of G). Since this condition is 
very useful in computation, we henceforth assume that all cochains 
satisfy the condition. 

If G = N.  T is the semidirect product of a normal subgroup N and a 
subgroup T, then every element g of G is uniquely represented in the form 
g=nt  (neN, t~T), and for any n~N, teT, 

tn=tn t  with tn=tnt-1.  

Proposition 1. Let G be the semidirect product of a normal subgroup N 
and a subgroup T, and let A be a G-module with trivial G-action. 

(I) Let a map f: G x G--+ A be a 2-cocycle on G. Then f can always be 
normalized up to coboundaries as follows: 

(.) f (N ,  T) = O, 

and hence 

(a) f (nt ,  n' t ' )=f(t ,  t ')+f(t, n')+f(n', ~n') (n, n'~N, t, t'~ T). 

We call such a 2-cocycle f a normal 2-cocycle. Thus a normal 2-cocycle 
f on G is determined uniquely by fiN• N, f[T x r and f]v • 

(II) The data f ]x • u , f  ]v • r and f lr • u determine a normal 2-cocycle on G 
if and only if they satisfy the following: 

(b) f i s a  2-cocycle on N, 

(c) f is a 2-cocycle on T, 

(d) f ( t t ' ,n )=f( t ' ,n)+f( t , t 'n )  (n~N, t , t '~T),  

(e) f(n,  n')-f( tn,  in') =f( t ,  n) - f ( t ,  n n') +f(t,  n') (n, n'~ N, t E T). 

Proof For the discussion in this proof, it is more convenient to treat 
the law of composition of A as multiplication. There is a one-to-one 
correspondence between the elements of HZ(G,A) and the classes of 
equivalent central extensions 

1-+ A--~ H-+ G-+ I, 
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and giving a 2-cocyclefrepresenting a cohomology class corresponds to 
giving a section r~: G ~ / 7 ,  via the relation 

f(g, g') zc(gg') = ~z(g) zc (g') (g, g'e G). 

It is clear that a 2-cochain f satisfies (*) if and only if the corresponding 
section satisfies 

(**) ~(nt)=~(n) ~(t) (neN, te T). 

Hence the normalization (,) of 2-cocycles on G is obvious, and since 

~z(nt) ~z(n' t ' )=f(nt ,  n't') ~(ntn' t ' )=f(nt ,  n' t') ~(n~n'tt ') (n, n' eN,  t, t' eT),  

and the left hand side is equal to 

(n) ~ (t) rc (n') ~ (t') = ~ (n) f ( t ,  n') ~ (tn') ~ (t) ~ (t') 

= f( t ,  n') f (n,  tn') f ( t ,  t') ~ (n tn' t t'), 

we have (a). To prove (II), suppose f satisfies (,), and let ~ be the cor- 
responding section satisfying (**). Since 

TO(t) ~(n) = f ( t ,  n) ~z(tn)=f(t, n) ~(tnt)=f(t ,  n) ~(tn) re(t) (neW, te  T), 

it follows that 

~z(t) n(n) ~(t) -1 =f(t ,  n) n(tn) (neW, te T). 

By replacing t by t t' or n by n n' in the above relation, we easily get (d) 
and (e), respectively. 

Conversely it is easy to show that a map f:  G x G--~A satisfying the 
relations (a)~(e) is a 2-cocycle on G. Q.E.D. 

Let/~i (G, A) be the kernel of the restriction homomorphism 

res: Hi(G, A)--~ Hi(T, A). 

Then by the splitting of the exact sequence 

1 -->N---~ G ~  G/N---~ 1, 

T 
we see that 

H'(G, A) ~ H'(r ,  A) | H'(G, A) (i>__l), 
canonically. 

Theorem 2. Let G be the semidirect product of  a normal subgroup N and 
a subgroup T, and let A be a G-module with trivial G-action. Then 

(I) H2(G, A ) -  H2 (T, A) Q/~2 (G, A) canonically. 
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(II) We have a canonical exact sequence 

O--~ HI ( T, HI(N, A ))-+ /t2 ( G, A) res ,H2(N, A)T 

d2 ;, H2 (T~ H l (N ,  A))~/~3 (G, A), 

where T acts on Hi(N, A)=Hom(N,  A) and H2(N, A) via the canonical 
action induced by conjugation of T on N, and H 2 (N, A) r is the subgroup of 
T-invarients. The homomorphism res: 17I 2 (G, A)--~ H 2 (N, A) T is induced by 
the restriction map res :H 2 (G, A)--~ H 2 (N, A). 

Proof Let Z 2, = Z2, (G, A) and _,R 2 = B 2, ,v,tG A) be the groups of normal 
2-cocycles and 2-coboundaries, respectively. By Proposition 1, we have 
H 2 (G, A)= Z2,/B2,. Let 2 2 be the subgroup of e lementsfof  Z2, for which 
f(T, T)=0.  Put /~2=Z2, c~B2,. Then by Proposition 1, it is easy to see 
that/~2 (G, A)_~ Z2,/B2,, because f is an element of/~2 if and only if there 
exists a map v: N--~A with v(1)=0 such that 

f(t, n)=v(n)-v(tn) (n~N, t~ T), 
and 

f(n, n')=v(n)-v(nn')+v(n') (n, n' ~N). 

By Proposition 1, the homomorphism sending f to (fiT • N, fin • N) is an 

injection Z ,  2 ~ Z 1 (T~ C 1 (N, A)) @ Z 2 (N, A). 

Its image consists of elements (u, h) satisfying 

h(n,n')-h(tn, tn')=u(t,n)-u(t, nn')+u(t,n ') (n,n'~N,t~T). (1) 

We identify 2 2 with its image in the right hand side. The subgroup 
consisting of elements (u, 0) with u~ Z 1 (T, H I(N, A)) is obviously contained 
in ~,2. We identify Z*(T, Hi(N, A)) with its image in 

Z~(T, CI(N, A)) | Z2(N, A). 

It is straightforward to see that 

. ~ 2  Uh Z 1 (T~ H l(n,  A))= B 1 (T, H 1 (n,  A)). 

Thus we have a canonical injection 

Hi(T, H~(N, A))---~/~2 (G, A). 

Consider the homomorphism p: ~.2 __~ Z 2 (N, A) sending (u, h) to h. 

Lemma 3. p-1 (B 2 (N, A)) = Z 1 (T, H ~ (N, A)) +/~.2. 

Proof. Let (u, h) be an element of 2 2 with heB2(N, A). Then there 
exists a map v: N--~A with v ( l )=0  such that 

h(n, n')=v(n)-v(nn')+v(n') (n, n'eN). 
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By (1), we get 

{u (t, n) - v (n) + v ('n)} + {u (t, n') - v (n') + v ('n')} 

={u(t, nn')-v(nn')+v(t(nn'))} (n,n'~N, teT).  

Thus u'(t, n)=u(t, n)-v(n)+v(tn) is in ZI(T, Hi(N, A)) and (u', 0) is con- 
gruent to (u, h) modulo/~2.  Q.E.D. 

Proof of Theorem 2 (continued). So far we obtained a canonical exact 
sequence 

O__~HI(T, HI(N,A))_.IYlZ(G,A ) P ,HZ(N,A). 

Moreover  p is obviously induced by the restriction map res: H z (G, A)---, 
H 2 (N, A). By (1), the image of p is contained in H 2 (_N, A) r. 

Next we define a canonical homomorphism 

d2: H2(N, A)T--~HZ(T, HI(N, A)). 

Let h: N x N ~  A be a 2-cocycle on N representing a cohomology class 
of H2(N, A) T. Then there is a map u: T x N-+A with u(1, n)=u(t, 1)=0 
(n~N, t~ T) such that 

h(n, n')-h('n, tn')=u(t, n)-u(t ,  nn')+u(t, n') (n, n' 6N, t6 T). 

Consider 
(d 2 h) (t, t', n) = u (t', n)-  u (t t', n) + u (t, t'n). 

d2 h is easily seen to be contained in Z 2 (T, H I(N, A)). We now show that 
this d 2 gives rise to the sought-for homomorphism.  Suppose h': N x N-+  A 
is another 2-cocycle cohomologous to h. Then there exists a map v: N ~  A 
with v (1)= 0 such that 

h'(n,n')=h(n,n')+v(n)-v(nn')+v(n') (n,n' ~ i ) .  

Let u': T x N ~ A  be a map with u'(1, n)=u'(t, 1)=0 (neN, tET) such 
that 

h'(n,n')-h'(tn,~n')=u'(t,n)-u'(t, nn')+u'(t,n ') (n ,n '~N,t~r) .  

Then w (t, n) = u' (t, n ) -  u (t, n ) -  v (n) + v ('n) is easily seen to be contained 
in CI(T, Hi(N, A)). It is straightforward to see that 

(d 2 h')(t, t', n)=(d 2 h)(t, t', n)+w(t', n)-w(tt ' ,  n)+w(t, On) (n~N, t, t' ~T). 

Thus d z : H  2 (N, A)T---+ H 2 (T, H 1 (N, A)) is well defined. 

To show the exactness of the sequence, suppose d 2 h is cohomologous 
to 0. Then there exists w E C 1 (T, H 1 (N, A)) with 

(d 2 h)(t, t', n)=w(t', n)-w(tt ' ,  n)+w(t, t'n) (n~N, t, t'~ T). 
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Then 
u(t,n)=w(t,n)+z(t,n) (n~g, t~r) ,  

with z(t', n)-z( t  t', n)+ z(t, On)=0 (nEN, t, t' ~ r), and 

h(n,n')-h(tn, tn')=z(t,n)-z(t, nn')+z(t,n ') (n,n'~N, t~r).  

Thus (z, h) is in 2 2 

Finally we consider a canonical  homomorph i sm  H 2 (T, H 1 (N, A))---, 
/~3 (G, A). Let f :  T x T~HI(N,  A) be a 2-cocycle on T representing a 
cohomology  class of H a (T, H 1 (N, A)). T h e n f i s  considered as a map from 
T x T x N to A, and it is easy to see t h a t f i s  a 3-cocycle on G with 

f(nt, n't',n"t')=f(t,t ',n") (n,n' ,n"~g,t , t ' , t"~r).  

Suppose f i s  cohomologous  to zero. Then there exists a map v: T x N---~A 
with v(1, n)=v(t, 1 ) = 0  (n~N, t~ T) and 

v(t, nn')=v(t,n)+v(t,n') (t~T, n,n'~N) 
such that  

f(t,t ' ,n")=v(t',n")-v(tt ' ,n")+v(t, Cn '') (t,t'~T,n"~N). 

Putting v (~ t, n' t') = v (t, n') (n, n' e N, t, t' ~ T), we have easily 

f(g,g',g")=v(g',g")-v(gg',g")+v(g,g' g")-v(g,g') (g,g',g" 6G). 

Thus the canonical  homomorph i sm H 2 (T, Hi(N, A ) ) ~ / ~  a (G, A) is well 
defined. 

To show the last exactness of the sequence, let h: N x N--~A be a 
2-cocycle on N representing a cohomology  class of H 2(N, A) T. Then 
there is a map  u: T x N---, A with u (1, n)= u (t, 1)= 0 (n ~ N, t ~ T) such that  

h(n, n')-h(tn, tn')=u(t, n)-u(t, nn')+u(t, n') (n, n'~N, t~ T). 

Putting v(nt, n' t')=u(t, n')+h(n, tn') (n, n' ~N, t, t' ~ T), we have easily 

(d2h)(g,g',g")=v(g',g")-v(gg',g")+v(g,g'g")-v(g,g') (g, g', g"6 G). 

Thus its image in /~3  (G, A) is zero. Conversely let f :  T x T ~ H  1 (N, A) 
be a 2-cocycle on T representing a cohomology  class of H 2 (T, H 1 (N, A)), 
and let its image in/~3 (G, A) be zero. Then there exists a map  v: G x G ~ A 
with v(1, g)=v(g ,  1) (g~G) such that 

f(g,g',g")=v(g',g")-v(gg',g")+v(g,g'g")-v(g,g') (g,g',g" 6G). 

Putt ing u(t, n)=v(t, n)-  v(tn, t) (te T, heN) and 

h (n, n') = v (n, n') (n, n' e N), 
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we have easily 

h(n',n")-h(nn',n")+h(n,n'n")-h(n,n')=O (n,n',n"~g), 

h(n,n')-h(~n, tn')=u(t,n')-u(t, nn')+u(t,n) (n,n '~N,t~T),  

and 
f ( t , t ' ,n")=u(t ,n")-u(t t ' ,n")+u(t ,  Cn '') ( t , t '~T,n"eN). 

Thus h determine an element of H 2 (N, A) T, and the cohomology class of 
d2h in H2(T, HI(N,A)) is equal to that o f f  Q.E.D. 

Remark 1. In general there is the Hochschild-Serre spectral sequence 

E~ "q = U p (G/N, U q (N, A)) ~ H p +q (G, A). 

When G--+G/N splits, E~ 'q with q > 0  converges to I2IP+q(G,A). The 
exact sequence we obtained in Theorem 2 is nothing but the exact 
sequence of terms of low degree in this latter spectral sequence. Our proof 
gives us concrete descriptions of/~2(G, A) hence H2(G, A), and d 2 (cf. 
Theorem 7, 8 below). 

We denote by H2(N, A)* the image of res: / t2 (G, A)-*H2(N, A) T. By 
Theorem 2, H 2 (N, A)* = Ker d 2 . 

Corollary. I f  G = N x T is the direct product of N and T, then canonically 

H 2 (G, A) ~ H 2 (T, A) (9 H 1 (T, H l (u ,  A)) | H 2 (N, A). 

Proof T acts trivially on N, hence H2(N, A)r=H2(N, A). Thus we 
have an exact sequence by Theorem 2, 

0-~ H2 (T, A) | H~(T, Hi(N, A))---*H2(G, A)---~H2(N, A). 

By the splitting of the exact sequence 

1--* T--~ G ---~ G / T---~ 1 

we have N 

H2(G, A)~H2(T, A) (9 H~(T, H~(N, A)) (9 H2(N, A). Q.E.D. 

Remark 2 (Akagawa). In general H 2 (N, A)* is not equal to H 2 (N, A) T. 
Here is an example. Let G be the group generated by elements n, t with 
defining relations: 

n 9 : t 3 : l ,  t n t - l = n  4. 

Then G is the semidirect product of the normal subgroup N = {n} and 
the subgroup T = {t}. Let A = Z/32g be the G-module with trivial G-action. 
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Then easily 
HZ(T, At=  ~ /3Z,  H~(T, H~(N, A))=Z/31~, 

and 
H2(N, A)r = 7Z/37Z, H2(Z Hi(N, A)) = 7Z/37Z. 

By Theorem 8 below, we have d 2 = identity and hence H 2 (N, A)* = 0  and 

H2(G, A) uH~(T, A) | El(T, H~(N, A))= ~/37Z | 7Z/3 Z~. 

Remark 3. In general H 2 (G, A) is not equal to 

UZ ( r, A) | Hi(r, Hi(N, A)) | I ~  (U, A)*, 

namely the canonical exact sequence 

O--~ H*(T, H~(N, A))--~/t2 (G, A)--~ H2(N, A)*-~O 

is not split. Here is an example. Let G be the group generated by elements 
n, t with defining relations: 

r ig=t9= 1, tnt-~ =n 7 . 

Then G is the semidirect product of the normal subgroup N = {n} and 
the subgroup T={t}.  Let A=;~/27/~ be the G-module with trivial 
G-action. Then easily 

H2(T, A) = ~/3 7Z, Hi(T, HI(N, A))= Z/3 7/, 
and 

HZ(N, A)T=~/371, H2(T, H~(N, A)) = 7//3 7/. 

By Theorem 8 below, we have d 2 - -  3 �9 identity = 0, and hence 

H 2 (N, A)* = H 2 (N, A) r = 2g/32g. 

On the other hand we have by Theorem 7 below, 

/42 (G, A)= Z/9;g # H~( T, H~(N, A)) �9 H2(N, A)* = 2g/3;g | 2g/37Z. 

We now determine completely ~2  (G, A) hence H 2 (G, A), and identify 
the homomorphism d 2, when N and T are both finite cyclic groups and 
G is their semidirect product. 

The following is well known, and may be proved in the same way as 
in Proposition 1. 

Lemma 4. Let S be a cyclic group of order s generated by an element a, 
and let A be a left S-module. Then a 2-cocycle f : S • S-+ A can always be 
normalized as 

f(~i'o'J)~([ iJv~J]--[i]--[J]) S J (i,j~7~), 
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where [ ] is the Gauss symbol. Moreover the homomorphism sending f to 

f (a ,  o --1) mod l ~  o- l gives a canonical isomorphism 

H a (S, A) ~- A o-z A.  
l -  

Lemma 5. Let G = N . T be the semidirect product of a normal subgroup 
N and a finite cyclic subgroup T =  {t} ~-;g/mZ, and let A be a G-module 
with trivial G-action. Let  a map f:  N x N-+ A be a 2-cocycle on N repre- 
senting an element of  H 2 (N, A) T. Then there exists a map v: T x N --~ A with 
v(1, n)=v(t ' ,  1)=0 (nsN,  t' e T) which satisfies the following: 

i - 1  

(i) v(t i, n)= ~ v(t, *tn) (0_<_/<m, n~N) ,  
/ = 0  

and 

(ii) f (n,  n ' ) - f ( t 'n ,  t'n')=v(t', n ) - v ( t ' ,  nn')+v(t ' ,  n') (n, n' ~N,  t '~T) .  

Moreover dz: H z (N, A)T-* H 2 (T, H 1 (N, A)) sends the cohomology class 
o f f  to that of a 2-cocycle on T with coefficients in H 1 (N, A): 

-- m - m ~ v(t,"n) (i, j e ~ , n e N ) .  
/ = 0  

Proof Let a map f :  N x N-*  A be a 2-cocycle representing an element 
of H 2 (N, A) r, then there exists a map u: T x N--* A with u(1, n) = u (t', 1)= 0 
(n ~ N, t' E T) such that 

f (n ,n ' ) - f ( t ' n , t ' n ' )=u( t  ', n ) -u ( t ' , nn ' )+u( t ' ,  n') (n ,n 'eN,  t ' eT ) .  

Consider 

( d 2 f ) ( t ' , t " , n ) = u ( t " , n ) - u ( t ' t " , n ) + u ( t ' , t " n )  ( t ' , t " r  

which represents an element of H 2 (T, H 1 (N, A)). Since T is cyclic, there 
exists a map w: T x N ~ A  with w(1, n)=w(t ' ,  1)=0 (n~N, t ' r  and 
w (t', n n') = w (t', n) + w (t', n') (t' ~ T, n, n' ~ N), which normalizes d 2 f as in 
Lemma 4, i.e. 

(d 2 f )  (t i, t j, n) + {w (t j, n) - w (t i+ i, n) + w (t i, tin)} 

= {u (t j, n) - u (t i+ J, n) + u (t ~ , '~n)} + { w  (t j, n) - w (t i+ ~, n) + w (t i , ~n)}  
(2) 

= ( [ / ~ ] -  [ i ] -  [ J ] ) { ( d z f ) ( t , t - l , n ) + w ( t - l , n ) + w ( t , ' - ~ n ) }  

(i, je7l) .  

Then the map v = u + w: T x N--, A satisfies the relations (i) and (ii). The 
rest follows immediately. Q.E.D. 
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Lemma 6. Let  G = N .  T be the semidirect product o f  a cyclic normal 
subgroup N =  {n} ~-TZ/k7l and a subgroup T, and let A be a G-module with 
trivial G-action. Let  a map f :  N x N - +  A be a 2-cocycle on N of  the form 

(iii) f (n', n") - f (tn ', tn") = u ( t, n') - u ( t, n' n") + u ( t, n") (n', n" ~ N,  t ~ T) 

for a map u: T • N --~ A with u (1, n') = u (t, 1) = 0 (n' 6 N, t ~ T). Then 

(iv) u(t, ni) = - ~ -  f ( n , n - 1 ) + i u ( t , n )  (iEN, t e r ) ,  

where r(t) is an integer with tn = n r(~ and [ ] is the Gauss symbol. 

Proof. Obvious. 

Let Gk, m be the group of order k m  generated by elements n, t with 
defining relations: 

n k = 1 ,  t m = 1, t n t -  1 = n ~ with r m-= 1 (mod k). 

Then Gk,~ is the semidirect product of the cyclic subgroups N = {n} and 
T =  {t}. 

Theorem 7. Let  G = G k m be as above, and let A be a G-module with 
trivial G-action. Then /~2(~ ,  A) is isomorphic to the additive group con- 
sisting of  elements (a, b) in A • A with the relation: 

(v) l=o ( k , r - 1 )  a-~ ( k , r - 1 )  b =0 ,  

taken modulo the subgroup consisting of  elements 

(vi) (kc, ( 1 - r ) c )  with c~A ,  

via the map sending a cohomology class o f f  to the element (a, b) with 
a= f (n, n 1) and b = f (t, n), provided f is normalized as 

( Here k , r - 1 ,  ~ / ,  1_ and ( k , r - 1 )  are the greatest common 
1=0 k 

m - 1  r m -  1 
divisors o f  k, r -  1, ~ r l and - -  ; and k and r - 1, respectively. 

l=0 k 
Proof  Let f be a normal 2-cocycle on G representing a cohomology 

class of /~2 (G, A). By Proposition 1, f is a 2-cocycle on N, hence by 
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Lemma 4, f c a n  be normalized as follows: 

f (n i '  tlJ)--~ ( [ ~ ] - - [ k ] - [ ~ - ] )  f(Y/' y/-1) 

But by Proposition l ,  

f (n', n'q, - j  ~l'(t'n ', t'n")= f ( t', n'~ - f ( j ,  , n' n") + f ( t', n ") 

hence by Lemma 6, 

On the other hand by Proposition 1, 

f(t '  t", n')= f(t", n') + f(t' ,  C'n') 
Then 

i--1 
f ( t  i, n')= ~ f ( t ,  f'n') (ieTZ), 

/=0 
hence by (4), 

( jr  i j i-1 
[ ~ - ] - [ ~ ] )  f(n,n-1)+J~=ort f( t ,n)  f ( t  i, n J)= 

Since f(1, n')=f(t',  1)=0 (n'6N, t 'sT), we have 

( r -  1)f(n, n-X)+kf( t ,  n)=0 
and 

(i, j eZ) .  (3) 

(n', n"eN, t'e T), 

(je 7Z). (4) 

(i, j e  7Z). (5) 

(t', t"e T, deN) .  

(6) 

Fm ] m-1 
k f (n 'n-1)+ ~ / f ( t , n ) = O ,  (7) 

/=0 

by setting i=  1 , j=  k, and i=  re, j=  1 in (5), respectively. Moreover (6) and 
(7) can be unified to be a single equality 

~=o k ( k , r - 1 )  ( k , r - 1 )  f ( t ,n)  =0,  (8) 

which is (v) with a=f(n ,  n -I) and b=f( t ,  n). 
Conversely if f (n, n -1) and f(t,  n) satisfy (8), thenf(n i, n j) and f ( t  i, n j) 

are well-defined by (3) and (5), respectively. Moreover they satisfy (b)--. (e) 
in Proposition 1, hence determine a normal 2-cocycle on G withf(T, T) = 0. 

Let f be a normal 2-coboundary on G with f(T, T)=0,  then there 
exists a map v: G-+A with v(1)=0 such that 

f (g ,g ' )=v(g)-v(gg')+v(g')  (g, g'~G). 
26a Math. Z., Bd. 129 
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Then it is straightforward to see that 

f ( n , n - ~ ) = k v ( n )  and f ( t , n ) = ( 1 - r ) v ( n ) ,  

which is (vi) with a = f (n, n-Z), b = f ( t, n) and c = v (n). 

Conversely if f (n, n - 1 ) = k c  and f( t ,  n ) = ( 1 - r ) c  with c~A, t h en f i s  a 
normal 2-cobundary on G withf(T, T)=0 .  Q.E.D. 

Let A be a Gk, m-module with trivial Gk,,.-action. Then by Lemma 4, 
the canonical isomorphism 

H z (N, A) T ~ (1 --r)(A/kA) 

sends a cohomology class o f f t o f ( n ,  n -i)  (mod k A) with (1 - r ) f ( n ,  n -1) + 
ku(t, n)=0,  providedf is  normalized as follows: 

and 

f(n' ,  n" ) - f ( t ' n  ', Cn")=u(t', n ' ) -u( t ' ,  n'n")+u(t ' ,  n") (n', n"eN,  t 'e r ) ,  

for a map u: T x N ~ A with u (1, n') = u (t', 1) = 0 (n' ~ N, t'~ T). 

Moreover by the same lemma, the canonical isomorphism 

) H2(T, Hi(N,  A))~-(r_i)(kA ) r I kA=(k,r_i)A r I kA 
l 1=0 / l=0 

sends a cohomology class ofh  to h(t, t -1, n) od r z k A , provided 
h is normalized as ~= o , 

Theorem 8. Let G=Gk,,.  be as above, and let A be a G-module with 
trivial G-action. Then the homomorphism 

) d2: o_r)(A/kA)--~ (k,~_l)A r ~ k A 
l i f o  

sends a ( m o d k A )  with ( 1 - r ) a = k b  to 

a +  ~ r  Ib mod r l k A . 
/ = 0  1 -  

Proof t e t f  with f ( n  i, nJ,= ( [ 7 ] - [ k ] - [ k ] ) f ( n ,  n -1) (i,j~Tl), 

be a 2-cocycle on N representing a cohomology class of H 2 (N, A) T, then 
by Lemma 5, there exists a map v: T• with v(1, n')=v(t',  1)=0 
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( n ' ~ N ,  t '~ T)  such that 
i--1 

v(ti, n ' )=  ~ v ( t ,~n  ') (O<=i<m,n'  ~ N ) ,  
/ = 0  

f ( n i, n ~) - f (tnl, tnJ) = v ( t, n i) - v ( t, n i + J) + v ( t, n ~) 

and that the cohomology class of d 2 f i s  

tm v(t , t 'n)  od ~ r I k A . 
l=O \ l ~ 0  / 

On the other hand by Lemma 6, 

Hence 
(1 - r )  f ( n ,  n - 1 ) + k v ( t ,  n)=O, 

and 

(i, j 67 l ) ,  

U E g ) .  

m - i  r m- 1 m - i  

v(t ,  n)= f ( n , n - 1 ) +  ~ r l v ( t , n ) .  Q.E.D. 
l=O 

w 2. An Application: Schur Multiplicator 

As usual Z, Q are the ring of integers, the field of rational numbers, 
respectively. Then 

0 ~ 2g--~ II~ ~ Q/~  ~ 0 (exact). 

Let G be a finite group. Then 

H a (C, Z ) -  H 2 (C, Q/TZ). 

This group is called the Schur multiplicator of the group G. 

Let G be a finite abelian group, then H a (G, ~) is trivial if and only if 
G is cyclic. We now compute H a (G, 2~) when G is a semidirect product of 
its finite cyclic subgroups. Let Gk, m be the group of order k m  generated 
by elements n, t with defining relations: 

n k = 1, t m = 1, t n t -1  = n" with r m-  1 (mod k). 

Then Gk, m is the semidirect product of the cyclic subgroups N--{n} and 
r = {t}. 

Proposition 9. 

H 3 (Gk.,,, Z )  = k, r -  1, ~ " / ,  ~ ,  
l = 0  ]g 

where k, r -  1, ~ / ,  ~ is the greatest common divisor of k, r -  1, 
/ = 0  

m - - 1  F m  1 
r I and - -  

l = 0  k 

26b Math. Z., Bd. 129 
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Proof Since  the  Schu r  m u l t i p l i c a t o r  of  a cycl ic  g r o u p  is tr ivial ,  we 

h a v e  by  T h e o r e m  7 

Ha(Gk, m,~)=Ht(T,H*(N, II)/g))= k , r -1 ,  ~=ort, - k ;g. Q.E .D .  

W e  list b e l o w  the  S c h u r  m u l t i p l i c a t o r s  o f  all n o n - a b e l i a n  g r o u p s  of  

o r d e r  < 3 0 ,  bu t  in this t ab le  the re  are  s o m e  g r o u p s  w h o s e  ones  a re  

c o m p u t e d  by the  w e l l - k n o w n  m e t h o d s ,  e.g. the  r e s t r i c t ion  m a p  and  the  

t ransfer  map .  W e  use the  n o t a t i o n  of  C o x e t e r - M o s e r  [2] (p. 134). 

Order Symbol H 3 (G, 71) Order Symbol H 3 (G, 71) 

6 D 3 0 21 R" 0 

8 22 0 D 4 71/2 71 
Q=(2 ,2 ,2 )  0 

10 D 5 0 

12 D 6 71/271 
Am 7z/2 ag 
(2,2,3) 0 

14 D 7 0 

16 712 x D 4 (2~/2 7l) 3 
712 x Q (71/2 :e)~ 
O s 7//271 
( -2 ,412 )  0 
(2,212) 0 
(2,214,2) 71/271 
(4, 412, 2) (2g/2 71)2 
R (7Z/2 71) 2 

(2, 2, 4) 0 

18 

20 

713 x D 3 0 
D 9 0 
(3, 3, 3 : 2) 71/3 71 

D10 71/2 7Z 
R' 0 
(2, 2, 5) 0 

24 

DI 1 

7/2 x A4 (7Z/2 7/) 2 
7Z 2 • D 6 (~ ' /2 7Z) 3 

7Z 3 X D 4 7Z/2 7Z 

7Z3• Q 0 

Z 4 x D 3 2U271 
7Z2 x (2,2,3) Z/271 
D1 2 ag/2 7Z 
$4 2g/2 7Z 
(2,3,3} 0 
(4, 612,2) 2g/2Z 
( - 2 , 2 , 3 )  0 
(2, 2, 6) 0 

26 Dla 0 

27 (3, 313, 3) (71/3 7Z) 2 
R" 0 

28 D1 4 7Z/2 71 
(2, 2, 7) 0 

30 Z3 • D 5 0 
7] 5 • m 3 0 

D1 5 0 
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