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Rings for which every module is a direct sum 
of cyclic modules. 

By 

I. S. Cohen and I. Kaplansky in Cambridge, Mass. and Chicago, Ill. 

L e t  R be a principal  ideal r ing with the descending chain condition. 
Then  it is known that  any  R-module 1) is a direct  sum of cyclic 
modules. This was apparen t ly  first p roved  by  KOTHE [3], though the 
fundamenta l  ideas go back to P~t~FER [5]. In the commuta t ive  ease, 
KOTHE also proved  a converse :  if a commuta t ive  ring with unit  satisfies 
the descending chain condition,  and has the p roper ty  that  all its 
modules  are direct  sums of cyclic modules, then it is necessari ly  a 
principal  ideal ring. The purpose of this note  is to show that  the 
assumption of the descending chain condit ion is ac tua l ly  redundant .  

T h e o r e m. Let  R be a commuta t i ve  ring wi th  unit,  and suppose 
eve ry  R-module  is a direct  sum of cycl ic  modules.  Then R is a principal 
ideal  ring sa t i s fy ing  the descending chain condition. 

The corresponding problem in the non-commuta t ive  case remains 
open, even with the descending chain condit ion assumed in advance.  
NAKAYAMA [4] has noted  tha t  the ring need not  be a principal ideal 
ring, so that  the obvious conjecture  fails. 

Before proceeding  to the theorem itself, we prove  several  lemmas. 
We first consider  a ring .4' which is a complete direct  sum of an 
infinite set of fields {K~}. (We use the term "complete"  to distinguish 
this from the usual  weak  or discrete direct  sum, in which only a 
finite number  of non-zero components  are allowed.) There  are some 
obvious maximal  ideals in A: for any  index i, we have the maximal 
ideal ?J~ consist ing of all elements with vanishing Kccomponent .  There  
also exist  some "less accessible" maximal  ideals in `4. To see this, 
let  ! be the weak  direct  sum of {K~}; I is an ideal in A. By ZoRN's 
lemma, I can be expanded  to a maximal  ideal, necessar i ly  different 
f rom any  M~. Fol lowing the te rminology  of ttEWlTT [2], we shall refer  
to the la t te r  type  as a free maximal  ideal. 

L e m m a 1. Le t  `4 be the comple te  direct  3urn of an infinite number  
of fields, and  let  M be a free max ima l  ideal in ,4. Then M is not  a 
direct  sum of principal  ideals. 

i) All.rings under discussion will have a unit elemen L which is assumed to 
act as unit operator on any module. 
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P r o  o f. We remark  that  any  principal ideal in A can be genera ted  
by an idempoten t :  g iven an e lement  x, t ake  e to be 0 where X is 0 
and 1 where x is non-zero;  then x A = eA.  A direct  sum of a finite 
number  of principal  ideals is again principal,  being genera ted  by  the 
sum of the genera tors .  

Suppose then  that  M is a direct  sum of principal  ideals {ejA}, 
where the e]'s are (necessari ly orthogonal)  idempotents .  The number  
of summands  must  be infinite, for otherwise M would be principal,  
and it is clear  tha t  a free maximal  ideal cannot  be principal.  Split 
{ej} into two infinite subsets, and let / and g be the sums of the 
respect ive  subsets (these "infinite sums" having an obvious meaning). 
Then  f g = 0  is in M, and hence ei ther  f or g is in M; Say f for 
definiteness. But  this means  tha t  f is a l inear combinat ion of a finite 
number  of el's, a contradic t ion.  

L e m m a  2. Let  R be a commutat ive  ring with unit  and no nil- 
potent  elements. Suppose {xi} are orthogonal non-zero elements in R, 
and define S to be the complete direct sum of {xiR} ; S is in a natural 
way  a ring (coordinate-wise multiplication) and an R-module. Then 
any decomposition of S (as an R-module) into a direct sum of cyclic 
modules can have only a finite number of (non-zero) summands, and 
moreover the generators of the cyclic summands are orthogonal. 

P r o o f .  Suppose S is the di rect  sum of cyclic modules genera ted  
by  yj .  We may  write,  formal ly  

(1) yj ~ E aim xm (aim E R). 
m 

Then (for ] =1 = k), 

(2) ( a~  xm) yg = ak~ aj~ x~ = (aim xm) yk. 

Since the sum is direct,  it must  be the case tha t  (2) is zero. Hence  
YsYk ~ 0 for  ] =1 = k, and we have verified the last s ta tement  of the 
lemma. 

Now suppose the number  of y ' s  to be infinite. Let  z be the e lement  

Z ~-- X 1 - ~ - x ~ - . - .  

Then  z is in S, and so is a l inear  combinat ion of a finite number  
of y 's .  This means  that  z is or thogonal  to the remaining y's.  But  

z y~. = ~ aj~ x~. 
~n 

Hence z y i :  0 entails a / m x ~ - ~ 0 ,  (aj~xm) ~ 0, a j ~ x m :  0, y j ~ 0 ,  
a contradic t ion.  

For  convenience  in the remainder  of the discussion, let  us call R 
a D-ring if it is a commuta t ive  ring with unit  with the p rope r ty  tha t  
eve ry  R-module is a direct  sum of cyclic modules. It  is clear  tha t  a 
homomorphic  image of a D-ring is again  a D-ring. Also, if R is a 
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D-ring wi thout  divisors of zero, then  R must  be a field; for o therwise  
the quot ien t  field of R, as an R-module,  could not  be a di rect  sum 
of cycl ic  modules.  W e  have  p r o v e d :  

L e m m a 3. In a D-ring all prime ideals are maximal .  
We shall now dispose of the semi-simple ease of our  theorem.  
L e m m a  4. Let  R be a D-ring which is semi-simple in the sense 

that the intersection of the max imal  ideals is O. Then R is the direct  
sum of a finite number  of fields. 

P r o o  f. Our task  is to prove  tha t  R satisfies the descending chain 
condition.  I t  follows from Lemma 3 and [1, Th. 1] tha t  it will suffice 
to p rove  the ascending chain condition.  If the la t te r  fails, then there  
exists in R an ideal I which is not  finitely generated.  The express ion 
of I as a direct  sum of principal  ideals {xiR}  must  therefore  have  
an infinite number  of summands.  The x's are of course  necessar i ly  
or thogonal .  We now follow the no ta t ion  of Lemma 2 and form S, the 
complete  direct  sum of {x~R}; S is the di rect  sum of cyclic modules  
genera ted  by  Y l , . . . ,  Ye. For  at  least  one yj it must  be the ease tha t  
the expression (1) has an infinite number  of non-zero terms.  Suppose  
this happens  for ] ~ 1, and let us wri te  T for the set of indices m 
for which almxm =1 = 0. For  each t E T, choose a maximal  ideal Mt in 
R with the p rope r ty  tha t  altxt is not  in Mr; since the x's are ortho-  
gonal,  the Mt's are surely  distinct.  

Fo r  each t C T, let  an a rb i t r a ry  e lement  ctCR be prescribed.  We 
claim tha t  there  exists in R an e lement  which agrees  with ct modulo  
Mt for each t. To see this, we form the e lement  u in S given formal ly  by  

U ~ E C t a l t X t .  
t 

We note  

(3) (au xt) u = c, air x~. 

Suppose u = d , y ,  + . . .  + dkyk. Since the y 's  are or thogonal  (Lemma 2), 
we have 

(4) ( au xt) u ~. ( alt xt) dl y l  ~--- dl ait X~. 

From (3) and (4) we obtain 

d i  ~ ct (rood i t ) ,  

and so d~ is the desired element.  
Wri te  J for the in tersect ion of the Mt's. Then the preceding' pa rag raph  

can be summarized as fol lows:  R / J  is the complete  direct  sum of the 
fields R/Mt.  But R]J, along with R, is a D-ring. This cont rad ic t s  
Lemma 1. 

For  completeness,  we include the well known proof  of the following 
lemma. 

7* 
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L e m m a 5. Let  R be a commutative ring with unit, and suppose 
that every prime ideal in R is maximal. Then there exists a set of 
primary ideals, one for each maximal ideal, with intersection O. 

P r o o f .  Given a maximal  ideal M, define Q to be the set of all 
e lements  x of R for which the annihi la tor  (the set of all a with 
a x = 0) is not  contained i n  M. One easily verifies tha t  Q is an ideal 
conta ined in M, and t h a t y z C Q  a n d y ~ Q  imply zCM.  To complete  
the proof tha t  Q is p r imary  for M, we take  t in M and have to prove  
tha t  some power of t is i n  Q. If not, consider the set S of all t~c, 
for k = 0 ,  1 , 2 , . . .  and c ~ M ;  S is closed under  mult ipl icat ion and 
does not  contain 0. So we may form an ideal N which is maximal  
with respect  to disjointness from S; N is a prime and hence a maxi- 
mal ideal. I t  is clear tha t  N is conta ined in M. On the other  hand,  
M contains t which is not  in N. Thus N is proper ly  conta ined in M, 
a contradict ion.  

Now let {M~} be the maximal  ideals of R, form the corresponding 
pr imary  ideals {Qi} as above,  and suppose rC fl Qe. Consider the ideal 
I annihi lat ing r. If I =[= R, then 1 is conta ined in some Me. But  r C Qe 
means that  there  exists an element e~Me with c r - - - 0 ,  i. e. with 
c E I. This contradic ts  l < Me. Hence l = R and r--=-0. 

P r o o f  o f  t h e  t h e o r e m .  Let  R be a D-ring. If N is the inter-  
section of the maximal  ideals, R/N is also a D-ring. Lemma 4 then 
shows tha t  R has only a. finite number  of maximal  ideals, say  
M I , . . .  M.. By Lemma 5, 

O =  Q , n . . . n Q ~ ,  

where Qi is a p r imary  ideal with Mi as radical.  Since the Qi are 
pairwise comaximal,  R is the direct  sum of rings isomorphic to R/Qe. 
So it is sufficient to show that  R/Qe is a p r inc ipa l  ideal ring, and 
for this it suffices to show tha t  its maximal  ideal is principal.  

Hence assume now that  the D-ring R has only  one maximal  ideal 
M, M =1--0. By hypothesis,  

(5) i ~ a ,R  �9 a~R e . . .  

where the ae are or thogonal  non-zero elements. Likewise 

M ~ a ~ R r  

Then M/M' is the direct  sum of the non-zero modules a~R/a'~R. Since 
a~M ----- a~R, aeR/a~R is a vec tor  space over  R/M. So if we can show 
tha t  M/M ~ is one-dimensional  over  R[M, then there  is only one a~, 
and M is principal,  as desired. Now M/M '~ is the maximal  ideal of R/M ~, 
and (R/M'2)/(M/M ') is isomorphic to R/M, so we can make  the fur ther  
assumption tha t  M ' ~  O. 

We wish to show that  M has length 1, as an R-module.  E v e r y  
principal ideal conta ined  in M has length 1, since it is cyclic over  
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R/M. If  M has length  g rea te r  than 1, we can, in (5) above,  PaSs to 
the residue class ring modulo as R e . . . ;  so we m ay  assume tha t  M 
has the form M = a R  �9 hR.  Thus  M has length  2 and R has length  3. 

At this point  we could quote  KOTrlE'S result ,  but  for  comple teness  
we give the remainder  of the proof.  Le t  G be the R-module  gene ra t ed  
by u and v, subject  to the re la t ion a u +  b v ~ O; G is a module  of 
length  5. We claim tha t  any  cyclic submodule  R w  of G has length 
1 or 3. This is c lear  if Mw = 0, so we suppose the con t ra ry .  Wri te  
w = c u + d v .  Since Mw-q=O, ei ther  c or d is a uni t  in R, so we 
ma y  assume c = 1. Le t  r be an e lement  of R annihi la t ing w. Then  
r u + r d v = O ,  so there  exists an e lement  s with r =  sa, r d = s b .  
From the equat ion s b - ~ - s a d ,  and the fact  tha t  b is not  a multiple 
of a, we see tha t  s is not  a unit,  s C M, r = s a = 0. Hence  the mapping  
r ~ r w  is an isomorphism of R onto R w, and the l a t t e r  must  have  
length  3. 

Now G is a d i rect  sum of cycl ic  modules,  not  all of length  1, since 
M G =l: 0. Hence  

G ~- R w e R x o R y ~  

with R w  of length  3, R x  and R y  of length  1. Thus  MG--~ Mw,  

G/M G ~ (R w/M w) �9 R x e R y, 

giving G]MG length  3. But  G/MG is isomorphic to R / M e  R/M, and 
consequen t ly  has length  2. This con t rad ic t ion  completes  the proof  of 
the theorem. 
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