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Summary

The predictions regarding the Poynting effect, obtained by way of the constitutive
equation of a simple elastic solid expressed in terms of the spatial description using the
Cauchy stress are compared with those obtained by way of the constitutive equation
of a simple elastic solid expressed in terms of the referential description using the second
referential stress tensor. It is shown that the quantitative predictions of the constitutive
equation of a simple elastic solid expressed in terms of the referential description are in
good accord with the observations of experiment.

1. Introduetion

For many solids, in particular rubber-like solids, polymeric solids and metals,
the mechanical response of a rod or tube twisted in simple torsion is charac-
terised by the Poynting effect. This effect relates to the observation [1], [2] that
the lengths of various steel, copper and brass wires increased when twisted in the
elastic range, and that the elongation was proportional to the square of the twist.
The development of a nonlinear theory of finite elasticity which predicts the form
of the Poynting effect is one of the outstanding successes of modern nonlinear
continuum mechanics. The development of the appropriate class of simple elastic
material has been directed almost exclusively to rubber-like solids, thus rec-
ognising that this type of material displays the Poynting effect to a marked
extent, (see for example [3]). The present paper is concerned with the extent to
which the quantitative predictions of theory are in accord with the observations
of experiment. The discussion is restricted to isotropie, incompressible solids, no
account being taken of thermodynamic restrictions, the proposed constitutive
equation being purely mechanical. Furthermore, no attempt is made to take
account of the subcontinuum, that is the micromechanics of the material.
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2. Constitutive Equation

Referential coordinates, denoted X* (x = 1,2, 3), and spatial coordinates,
denoted @' (4 = 1, 2, 3), are set up in space by adjoining to the separate origins O
and o the bases G = (G, G, G;} and g = {g,, ¢, ¢,}. Using standard notation
and conventions [4], the deformation gradient tensor F = grada, has the
component form F = F?* g, ® G* where F, = :z:’m

The constitutive equation for a simple elastic solid in the spatial description
will be taken to be,

T=gJ+ BB +p,B1, (B=FFT), (2.1)

where T is the Cauchy stress, B the left Cauchy-Green deformation tensor, and
where the response coefficients §, (& = 0, +1) are scalar functions of the principal
invariants Iy, Il and 111, of B.

It has been shown [5] that the constitutive equation for a simple elastic solid
can be expressed in the referential description in the form

P = aod + 5,0 + 01, (€ =FTF), (2.2
where
T = JURF-P(F-1)7 U2, (2.3)

is the second referential stress, J = det F > 0, U the right stretch tensor, C (= U?)
the right Cauchy-Green deformation tensor, and where the response coefficients,
oy (B = 0, --1) are scalar functions of the principal invariants I, 11 and 111 of C.

Using the Cayley-Hamilton theorem, the constitutive equation (2.2) can be
rearranged into the alternative form

T = &l -+ &, 8 + 4.B2, (2.4)
where,
B = (C-C1/4, (2.5)

and where the response coefficients,

1 IIc — x_4(1 1,
&o = 0o + 01 + oy, &1:4[0‘1( _;—{-)Ic ':III(c)_[_ c)]’
16(xy + o_q)

T @+ L+ Iy

5
Ky

Equation (2.2) can be expressed in the form,

T = 20{@ol + @B + . 02) = 260" (R, (2.7)
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where a prime denotes a deviator, and where G = Gk, K,') is a non-negative
factor of proportionality, it being noted that,

1
By =t B2, s, = det ', (2.8)
and that the response coefficients,

2 2
Po = Y Ky'p., @1 = (5‘1 -+ 3 IE&2)/(2é)’ P2 = &2/(2G)’ (2.9)

use having been made of the Cayley-Hamilton theorem.

It has been shown [6] that the biaxial stretching of a thin rubber sheet can be
described by the ground state form of the constitutive equation (2.7) which is
characterised by having ¢, = &, = 0, which limiting conditions give ¢ = 1. Setting
@1 = 1, @, = 0 in Eq. (2.7) gives the ground state form of the constitutive equa-
tion:

= 26@.’_. (2.10)

Alternatively, noting from Egq. (2.6) that the condition ¢, = &, = 0 gives «,
= —a&_;, the ground state form of the constitutive equation can be expressed in
the reduced form of Eq. (2.2):

P = aod + a,(C — €Y, (o = 1/20). | (2.11)

3. Extension and Torsion of a Solid Rod

Consider a right circular solid rod of incompressible material. Let (R, &, Z) be
the cylindrical referential coordinates in the initial state of a particle that is
located in the deformed configuration by the cylindrical spatial coordinates (r,
6, 2).

For a twisted rod with its principal axis aligned with the Z axis, the simple
deformations to be considered are:

r=R/fF, 0=0+DZ, z=1Fz, (3.1)

where F = I/L is the ratio of the current length / to the undeformed length L of
a solid rod. Using Eq. (3.1),

i —
— 0 0
|V
[F a] —_ O 1 _D ) (3.2)
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and hence the non-vanishing physical components B(s), (B-1)(%j) of B and its
inverse B~1 can be obtained in the form,

1 =
— rF
7 0 0 0 0
F —rD
N T —13 /ANT
F (1 + R2D2)
0 —rD ———
Y
|0 +DF e -
(3.3.1,2)

Similarly, the physical components of C and its inverse ™! can be obtained in the
form:

- _ i .
70 0 F 0 0

RD®\  RD

1 RD 0 P ) -

Cepi=0 = = o= (FHE) 5
, ED (T ReDY 0 _%_1: %

- F F | - -

(3.4.1, 2)

The non-vanishing physical components 7'(#j) of the Cauchy stress T and the
non-vanishing physical components 7'(xf) of the second referential stress tensor
are:

o 0 0 6grr O 0

(T =|0 o e | [Maf]=]0 boo %oz |- (3.5.1, 2)
0 7,4 0. 0 tz0 02z

For zero applied traction on the curved surface at r = r,, such that {o)],_,,
= 0, the stress relations in the spatial description follow from Egs. (2.1), (3.3),
(3.5.1):

Oyy == f[(o'gg — Gpr)[r] dr = —szﬂ,r dr, {3.6)
Ogg == Ops - ﬁ172D21 (37)

-1 1 R
Gzzzavf’{"(—_‘ﬁ—‘—)( 1_—F'ﬂ—l)+ﬂ—1ﬁ1)2! (38)

Ty = (51 - -115 ,6_1) FrD = 15. (3.9)
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The stress relations in the referential description follow from Egs. (2.11),
(3.4), (3.5.2):

F2 — 1)
6RR = &y — X1 '('—F——, (3.10)
R2D2
Go0 = drr — ™ R (3.11)
¥4 1) (F3 —1 R2D?
837 = 6pp + { )F(z ) + 7 (3.12)
F+1
oz = & ( ;’; ) BD = %30, (3.13)

it being noted that , = (;/2
Equation (2.3) can be rearranged, using the right polar decomposition F = RU,
into the form,

T=FRT, (3.14)

where R is the rotation tensor. Noting that B = RCRT, it follows from Egs. (3.3.1)
and (3.4.1), that R must be of the form,

1 0 0 _
[R]=10 cosy sinyg |, (3.15)
0 —siny cosy
where,
¢ RD
an l/} = (—m . | (3.16)
Entering the form for R given by Eq. (3.15) into Eq. (3.14) gives:
1
Oyy — —— 6'.RR: (3.17)
7
cosy . siny N
050 = —= (600 -+ RBD%z9) + —= (Yo7 + RDé82s), (3.18)
VF VF
0, = F cos 65, — F sinPpize, (3.19
cosy . sin ¥ .
7y, = —= (%0z + BDb2z) — —= (600 + RDize) = 7u, (3.20)
VF VF
Tap = F cos lp’fzg -+ F sin lpa'zz = Tpz, (321)

For simple torsion, (F = 1for D = 0), Eq. (3.13) can be expressed in the form

toz = G gﬁi—l) RD, (=126, (3.22)
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where, using the form for & given in Eq. (6.1) of [6], that is,

G:GOM

, (3.23
¢éli N )
and where, from equation (6.2) of [6].
o (2 . )1/2
= —— g = |—trM?] , 3.24.1,2
T 3 oL
it being noted that for simple torsion,
3¢, (F — 1) [(F? + F + 1) (F + 1) + R2D*]

T —&  (F1) 4RDE I [(F® — 1)+ ReDER)R’ (3.25)

A

the &,” (« = 1, 2, 3) being the proper numbers of B’. As F — 1, $ — 0, and hence
from Eq. (3.24.1), ¢ —1 which condition, when entered into Eq. (3.23), gives
@ — G,. Hence for F — 1, ¢ - G, and Eq. (3.22) reduces to,

(F 4 1)

S5 ED. (3.26)

togz = Go
From Eq. (3.26) it follows that,

F+1)
e

R B 1
I'=2x [ RPto; dR = < 7GRyt D. (3.27)
0

where R, is the outer radius of the undeformed solid rod.

4. Resultant Longitudinal Foree on Plane End of Solid Red

4.1 The Spatial Description
The identity,

Ty T

1 1 t [ (d
f?'o',—,- dr = E 7'12[0‘”]7:7’1 — E 7-20-" — E—f'rz ( ;;r) dr, (41)

r T

can be rearranged using the condition of equilibrium in the radial direction,

80‘" o Cg9 — Opr
or 7

, (4.2)

to give,
f?‘((f,-,- + ogy) dr = TIQ[G’T]T:?‘: — 20, (4.3)
T



The Poynting Effect 25

The right-circular solid rod is to be deformed by simple torsion into a right-
circular solid rod, the deformation being achieved with zero applied traction
on the outer curved surface at r = r;, such that [¢,],_, = O for all D. This con-
dition reduces Eq. (4.3) to,

7
f?‘(a,, + 046) dr = —720yy, (4.4)

T

which applies to the annular region bounded by the outer curved surface at
r = 7; and the surface at some arbitrary r. The condition of equilibrium in the
radial direction must still apply in this annular region, and hence it follows
from Eqgs. (4.2) and (4.4) that at any arbitrary r, must have,

Orr + 059 = 0, (45)
for all values of D.
Entering the condition of Eq. (4.5) into Eg. (3.7) gives,

1 7
on=—7 Bir2D? = —D? f Bur dr, (4.6)

which can be expressed in the form,

8
1 2
2 (ﬁl e ﬁ_l) 2

Ory = —

rgz , (4.7)

where use has been made of Eq. (3.9). Eqs. (4.6) and (4.7} give the following
conditions for g;:

prt=2 | ],317 dr, B, =0, (4.8)

subject to the conditions
[8-:),—,, + 0, [6e),—y, + 0. (4.9)
The condition of Eq. (4.6) can be entered into Eq. (3.8) to give:
(F3 — 1) 1 1 2
Gz = F ﬂl — F ﬁ——l - E‘ ﬂl - -j{; ﬂ—l 72D2‘ (4'10)

The resultant longitudinal force on the plane end of a solid rod,

T
N, =2z [ ro,, dr. (4.11)
0



26 E. W. Billington:

Entering the form for ¢, given by Eq. (4.10) into Eq. (4.11) gives

N.==n f r [2 %ﬂ (,31 — % ﬂ_,) — (ﬁ, — —;-ﬂ_,) rzpz} dr. (4.12)
0

It follows from Eq. (4.8) that,
f Burdr =0, (4.13)
0

which condition can be entered into Eq. (4.12) to give,

Ty

P F1) [ 2
N, = —2ne,, (“}'TJF_) f By dr — mD? f (ﬂ1 ~ % ﬂ_l) B dr, (4.14)
0

0
where the axial strain,

e, =F —1. (4.15)

Eq. (4.12) can be expressed in the form,

T 71 Ty
F2iF+1 D aD?
N, = 2ne,, (—-———1—)—1?2——? fv:g, dr —m 7 f To7? dr + 7 fﬁ_lﬂ dr, (4.16)
0 0 0

where use has been made of Eq. (3.9). In the limit of infinitely small strains,
(for which F —1 as D —0), use can be made of the theory of infinitesimal,
linear elasticity, to give to a first approximation,

T 7 T

1 1 1 1 1
f'rg, dr = FDf([)’l -7 ﬁ_l) rdr ~ Gonr dr = 5 Gyr2D, (4.17)
0 0 0

and the resultant torque,

Ty Ty 71

i 1
= 27zf7'21'9, dr = 2WDFf(ﬂx ~ 7 ﬂ_l) r3dr ~ 2nGoDj r3dr = 1 alG,Dr2,
0 0 0

(4.18)

where (7, is the classical shear modulus. Substituting in Eq. (4.16) from Egs. (4.17)
and (4.18) gives,
N,
ﬂRla

Ty
— 3@ ! g.pepe 1 2 ¥ (4.16
o 0€zz — 'Z‘ oLy .R_12 ,8_17' T. . )
0
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4.2 The Referential Description

Eq. (3.19) can be rearranged using Egs. (3.10), (3.12), (3.13) and (3.16) to
give,
(F+1)(F3—1) (F52 — 1) R2D?
F2 (F3i2 4 1) F?

0y =F {&RR + [ ]} cos . (4.20)

Using Eq. (4.5), the sum of Eqgs. (3.17) and (3.18) can be rearranged to give:

(F® + F? 4 F32 | 4 R*D®) R2D?

%1 FF*2 + 1) + [(F32 + 1) + R2D?] cos ¥} cos . (4.21)

Orp = —

The form for &, given by Eq. (4.21) can be entered into Eq. (4.20). The resulting
form for o,; can be entered into Eq. (4.11) to give N,.
For infinitely small strains, (D — 0, F — 1), Egs. (4.20) and (4.21) reduce to,

1
0. = 3G,e,, — 5 G,rtD2?, (r = R), (4.22)
1
brr=—75 Go2D?,  (r~R), (4.23)

where use has been made of Eq.(3.23) and the condition that «, = 1/2&.
Entering the form for o,, given by Eq. (4.22) into Eq. (4.11) gives,
N,
W.Rlz

1
= 3Goe,, — T G.R2D?, (ry = Ry), (4.24)

which is to be compared with Eq. (4.19).

5. The Poynting Effect

The Poynting effect is characterised by an axial elongation,
e =F —1(=ep), (5.1)

which is observed for the condition that the resultant longitudinal force on the
plane end of a solid rod is zero.

Setting N, = 0 in Eqgs. (4.19) and (4.24) gives,

(a) Spatial description:

1 D2
ey = -1—2 Rz2D? — 3G.Re m/‘ﬁ_lﬁ dr, (5.2)
0
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(b) Referential description:

1
€py = -1—5 R12D2. (5.3)

For sufficiently small strains, the constitutive Eqs. (2.1) and (2.2), if com-
patible, should give the same relation for I,, and hence for the ratio ¢p)/R,2D2.
It is evident from KEgs. (4.19) and (4.24) and Egs. (5.2) and (5.3) that this con-
dition implies that either f_; = 0, or

[Barddr=0, (D—0,F->1). (5.4)
0
Eq. (4.17) implies,
Gy = B, — p_, = const., (D—-0,F—=1), (5.5)

for infinitely small strains. The condition f_; =0, , = @, reduces Eq. (2.1)
to the constitutive equation for a neo-Hookean solid [7]; these conditions,
however, are not in accord with Egs. (4.8) and (4.9).

6. Material Response

The prediction of Eg. (3.27) is in good accord with the experimental studies
of Rivlin and Saunders [8]. ‘

With N, adjusted to give e,, = 0 for all D, the prediction of Eq. (4.24) in
the form N, = —aG R*D?/4 is in good accord with the experimental studies
of Rivlin and Saunders [8] for small strains. However, for large strains, [3],
the relation between N, and D?, (with e,, = 0 for all D) is no longer linear, an
observation in accord with Eq. (4.19).

The results of the experimental studies of Poynting [1], [2], Foux [9], and
of Lenoe et al. [3] are in accord with the prediction that in simple torsion, the
associated axial extension e, is proportional to 92 in the elastic range of de-
formation, it being noted that,

9= R.D. (6.1)

Although the weight of the apparatus may be very small, it is of interest

to approximate its effect by assuming the existence of a small tensile force N,

which is constant for all D. With N, = const., for all D, Eq. (4.24) is of the
form

ep) = € + b2, (b = 1/12), (6.2)

where

€o = const. (6.3)

= 3G07’£R12
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The presence of the term e, necessitates a slightly different interpretation
of the measurements given by Foux [9] in his table 2. The positive and negative
cycles have been independently analysed to give two values of b; the average
of these two values of b is given in the present table 1 for wire numbers 4, 6,
7 and 9, in the as-drawn state and after heating. Also given in table 1 are the
corresponding values of (R,/L)? where R, is the radius of the wire and L its
undeformed length. Wire numbers 2, b and 8 are not shown because they are
from a different source. From an examination of the dependence of the values
of b on the quantity E and the ultimate tensile strength given in table 1 of [9],
it is concluded that wire numbers 1 and 3 are in a significantly different material
state and are therefore also omitted from the present table 1. Wire number 10
is omitted because the effect of reversing the direction of shear of the as-drawn
specimen is to reverse the direction of the change in length of the wire. This
is taken to imply that for this radius of wire, the material properties are markedly
different, and hence there is the possibility that heat treatment will not necessarily
produce the required change in material properties.

It is evident from table 1 that the values of b are dependent upon the cross-
section of the wires. There are two possible explanations for such a dependence
upon .the cross-section. This type of measurement is subject to an error arising
from an apparent strengthening by the material nearer the longitudinal axis
of the specimen. A second contributing factor is the linear dimension of the
grains which for some materials may approach that of the diamter of the wire.

The variation of the average values of b given in table 1 with (R,/L)? can
be represented to a good degree of approximation by the linear relation,

b=1by + o(R/LY,

Table 1. Values of the parameters for the Poynting effect

Wire (B,/L)? b* bt
No. x 108
4 0.098 0.555

0.099 0.253
6 0.122 0.650

0.122 0.259
7 0.142 0.756

0.145 0.307
9 0.154 0.806

0.157 0.355

* As-drawn state
T After heat treatment
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where,
0.104 as-drawn state
= or

0.069 after heat treatment

and ¢ is a constant characteristic of material properties. These values of b, are
in general accord with the value b = 0.0833, their average value b, = 0.0865
being, (within the limits of experimental accuracy), in good accord with the
value of b predicted by Eq. (5.3).

The non-linear mechanical response of polyurethane rubbers with a high
volume percentage of inorganic filler has been studied by Lenoe et al. [3]. A
value of b = 0.095 at a strain rate of 0.0013 s, using a solid-rod specimen
for which (R,/L)? = 0.04, is in good accord with the value b = 0.0833 predicted
by equation (5.3). For a strain rate of 0.00013 s™1. Lenoe et al [3] give b = 0.14.
There are two possible explanations for the significant difference between this
value of b and the value predicted by equation (5.3). Examination of their results
for this strain rate show what appears to be a significant value for ¢, Also, the
scatter in the experimental results for this strain rate is much greater than
for the measurements at the higher strain rate. At this much lower strain rate,
the axial elongation could be affected by the onset of the phenomenon of creep.
That this is the most likely explanation can be inferred from the discussion
given by Lenoe et al. {3] of their torsion creep tests with a free end.

With regard to the use of the generally non-symmetric second referential
stress tensor, it is to be noted that in the context of Kq. (2.2), it is symmetric
for isotropic materials. It is also of interest to note that, in the context of Section
3, the Cartesian components of the referential stress tensor have been introduced
by Biot [10], (see also [11], [12]). Its symmetric part is called the Jaumann
stress tensor, (see Koiter [13]). The conjugate strain measure associated with
the Jaumann stress is the right stretch tensor, in terms of which the strain energy
density can be expressed directly as a function.

7. Conclusions

The available measurements of the Poynting effect for both metals and
rubber-like solids are in good quantitative agreement with the prediction of the
proposed constitutive equation for a simple elastic solid, as formulated in the
referential description using the second referential stress tensor.
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