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This paper presents a model o f  the cut geometry in five-axis 
milling. This allows the establishment o f  a better model o f  
cutting force to account for  the influence of  the tool orientation. 
The formulation of  the width and the thickness o f  the cut were 
derived and implemented in a computer simulation. The results 
o f  simulations were verified experimentally and a good agree- 
ment was obtained. The result shows the importance o f  includ- 
ing the influence o f  the tool orientation in the cut cross- 
section calculation. 
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1. Introduct ion 

The surface characteristics of milled surfaces by five-axis 
milling have been studied by taking into account the influence 
of tool orientation. The investigation verifies that the influence 
of lead angle both on surface accuracy and roughness is 
significant [1-3]. 

One of the significant influences on the surface accuracy is 
the surface deviation due to the finite stiffness of machine 
and/or tool system as shown on Fig. 1. This phenomenon 
occurs because the lead angle influences the cutting force, as 
welt as the compliance of the structure loop from workpiece 
to the tool tip. 

Following the Kienzle theorem, the cutting force is a function 
of the cross-section area of the cut [4]. Actually, the cross- 
cut area in five-axis milling depends on the tool orientation 
applied during cutting [2]. Although various researchers [5- 
8] have presented a series of papers about the mechanistic 
model for cutting force in milling, most of the existing models 
are dedicated to three-axis (basic) milling. Some specific para- 
meters in five-axis milling that have a major influence on the 
cutting force have not been taken into account. 
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Fig. 1. Surface deviation versus lead angle. 

Because of this, a knowledge of the cut geometry as a 
function of tool orientation is essential in order to be able to 
predict the cutting force in five-axis milling. The aim of this 
work is to study the cut geometry in five-axis milling, taking 
into account the influence of the tool orientation as a basis on 
which a more reliable cutting force model is built. 

2. Bal l -end Versus Flat-end Cutters 

One of the critical problems in five-axis milling is the pos- 
itioning of the cutter in relation to the surfaces in order to 
machine without having overcut or undercut (gouging). Because 
of this problem, ball-end cutters are preferred. Overcutting 
does not cause a big problem when using ball-end cutters. The 
calculation of the NC tool path for ball-end cutters is mainly 
a problem of surface offset. 

An important drawback of ball-end cutters is the varying 
cutting speed along the tool radius. The maximal cutting speed 
vc is reached on the tool diameter, and at the tool tip v~ is 
zero (see Fig. 2(b)). This leads to cutting edge chipping as 
well as poor surface roughness. 

In order to avoid these problems, a specified lead or/and tilt 
angle can be used, instead of perpendicular cutting conditions. 
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Fig. 3. Basic form of cut geometry. 

Fig. 2. Ball versus flat-end cutters, (a) gouging, (b)cutting speed, 
(c) scallop height. 

However, this method is only advantageous for machining 
highly curved surfaces. To machine low-curvature surfaces, a 
flat-end cutter is more advantageous. This method enables a 
smaller number of cutting passes to be used and as a result a 
shorter machining time is needed [9,10]. 

Because of this, this study focuses on milling using a flat- 
end cutter. Additionally, when five-axis milling is used to 
machine a sculptured surface with flat-end cutters, the tool 
orientation can be controlled by either a lead or a tilt angle. 
However, machining using a tilt angle will produce a higher 
scallop height or longer machining time. A tilt angle is nor- 
mally used only for collision avoidance when machining a 
high-curvature surface. Therefore, this study only takes the 
lead angle as a parameter to study. 

Actually, since the cut geometry with ball-end cutters always 
occurs on a spherical cap, the cut geometry does not vary as 
a function of toot orientation. The influences of the tool 
orientation on the engagement parameters when using ball-end 
cutters have been investigated [11]. 

3. Geometry of the Cut in Basic Milling 

Following the ISO/DIS 3002/3 standard, the cut is defined as 
a layer of the workpiece material to be removed by a single 
action of a cutting part [12]. There are three main components 
of the cut, i.e. nominal cross-section area of the cut (A), 
nominal width of cut (b), nominal thickness of cut (h). 

The geometrical model of the cut in this study is developed 
based on the cut geometry of a basic (three-axis) milling 
process. An identical cut geometry occurs in five-axis milling 
when the tool is perpendicular to the milled surface, i.e. when 
the tool orientation is zero (see Fig, 3). 

From Fig. 3, basic formulations can be deduced as follows: 

h = AA' sin X cos A 

h(p) =3~ sin X cos A sin ~ (1) 

b = . ap (2) 
sm X cos )~ 

where h = the cut thickness (ram) 
b = the cut width (mm) 
f = feed rate (ram per tooth) 
ap = axial depth of cut (ram) 
X = tool cutting edge angle (degree) 
~o = feed motion angle (degree) 
A = helical angle (degree) 

This study uses flat-end cutters with inserts that are charac- 
terised by a small helical angle. Therefore, in the next analysis 
the helical angle will be ignored in order to simplify the prob- 
lem. 

Another parameter relating to the cut geometry is the feed 
motion angle (q~). This angle is defined as the angle between 
the directions of the simultaneous feed motion and primary 
motion measured in the working plane Pf~. This parameter 
is used to locate the instantaneous cross-cut area along the 
tool/workpiece engagement or cut length (Fig. 4). This para- 
meter is bounded by a certain value (q~m~n and ~max) that 
depends on the conditions of tool-workpiece engagement. 

There are two extreme conditions of toot engagement, affec- 
ted by the radial depth of cut (at), and the tool radius (R). In 
the first case, the axis of the tool is outside the cut, while in 
the second case, the axis is inside the cut. For the first 
case (Fig. 4), 

since AA" = fz sin ~p, then: Fig. 4. Tool-workpiece engagement. 
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(~min ~ 0 

and for the second case (Fig. 4b), 

q~m~ = arC COS (-a±R-a'~) 

q0~a~ = arc sin ( ~ )  + arc sin 

(3) 

4. Cut Geometry for Positive Lead Angle 

In the previous section, on milling with a tool perpendicular 
to the milled surface, only the nominal thickness of cut varies 
as a function of the feed motion angle. However, by applying 
a lead angle /3f, the depth of cut will also vary. For the case 
of using a positive lead angle, the cut geometry can be 
classified into two categories. 

4.1 Posit ive Lead Angle,  0 ° < [3f -< arc sin (ap/R) 

The general view of the cut geometry in this case is depicted 
in Fig. 5. In this case, the depth of the cut varies from %-- 
Rsin/3f at qo = 0 ° to ap at q~ = 90 °, and the path shape of the 
tool on the workpiece is not circular any more. It becomes an 

ellipse with a long axis equal to R/cos/3f oriented along the 
feed direction (lead angle direction) and a short axis equal to 
R (Fig. 5). As a consequence, the relation between the instan- 
taneous cut thickness and the feed motion angle is not as 
simple as when milling with a zero tool-inclination angle. 

The instantaneous cut thickness is derived based on the 
equation of the ellipse on Fig. 5(b), 

x 2 y2 

R2/cos213f + ~5 = 1 

or,  

COS 2 j~f X 2 q_ y2 = R 2 

The equation of the first ellipse is obtained by shifting the X 
origin to fz/2, 

cos 2/3f X -  + y 2 = R  2 (5) 

if Y= cot q~ X is substituted into equation (5), 

(COS2~f + cot2q~)X 2 - 0¢'z c o s  z ~ f )X  + c o s  2/3f  (6)  

- R  ~ = 0 

From equation (6), we get the value of (X~)I and (X2)I that 
are the short and the long abscissae of the first ellipse, respect- 
ively. The (X02 and (X2)z values for the second ellipse can be 
found in a similar way by shifting its X origin to - ~ / 2 ) .  The 
difference between (X~)~ and (X02 is used to calculate the 
instantaneous cut thickness (Fig. 5(b)). 

(XI)  1 - (X l )  2 
AA' - (7) 

sin q~ 

The differences of abscissa length between two consecutive 
ellipses (X0~ - (X02 can be solved by solving the second- 
order equation (6). This yields: 

fi  cos 2/3f sin2~ 
(X1)l - (X02 - cos2/3~, sin2q~ + cos2q~ 

f~ cos2/3f sinq~ 
( 7 ) ~  AA' - 

cos2]3f sinZq~ + cos2qo 

As 
zero, 

(8) 

since h(cp) = AA" s i n ( x -  /3f), then: 

f~ cos 2/3f sin(x - 130 sin q~ (9) 
h(q~) = c ~ s  2/3f sin 2 qo + cos 2 

mentioned before, by applying a lead angle not equal to 
the depth of cut varies as a function of the feed motion 

angle (¢p). The formula for this relationship can be deduced 
from the ellipse on the bottom of tool on the right-hand side 
view of Fig. 5(a). 

r = b 4(aZ _ Xz ) 
a 

Fig. 5. Lead angle positive, 0 ° < /3f --< arcsin (aJR). (a) General 
view. (b) Detailed top view of path fo1Tn of too1. 

where a = R, b = Rsin/3f, and X(q~) = RcosG it yields: 

Y(qo) =---Rsin/3f ~/(R 2 _ R2 cos2qo ) 
R 

Y(q~) = R sin/3f sinq~ (10) 



680 E. Agson Gani et al. 

From 

By 
inner 
outer 

Fig. 5(a) we also get the instantaneous depth of cut, 

ap(qg) = ap - R sin/3f + Y(qg) 

ap(~p) = ap - Rsin/3~- + Rsin/3f sinq~ (11) 

applying a tool orientation, the difference between the 
and the outer cut width becomes greater, where for the 
side, 

bl (q~) = % - R sin/3f + R sin/3e sin~ (12) 
s i n ( x - / 3 0  

for the inner side, 

bz(q~) = b~(¢) - AA' cos(x - / 3 0  

by substituting the value AA' from (8), we get: 

b2(q)) = a~ - R sin/3f + R sin/3f sinq~ 

s i n ( x - / 3 0  

-f~ cos;/3f cos(x - / 3 0  sinq) cos 2/3f sin 2 g~ + cosZ~ (13) 

Since the shape of the cross-cut area is a trapezium, therefore 
for practical purposes, it is simpler to use an average cut width 
(bin). The average cut width is defined as the average value 
of the inner and outer cut width. 

Fig. 6. Lead angle positive, arcsin (ar/R) < /~f < 90 °. 

calculated in a similar way to the previous case. However, the 
value of the effective radial depth of cut has to be considered 
for the calculation of the boundary of the feed motion angle 
(¢) .  

b,(¢) + b2(¢) 
bm(q~) - 2 5. Cut Geometry for Negative Lead Angle 

bm(~) = a-~v - R sin/3f + R sin/3f sine 

s i n ( x - / 3 0  

f~ cos2/3f cos(x-/3 0 simp 
- 2(cos 2/3f sin2q~ + c0s2¢) 

4.2 Posit ive Lead Angle,  arc sin(ap/R) < 13f < 90 ° 

The second type of the cut geometry for a positive lead angle 
occurs by applying a lead angle lying between arc sin(ap/R) 
and 90 ° . There are two main differences in the cut geometry 
in this case compared to the previous one. First, the value of 
R sin/3e is greater than ap. As a result, the cut width does not 
start from a certain non-zero value, but starts from zero to the 
maximum value. The second is that the effective radial depth 
of cut (a e elf) is not always equal to the programmed radial 
depth of cut (a~) or pick-feed. The ae ~ff decreases for increasing 
lead angle. The value of a~ eft- depends on the effective tool 
contact radius with the workpiece. The effective tool contact 
radius itself is a function of the lead angle (/30, tool radius 
(R), and ap as follows (Fig. 6): 

and, 

/ ( 2 a p R  sin/3f - @) 
Nef f = ~ / \  sin2/3f 

(14) 5.1 Negative Lead Angle,  -a rc  s in(aJD)  < I~f < 0 ° 

( ] 5 )  

Although the effective radial depth of cut is not equal to 
the programmed one, the cut thickness and width can still be 

As illustrated in Fig. 7, the cut geometry in this case is quite 
complex. This is because, the tool contacts the work surface 
not only on the front side of its periphel2¢ (major cutting edge 
S) and its bottom (minor cutting edge S'), but it also contacts 
the work surface with the back side of its bottom. In order to 
simplify the problem, the cuts that contact with the periphery 
of cutter and the bottom of the cutter will be treated indepen- 
dently (see Fig. 7(b)). 

First, let us consider the cut that contacts with the periphery 
of the cutter (the major cut). The formula of the major cut 
geometry can be derived in a similar way to when using a 
positive lead angle. 

Further, as shown in Fig. 7(b)), the shape of the cut that 
contacts with the bottom of the cutter (minor cut) is a cylinder 
with a radius equal to the radius of the cutter, and a height 
equal to b3. Notice that, depending on the width of the insert 
cutter and the tool cutting edge angle X, the minor cut might 
not extend to the centre of this cylinder. The value of b3 equals: 

b3 =fz sin/3f (17) 

Acmalty, the value of the cylinder radius with respect to 
the point O varies as a function of the feed motion angle, 
such that: 

4 
However, as f~ ~ R, this equation can be simplified as R(q~) 

= R. This simplified value of R is used to calculate the 
instantaneous thickness of the minor cut. 
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5.2 Negative Lead Angle, -arc.sin(ap/R) < [~, -< 
-arc.sin(p/D) 

The illustration of  the cut in this case is depicted in Fig. 8. 
This figure shows that the cut in this case is almost similar 
to the previous one, but the boundary of the feed motion angle 
is slightly different. This is because the depth of  cut a in this 
case is smaller than Dsin/~f. 

As a result, although the contact mode between the cutters 
and the workpiece is still the same as in the previous case, 
there is a part of  the front side of  the cutter that is no longer 
in contact with the work surface. 

As shown on Fig. 8, four different cases of  tool-workpiece 
engagement can be considered depending on the value of  a e, 
R, q~, q~2, and q~3- Here, q)~ is a limit of  the feed motion angle 
when the cutter periphery still contacts the work surface. The 
formulation of  this parameter is: 

q~ = arcsin R sin/3¢ 1 (21) 

Fig. 7. Negative lead angle, -arcsin (ap/D) < /3f < 0L (a) General 
view. (b) Separated cut detailed figure. 

5.3 Negative Lead Angle, -90 ° < [~f -<-arcsin(ap/R) 

In this case, Rsin/3f is larger than %. As a result, the cutter 
contacts the work surface only with the back side of  its bottom. 
The cut geometry of  this case becomes simpler as illustrated 
on Fig. 9. 

This figure shows that the shape of  the cut is a part of  a 
cylinder, bounded by some values of  the feed motion angle 
and with a constant height. However,  the radius of  the cylinder 
varies as a function of  the feed motion angle, depending on 
the cutter-workpiece engagement condition. 

Further, considering the type of  tool-workpiece engagement, 
the thickness of the minor cut can be expressed as a function 
of  the instantaneous contact angle as follows. 

For the case when the axis of  the tool is outside the cut, 

R - a  e 

h(q~) = for q~ < q~ < 360 ° - q~2 

R - G  for 360 ° - ~2 < q~ < 360° 
cosq~ 

w. re  

For the case that the axis of  the tool is inside the cut, 

R 

l ao:R 
h(qo) = [sin(q~_90o) 

"R 

f o r 0  ° -<  q~<--qh 

for ~ < q~ < 360 ° - ~2 

for 360 ° - q~2 < ~P < 3600 

(19) 

(20) 

Fig. 8. Negative lead angle, -arcsin (ap/R) < ~f 
-arc.sin (aJD). (a) a e <= R - R cos qh; (b) R - R cos q~ < a~ 

< = R ;  (c) R < a~ < = D - R  cos q~; (d) D - R c o s  qh < a~ < = D .  
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Fig. 9. Negative lead angle, -90 ° < 13f -< -arcsin(a~). 

6. Influence of Scallop to the Cut 
Geometry 

The scallop profile is the most substantial component of the 
surface roughness in five-axis milling. It is measured perpen- 
dicular to the feed direction. This profile is produced as the 
tool, with a certain tool inclination, moves on the surface 
following parallel tracks. The resulting surface roughness is 
much larger than the roughness measured parallel to the direc- 
tion of feed. More details of the surface characteristics of five- 
axis milling including the influence of the tool orientation are 
outlined in [3]. 

The scallop profile is mainly characterised by the scallop 
height, defined as the height of the peaks left on the surface 
after machining with respect to the deepest points of the milled 
grooves. The scallop height is mainly a function of tool 
geometry, cross-feed, tool inclination, and surface geometry. 
When machining a flat surface with flat-end cutters, the theor- 
etical relationship is: 

h,c n~t-~.d = sin /3f (R - ~/R 2 - (L/2)2)) (22) 

where h~ = scallop height 
L = cross-feed (pitch) ~ 2 r~ff 

Figure 10 shows a surface with two consecutive milling 
paths milled with a positive lead angle and a radial depth of 
cut (a~) smaller than R. This figure gives an illustration of the 
influence of the scallop profile on the actual and the previous 
milling path on the cut geometIT. It shows that the actual 

radial depth of cut is no longer equal to the cross-feed (L), 
but is equal to R + (L/2). This situation changes the angle 
of the cutter-workpiece engagement. As a consequence, the 
maximum value of the feed motion angle, where the cutter is 
still in contact with the work surface, changes from q~ .... as 
given in (3) or (4) to, 

m,~ = arcsin - - -  + 90 ° (23) 

For the feed motion angles in the range q~m~ to q~'m~, the 
value of the cut thickness still can be calculated using formula 
(9). However, the value of the cut width in this range of q~ 
should be calculated using another formula for the axial depth 
of cut. The formula of the axial depth of cut in this range of 
q~ can be deduced from the equation of the ellipse of the 
bottom of the cutter in the right-hand side view of the Fig. 10 
as follows: 

aP(q~rnax + q~'max) "~ Y(o) - Y(o-l) (24) 

where, Y(o) and Y(o-~) are the ordinate of the ellipse of the 
actual and the previous scallop profile respectively. From (10): 

I1(o) = R sin/3f sin q~ 

Y(o-1) = R sin 13f sin gO(o_1) 

By substituting these equations into equation (24): 

ap(~n,a×+#r~t~x ) = R sin/3f(sin q~o - sin q~(o-l)) (25) 

Since the value of the cut and the cutting force depends only 
on ~o, therefore the value of q~(o-)) should be related to the 
value of q~o. From the top view of Fig. 10, it can be deduced 
that for q~m~x < q)O < q~tmax.* 

(a~ + Rcos q~o) (26) 
q~(o-1) = arccos R 

By substituting equation (26) into (25), 

ap(~ . . . .  + qlmax) (27) 

The formulation for the other cases can be derived in a 
similar way. However, in the case of a negative lead angle, 
the influence of the previous scallop profile should be con- 
sidered only on the back side of the minor cutting edge. 

Fig. 10. Influence of scallop height to the cut geometry. 

7. Simulation and Experimental Results 

Based on the formulae derived in the previous sections, a 
simulation program using MATLAB has been created, enabling 
the calculation of the cut geometry for a given lead angle. 
Some results of the simulation program are depicted on Fig. 11. 
By comparing the graphs in Figs 1 l(b) and 1 l(c) to the graphs 
in Fig. 1 l(a) (/3f = 0°), it can be seen that the lead angle has 
a significant influence on the cut geometry 

Cutting tests were performed to verify this model using 
single insert cutters HM-K15 diameter 20 mm on Aluminium 
A1MgSil. The tests were done with a cutting speed 3000 r.p.m., 
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Fig. 11. Simulated of the cut geometry. (a) Lead angle ~r = 0°, 
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ap = 4 mm, a~ = 10 mm, and fz = 0.067 mm/teeth. The pictures 
of chips, and the tangential cutting force resulting from these 
tests are depicted in Fig, 12. Measurement of the cutting force 
is done with a piezo-electric dynamometer KISTLER type 
9259. 

A comparison of the graphs in Figs 11 and 12 indicates a 
good agreement with the tangential cutting force obtained by 
simulation and the measured value. After taking the com- 
pression ratio into account, a good agreement is obtained by 

comparing the chip geometry (the width for the major cut and 
the thickness for the minor cut) resulting from the cutting test 
as shown in the figures with the simulated cut dimension. 

8. Conclusion 

The influence of tool orientation (lead angle) on the cut 
geometry in five-axis milling has been studied. The formulation 
of the width and the thickness of cut were derived, and used 
for computer simulation. The results of the simulation were 
verified experimentally and a good agreement was reached. 

The results show that the tool inclination in five-axis milling 
has a large influence on the cut cross-section and hence on 
the cutting forces, on the chatter, and on the product accuracy. 
As a consequence, proper selection of cutting parameters should 
take those effects into account. 

Todays CAM software for five-axis milling does not take 
those influences into account to complement the geometrical 
constraints governing tool inclination. The paper presents algor- 
ithms that allows the introduction of those elements in five- 
axis NC programming systems. 

As an example, even if the selected depth of cut is the 
same, applying a higher positive lead angle will produce a 
higher width of cut (Fig. 11). Actually, the width of the cut 
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is limited by the value that is called "chatter depth" (cut width 
when chatter arises) [13]. As occurred in the cutting tests 
carried-out to verify the present model, chatter-marks are pro- 
duced when milling with a lead angle of 50 ° or higher. 
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