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Summary

The work develops the principle of virtual power for finite velocity fields for so-called
simple materials (or first-gradient theory) without further constitutive assumptions when
the body is swept out by a singular surface which is either a free singular surface (such as
usual strong discontinuities of continuum mechanics) or a thermodynamical singular surface
(a so-called interface between phases). The formulation given on exemplary cases first
shows how to systematically construct the new “internal” contact forces which exist at the
discontinuity, as well as the new inertial contributions which arise from mass transfer
across the singular surface and the acceleration of particles attached to it. Then it is shown
how various virtual velocity fields generate all the dynamical field equations as well as
transversality conditions when the description of external forces allows for them. The
principle of virtual power here is so formulated that, when combined, for real velocity
fields, with the first principle of thermodynamics in global form, it yields directly the so-
called energy theorem both in the bulk and at the singular surface. Then the corresponding
rates of entropy production are deduced after introduction of the second principle of
thermodynamics. While one does not claim to obtain here essentially new equations, the
present formulation of the principle of virtual power paves the way for useful complex
extensions which are difficult to deal with through other avenues {e.g., electromagnetic
continua with “junctions” such as piezoelectric semiconductors).

1. Introduetion

Several authors [1], {2], [3] have pointed out the interest of using the energy
method known as the “principle of virtual power” (for finite velocity fields
rather than infinitesimal displacements) rather than the classical ‘““vectorial
approach” based on the.statement of global or local balance laws, in the de-
scription. of some phenomenological theories. This method of deducing field
equations of a mechanistic nature is particularly suited to the case of complex
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continua such as those exhibiting a microstructure as also electromagnetic
continua. However, this type of formulation does not seem to have been given
for continuous media swept out by singular surfaces and/or lines. The aim of
this paper is precisely the extension of the formulation of the principle of virtual
power, using finite velocity fields, to describe this kind of situation, thus giving
to that principle a range of application as wide as that of the classical vectorial
approach while, of course, it retains all the advantages which it already owns
in so far as field equations and further thermodynamical considerations are
concerned.

It is salient to recall what do we understand here by a singular surface. It
may be a strong discontinuity in the well known sense granted in continuum
mechanics (e.g., a shock; thig is a mathematical modelization of a thin tran-
sition zone across which steep gradients of field quantities accompanied by
dissipative processes occur). More interesting for our purpose is the case of an
interface between two phases which, in many cases, can also be conveniently
simulated by a strong discontinuity, but the latter then has material properties
(surface densities, velocity field, internal energy, temperature, entropy) in the
same way as the bulk phases exhibit such material properties: a material surface
is embedded in a three dimensional domain and splits it in two domains of which
the material fields may suffer discontinuity across the said surface. In this case
the balance equations for the surface material densities are also boundary con-
ditions — jump relations — for the bulk parameters. These new balance equations
can be stated by analogy with bulk balance equations, in addition accounting
for fluxes from the adjacent three dimensional domains [4], {7]. Another method
is to integrate bulk equations that describe the behavior of matter in the thin
interphase layer over the thickness of the said layer and thereby obtain balance
laws for so-called frue and excess (surface) quantities [8] (also [13]).

The extension of the formulation of the principle of virtual power to the
case of bodies swept out by strong discontinuities which model shock-like dis-
continuities or interfaces may be tackled from various sides, but we choose
the one that seems the most natural. We shall not repeat here the basic arguments
given elsewhere (e.g. in [3]). We only need to recall that a virtual power is a
linear continuous form on a set of virtual velocities. The dual quantity to a
“velocity” is a ‘“force”. The selection of a space of admissible velocities fixes,
via, this duality, the degree of refinement of the description of forces acting
on the system. For so-called nternal forces for which one ultimately needs to
construct constitutive equations we suppose that the principle of objectivity
applies, which, in turn, implies that the dual “velocity field” is objective [1],
[2], [3)- This is what distinguishes “internal forces” from other types of forces
in continuum mechanics. We start the present study by considering the simple
purely mechanical quasistatic example (i.e., in the absence or neglect of acceler-
ation in the bulk and mass transfer across the singular surface) and focus the
attention on the double-faceted nature of the “new power” (internal or contact)
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due to the interaction between the three dimensional domain and the singular
surface. Then we give a systematic procedure to construct the relevant virtual
power by introducing a relative velocity field which, in a way, complements
the objective velocity field (e.g., the rate-of-strain tensor) introduced in regular
domains [3]. This procedure will allow one to enlarge, without further difficulty,
the field of application of the principle to more involved mechanical and electro-
magnetic cases.

The first extension given here consists of the study of a purely mechanical
continuum that contains a material deformable singular surface (which we
later call a thermodynamical singular surface or interface). In this case the three
surface balance laws or conditions (two jump conditions and one transversality
condition) are deduced in a natural way from the principle of virtual power,
while they must be somewhat postulated in the vectorial approach. Moreover,
the combination of the principle of virtual power (for real velocity fields) with
the global statement of the first principle of thermodynamics yields directly
the energy theorem in global form, which exhibits the economy of thought in
the present approach. We conclude with the thermodynamics that follows
straigthforwardly thereoff. Although none of the resulting equations is new,
we think that the methodology is very valuable and suits the mathematically
oriented professional. Further works in fact will develop the usually messy case
of electrodynamics (compare [9]) and the exemplary case of elastic piezoelectric
semiconductors in which junctions are considered as thermodynamical singular
surfaces and where the method proves its efficiency by providing heretofore
unknown equations!.

2. Notation

We use the classical notation of nonlinear continuum mechanics [3] either
in rectangular tensor components or in intrinsic notation. The three dimensional
body B occupies the simply connected open set D of physical Euclidean space
E3? at time ¢. An absolute Newtonian chronology is used. The unit outward
normal to 9D, the regular boundary of D, is noted n. All subsequent reasonings
are made in the present (Eulerian) configuration of the body.

Let 2(t) be a singular surface which sweeps out D, having absolute, non
madterial (with respect to the matter of B), velocity » with respect to a fixed
Galilean frame R, and unit oriented normal N. The unit binormal to X, the
boundary of X(¢) on @D (cf. Fig. 1), is noted ¢. We indicate by y(¢) a singular
curve on Z(t) moving with the absolute velocity » with respect to B; and having
unit binormal A and tangent XK.

1 A brief note on the subject has already been published [10].
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Fig. 1

The absolute particle velocities of “particles” belonging to D and Z(¢) are
noted © and ®, respectively, or v; and %; in Cartesian components. The Einstein
summation convention on dummy indices is understood. We have the

Definition. — A singular surface (line) is called a thermodynamical singular
surface (line) or interface if material quantities are attached to that surface (line),
hence a surface (line) density of energy can be defined on ut. Otherwise it s said
to be free.
Note that
’f).' - P = E@,’ (2.1)

is the velocity of a material “particle” that belongs to X(f), with respect to
Z(t), so that in the case of a free singular surface & reduces to ». On the other
hand we always have

. N=»-N (2.2)

since “® is tangent to X (equivalently, its normal component vanishes *® - N = 0).
The cut of the material body D by a singular surface X(¢) requires the intro-
duction of the following notation. D* and D~ are two non-material subregions
(cf. Fig. 1) such as D = D* P TP D~. Then the material velocity © is defined
as follows
vH(D*) if x¢€ D=

vE=4J v if xeoD=* (2.3)
uniform limit of v(D+) for D+ 3 & — 2* along N+

where H ig the characteristic (Heaviside) function of a set.
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When the two subregions are glued back together we adopt the following
notation which is self explanatory (cf. Fig. 2)

D@D <D—3%, D@D «-éD—5%, ol  (24)

the latter with a unique choice of the normal oriented from the (—) to the (+)
gideof 2, ie., N= N- = —N+*,

The symbolisms [[...] and (...} indicate, respectively, the jump and the mean
value of their enclogures across, or at, X(?), i.e.,

[A]= 4 — 4, (4)= 7 (4 + 47) (2.5)

where 4+ are the uniform limits of a field 4 (® € D#) at ® € X(¢) in approaching
Z(t) on its faces X+ along the normals N=.

When X(f) presents a singular line we use the same notation as the one intro-
duced above but we replace v= by 6+, A+ by A+, D= by 2%, 0D by 02%, 2= by
y+ and N by A, where, if A denotes a field defined in the bulk, A is the equivalent
field on the surface 2.

Eig. 2

3. The Prineiple of Virtual Power in Presence of a Free Singular Surface

3.1 Quasi-Static Mechanical Example

In order to apply the principle of virtual power to a discontinuous material
region we cut the medium in two subregions D* and D~ by the non material singular
surface X(f) having absolute velocity ». We construct the expressions of
virtual powers in D*, D~ and on 8D, 8D, X* and 2~ by using the method (the
“recipes”) known for regular three dimensional regions [3]. Then we glue back
together the two subregions.
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The expressions of various powers are (cf. [3] and note (ii) below)

PX*D-) = - f o; D" dv, PXD+) = f oF D" dv (3.1)

Pyx(D") = f (fioi* + djv7}") dv, (D) = f (fitost™ + OFof") dv (3.2)

PxoD) = f Tivi*da, P*8D*) = f Tioit* da (3.3)
ap- ap+

PHE™) = [ Ti(wi* —vi¥) da, PHZH) = — [ T (wi* —v¥) da  (3.4)
z= Py

where we employed the convention (2.3) and correspondingly attributes a (-+) or
(—) superseript to the generalized forces introduced by duality. These forces,
a%, fi& @ i], T and J 2, are, respectively, a symmetric intrinsic stress tensor,
volume forces, volume ‘‘double” forces, and surface tractions at 6D+ or X=.
(D%)* is the strain tensor built from (v;#)* where an asterisk denotes a virtual
field or the value of an expression in such a field. We have the following notes.

Note (1). — The choice of signs in the expression of powers is a question of con-
venience. Nevertheless, a simple physical interpretation may be given to justify
this notation. Indeed, P*(D+) is the power developed by the internal forces
which are opposed to deformation (P* = —P},), while the opposite signs in the
new contribution P *(2*) are due to the fact that the traction forces are exerted
on either side of 2.

Note (ii). — The presence of relative velocities in the expression of P, *(Z%) is due
to the fact that the singular surface is non material. In the absence of 2(f) we have
vt =" = pand P*2%) = 0.

It is obvious that when we put the two subregions D+ and D~ back together
the contact forces on 2% become internal forces for the whole system, so that the
principle of virtual power, for an absolute Newtonian chronology but in quasi-
statics (inertial terms discarded), takes the following form

0=P*D*@D D P2)+ PHD*D D7) + PHeD+@ oD") (3.5)

with
HD*D D@ Z) = PHD+@ D) + Pi*(Z) (3.6.1)
PH*X) = PX*Z*) + PXZE") (3.6.2)
WD Q) = PO + P*27); k=1, d,c;

Q% = (D* or 8D*). (36.3)

Accounting for the notation
fAdv—fA+dv+/A dv (3.7)

e D+
dea:fBTda—{—fB‘da (3.8)
oD—x oD+ eD-

[[Clda= [[Clda=—[Ctda— [C-da= [(C*—C)da, (3.9)

z z- X+ - -
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the latter in reason of the fact that 2 = 2~ and N = N~ = —N+, we can trans-
form Eq. (3.5) to

0 = P#*(D — 5) + P¥Z) + PHD — Z) + P*@eD — ) (3.10)

where
P*D —2) = —fpa* dv,  p* = ouD} (3.11)
Dz
PHZE) = —f Zpi* da, Ipi* = [ dlo* —vi*)] (3.12)
z
PHD — Z) = [ (fwi* + Bipl,) do (3.13.1)
D—-Z
P*@D — %) = f Tw* da. (3.13.2)
eD—-x

In this latter formulation we see that the powers developed by at-a-distance (or
body) and contact forces have the same form as in the absence of singular surface,
the presence of the latter having only for effect to define these fields almost
everywhere (hence the notation D — X and 0D — X) and to induce the additional
virtual power (3.12) which accounts for the relative motion of the medium and
the singularity.

Introduction of the set of relative velocity field: U (X)

The construction of the power of “internal” forces on both sides of Z(f) may be
performed following a systematic procedure analogous to the one used for a
regular body P*(D — Z) [3]. In fact, the introduction of a relative velocity field
at points on X' extends the objective velocity field ¥; introduced for points in

D — X in [3]. We can define the set of virtual relative velocity fields.
V&) = o7 —vj, ;7 — v} (3.14)

at all ® € Z(f) [see Appendix A: General method]. The two fields which span
V,ei(Z) are objective. Let 7 ;+ and J ;~ be the internal forces introduced by duality
so that we can write

Ipi* = T ot — v)* — T (o7 — v)* = [T jo* —v®)]. (3.15)

Then we can say that #P; is built by imposing the principle of objectivity to
the ““internal” forces J + in the same way as P; is built by requiring that P;(D) be
a linear form on a set of objective generalized velocities. The condition equivalent
to the rigidifying of the virtual velocity field (Dj; = 0 in the bulk) is (v*)* = (v7)*
= ¥, hence the free singular surface becomes a material surface in a rigidifying
virtual motion.
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3.2 Application of the Principle of Virtual Power and Local Equations

On assuming that Eq. (3.10) holds good for all virtual velocity fields v*,
(v=)* and p* and any element of volume and surface in D — X and on 6D — X
and X, we obtain the following local field equations after using the generalized
divergence theorem (see Appendix B)

O=ty;+f mD—5 (3.16)
Ty = tiyn; onaD — % (3.17)
I E = tﬁN,- on X= (3.18.1, 2)
0=[J4] across X (3.19)

where the a priori nonsymmetric Cauchy stress tensor is defined by
tii = 04 — @;; (320)

and the local statement of the balance of angular momentum is simply obtained
by taking the skewsymmetric part of (3.20), hence

t[ij] == @U-“. (3.21)

The jump condition (3.19) is generated by arbitrary v»* (which are obviously
continuous across X). In the present case Eq. (3.19) means that the snfernal
contact forces J * on either side of 2 are equal; but this is due to the fact that we
discarded inertial effects (see next paragraph).

The combination of Egs. (3.18.1, 2) and (3.19) here yields the continudty of the
traction across X

[t;]N; =0  across X. (3.22)

3.3 Dynamical Mechanical Example

The study of the dynamical case requires the construction of the virtual power
of inertial forces due, on the one hand, to material particle acceleration in D — X
and, on the other hand, to mass fransfer across X(f). As emphasized in [3] the
very expression of inertial forces is given by Newton’s expression. For the quantity
due to mass transfer across the singularity a little work is needed (see Appendix D
for detail). In the present case (free singular surface), the expression of the inertial
power of inertial forces takes on the following form

PMD) = P*D — X) + P*2) (3.23)
where
dv;
PHD — %) = f ¢~ vi¥dv (3.24.1)
D~z
PHE) = [ ml[v]vi* da (3.24.2)

x
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with the normal mass flux or mass transfer
m = p(v — ) - N. (3.25)
The principle of virtual power in global form is then stated as follows

PH¥D — X) + P*2) = P*D — 2) + P#2)
(3.26)

+ Pe¥(D — Z) + P*(D — 2).

The application of this for any virtual velocity fields v*, (¥*)* and »* and
any element of volume and surface leads to the following dynamical set of local
equations

dv;
0 % —ty,+fi InD—Z (3.27)
T,‘ ES t,-,-n,— onoD— 2% (328)
I iE = ;=N on 2= (3.29)
and
m[v;]) =[] across Z(t). (3.30)

On combining (3.29.1, 2) and (3.30) we obtain the jump condition
[ovi(v; — v;) — ;] N; =0 across Z(¢). (3.31)

We note that the dynamical state across X - here, the mass transfer — ig
regponsible for the inequality of “internal contact forces™ on the two sides of Z,
so that only the contribution present in Eq. (3.31) is continuous across the
singularity and not the traction J alone.

4. The Principle of Virtual Power in Presence of a Thermodynamical
Singular Surface

4.1 Dynamical Mechanical Example

The method of constructing virtual powers due to material quantities attached
to, or defined on, a singular surface is quite identical to that used for material
guantities defined in the bulk. The fields defined on X are denoted by a super-
imposed caret (") in order to distingnish them from those defined in the bulk,
e.g., p is a mass density per unit area on Z, etc. The statement of the principle of
virtual power may now be written in a compact manner as

¥ = 1Pk L 'Py% L IP ¥ (4.1)
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where the left superscript ¢ stands for “total”. More precisely,

'P* = PXD — Z) + P*Z) + P*(2), (4.2
‘P*—P*(D Z) + PHZ) + Pi(2), (4.3)
P = P¥D — X) + P*2), (4.4)

(

(
IP* = PX0D — X) + P.*eX), 4.5)

where P(D — X), P(Z) and P(Z) denote, respectively, powers developed in the
bulk, on either side of Z'and on X2, with the following expressions (see Appendices
Cand D)

= f [mlv; — 9:)] b:* da, (4.6)

pA
PHE) = — [ *pi* da, (4.7)

z
dUi
PHD — ) = f g~ vt dv, (4.8)
D--X
PH2) = *@a-*da (4.9)
a @ i i s .

xz

PHD — Z) = — [ pi*dv, (4.10)
D-x
P*2) = —f p* da, (4.11)
= j (favi* + diel,) dv, (4.12)
D—

PHE) = [ (Jioe* + dippy;) da, (4.13)

z
PXoD —5) = [ Tw*da, (4.14)

oD—x

Pxox) = f Pive* di, (4.15)

where

pi* = 0Dy, Fp* =[T e — 0], p* =osuDy  (4.16)

where D,; is the strain rate tensor constructed from & for “particles” belonging
d 8 .
toZa.nd—:— = — N AN
P gl
With the usual arguments of localization, hence for any virtual fields v*,
(v£)*, * and Dé* and any element of volume, surface and line, accounting for
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the change from volume to surface gradients, (2 is the mean curvature of 2)

V—V4+ND, D=N-V
(4.17)

1
Vi=PijV;,  Piy=20di—NN;, Q= —EV-N

projecting when needed on 2 or on its normal and using the various generali-
zations of Stokes’ theorem (Appendix B), we obtain from (4.1) the following local
equations, first in the form

dv.
o=t = tijj+/fi inD—-ZX (4.18)
dt
T; = tijn; onoD— % (4.19)
dAAi A A
@% + [mlo; — 0 = [T ] + Vi + 20N ¢ + fi onX  (4.20)

T =tir; ondX,  tiy=8;— by (4.21)
along with [for all (¢%)* and (D®)*] the “internal” traction
&= 15N, on I+ (4.22)
and the transversality condition
tiN;j=0 onZX. (4.23)

On account of Egs. (4.22) and (4.23) we can also write Eq. (4.20) in the more
usual form

db; . ..

¢ — + [olvi — 29 (v — »)) — 8] Ny = Viti + fi on Z(t).  (4.24)

4.2 Remarks

a) On setting p = 0 or d#;/dt = 0 and f; = 0, and the constitutive equations
of the “hydrostatic” type

tij = —poij, 3-’;‘ = —oPy (4.25)
with Vo = 0, in the absence of mass transfer, Eq.(4.24) provides Laplace’s
equation

[p]+ 226 =0 (4.26)

where the surface tension ¢ is the two dimensional analog of a pressure.

b) If we do not account for a gradient-theory on Z, i.e., we take ¢;; =0,
then we may say that the thermodynamical singular surface is rigid since D;; = 0.
In this case {;; disappears from the local equations.
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¢) If X is nothing but a free singular surface (no material quantities with a
superimposed caret) we have & = v continuous across X2 and [m] = 0 so that
Eq. (4.20) reduces to

[ — )] = m[v] =[J] (4.27)

which is none other than Eq. (3.30).

d) Notice that the more complex is the medium considered, the more ‘“‘ad-
vantageous” ig the principle of virtual power as compared to the classical vectorial
approach. Indeed, in order to obtain the above-deduced local equations from the
vectorial approach one needs to postulate

(i) in a global form the equation of balance of momentum and angular
momentum inside the volume as well as at the singular surface.

(ii) in local form, Cauchy’s lemma on a surface cut and its two dimensional
equivalent, as also the transversality condition for £;;.

e) The systematic procedure based on the principle of objectivity for “internal
forces™ allows one to treat more involved mechanical cases such as the possibility
of having a singular line y on the singular surface, without further difficulties.
In fact, for a free singular line, tPg* and P * are not altered. We just have to add
the contributions due to the inertial forces, here, precisely, the mass transfer
across y(t) — see Appendix D — for ‘P,* and those due to the relative velocity

of the singular surface and the free singular line (”p;* = ij— #0* — 3%)]). We thus
obtain the additional equations

= i54; along y* (4.28)
0] = [[47L i] acrossy (4.29)

where
= o(bs — 93) Ai. (4.30)

The combination of (4.28) and (4.29) then yields
[[@?7,(’37 — 17,') - i,',-]] /l,' = (0 across V. (431)

The similarity between the structure of this last equation and Eq. (3.31) for a

free singular surface must be emphasized. The “internal contact’ forces J = are
equal if there is no mass transfer across the singular line y(f).

f) If we wish to render our description finer, we may alter ‘P;* by intro-
ducing a traction R; on £ — y and a lineal force f; on y, so that

P = [ (fwi* + dily) do + [ (F* + didl; + RiDd¥*) da + [ [ dl (4.32)

== £y »
where #; = 9; for a free singular line in the same way as 9; = »; for a free singular
surface. Accounting for these additional terms, the transversality condition (4.23)
and the local line Eq. (4.31) are replaced by

Ri=1t;N; onX—y (4.33)
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and
ﬂ:éf),(ﬁ, — ‘9,) —_ 25,']] A,‘ = f.' along Y. (4:34)

In these conditions Eq. (4.20) is replaced by

Jvl D —9) — I N; =Vt + i + 208 onZ—y. (4.35)

The vector field R is a so-called double normal traction in certain theories of
membranes and second-gradient theories of continua (see [3, pp. 48—49]). If we
let the singular surface coincide with the boundary of the three dimensional
domain then using appropriate notations we deduce equations similar to those
obtained from a second-gradient theory in the bulk (compare [1] and [11])!

5. Thermodynamies

5.1 The Energy Equation

Whenever there exists a thermodynamical singular surface in D we can state
the first principle of thermodynamies in global form as

d d . .

E+K+—(E+K =P, 16, (8.1)
dt dt
with the self-evident definitions
BED—2) = f oedv,  B(Z)= [ ¢éda (5.2)
z

1

K(D —X) f_wm, mﬂ=f§@Wa (5.3)

f (frv; + dijvi i) dv + f Tw; da -+ f it -+ c[),,v, i) da + f T dl (5.4)
z

D— op—x

and
= [ehdv— [ q-mda+ [thda— [§-vdi  (5.5)
D-Zz oD—2x £ oz

where ¢, é, h, h, q and § are, respectively, the internal energy per unit mass in
D — X and on Z, the heat supplies per unit mass in D — X and on Z, and the
heat flux vectors at @D — 2 and across 9.2,

Accounting for the transport theorems recalled in Appendix B and combining
the first principle of thermodynamics with the principle of virtual power (4.1) written
for real wvelocity fields, we obtain the so-called energy theorem in the following

global form

dE dE
t + T + tP + gcez(z) Qh (56}
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where we have defined the excess rate of kinetic energy X ez OY

. _(iK dK\ . [(T1 ol
%”(2):(—5_{_%)—_P“—f‘Em(D_v)z da. (5.7)

z

After localization Eq. (5.6) yields the equations

d
0= —piteh—V-q mD—% (5.8)

d¢ 1 T
@—e—l—l M{(e—é)+—(v—@)2} + (g1 ¥;

t 2
AN B (5.9)
=%pi+pi+obh— ¥V +20N)-§ onX
On assuming, as it looks natural, the transversality condition
§-N=0 (5.10)

and accounting for Eqs. (3.25) and (4.16), instead of Eqgs. (5.8) and (5.9) we have

d

gd—If:a,-,-D,-,-Jrgk_V.q inD—x (3.11)
dé T 1 . X T
Q%-l— 0 (e—e)—l—E(v‘—”) (v, —95) — tijlvs — &) + g5 || N5

. (512
=6'5jD5j+@h —V'q on X.

These equations are the same as those deduced in other works based on the
vectorial approach (cf. [4], [5], [6]).

Whenever X is a free singular surface, on account of Eq. (3.31) the local
equation (5.12) reduces to

2
“ 0 (e + %) (v — v;) — tijws + g5 “ N; =0 across2 (5.13)

or

__ 2T
6+—2—'

m = [[tijes — ¢;] s across X (6.14)

which is the classical jump relation from which the Hugoniot equation follows
in the study of hydrodynamics or elastic shocks when g = 0; see [12, Egs. (4.4.2)
and (7.4.10)].
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5.2 Second Principle of Thermodynamics

This is naturally expressed in global form as

dN 4N
i T
7 + i = N (5.15)
with
ND—2)= [endv, NZ)=[¢hdae (5.16)
D-x z
and
h | h 1
p= | o—dv— | —q- b do— | =¢- 5.
V% f@edv feqndq+fgéda fﬂqrdl (5.17)
DX oD—x pA (25

where 5 and # are, respectively, the entropies per unit mass in D — X and on 2
while 6 and § are thermodynamical temperatures attributed to the bulk and the
surface, respectively. The second assumption holds only when X is a thermo-
dynamical singular surface (in particular when X possesses an internal energy
and an entropy so that = 86/24). In writing (5.17) we have also assumed that
the entropy fluxes are nothing but heat fluxes divided by the corresponding
temperature, although this is certainly not true in general, but for so-called
simple thermodynamic processes (see [12, p. 129]).

Accounting for the generalized divergence and transport theorems of Appen-
dix B, we deduce from (5.15) the following local inequalities

dy 1 1

> (ch—V-q)—q-V|=] inD— 5.18

th_e(@k V-q)—q V(G) nD—2 ( )
and
A_A’AZ>_1_(A};_|§ 9 —q-V 1 __( _A)(v.__,,.)+q_f__N. on X
th:é 0 q q ] _@’7 1) \v; i ol i .

(5.19)

When X is a free singular surface the latter reduces to the classical “‘jump
inequality” (cf. [12, Eq. (4.6.10)]).

‘ on(v; — v;) + %’—H N; =0 across 2. (5.20)

5.3 Clausius-Duhem Inequality
We introduce Helmholtz free energies ¥ and ¥ such that
Wee—uf in D—%, ¥=¢—430 on X (5.21)

16 Acta Mech. 60/3-4
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Accounting now for the local equation of energy and Egs. (5.18), (5.19) we
obtain the so-called Clausius-Duhem inequalities

(—dT+ﬂ—d0)+0ijDii——1 q-V8=0 inD—2% (5.22)
dt dt 7]

dw db 1, o,
- (—d +77dt)+0':7 _"équ

I { (=) + -2- -@)Z}AI (5.23)

bii{v; —v)—q,(l——-—)} ;=0 onlZ.

+

When Z'is a free singular surface these reduce to

[l () -
sl ()

This is obtained by eliminating the fields which carry a superimposed caret except
for © that we must set equal to » and §~ which we must set equal to (6-1). The
same equation can be obtained by straightforward combination of Egs. (5.14) and
(5.20). This shows that the identification §~1 = (6-1) for a free singular surface is
a necessity.

For illustration purposes and further comparison with other works it is
salient to consider the special case of the hydrostatic type of behaviour for the
nondissipative contributions in Egs. (5.22) and (5.23). That is, we consider

(5.24)
N; = 0.

V= WyoL0), ¥=w10) (5.25)
with
dij = dij =0, hence £ = 63 = tyi, by = 8y =1
and (5.26)
Oij Oij 275”’ 6'1']‘ - Dé‘l] - GP']
%5 oW
= —_—— = e ——— 5.27
p 3@‘1 [ 3@—1 ( )
oy b4
-z - =, 5.28
K % h a0 529

Then Eqgs. (5.22) and (5.23) yield the remaining entropy productions

1 1
ve=5 P0iiDi; +q -V (—6—) =0 (5.29)
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and
1 . A 1
vs =5 "D+ -V ('0‘)
_ L1
_ l ”T:{wr — ) 0 —0) + 5 (0~ '”2} i
1 1 QY
-5 0iiNi(vi — 9;) + ¢;Ng; (_5— N F)_“ =0

where ?6;; is transverse, i.e., satisfies P4;;N; = 0. Equation (5.30) can be written
in several forms. In particular because of the continuity of § at £ we have

1 1\
[ (5 =) -~

Similarly, because of the continuity of both § and

L] 1 1
5]+t () o
(5.31)

‘ N;= ";— (PouN ) [v:] + %[[D"iiNi]] (o) — 03) (5.32)

-

Daij(vi — y)

I3

and this shows that the velocities and the temperature inverses of the bulk and
the surface intervene in a very similar way in combinations which involve either

the jump of the bulk quantity (e.g.[v]or ) or the difference between the mean

IR 1
of the bulk quantity (e.g., (v) or <7>) and the surface quantity (e.g., & or 3)'

On account of previous remarks we note that as the thermodynamical singular surface
reduces to a free singular surface, these differences must vanish i.e.,

. 1 1
®) ==, (-6—> =73 (5.33)
Equations (5.29) and (5.30) agree with the entropy production established by
other authors by different means (e.g., [6], [7], [8]). Authors who define the fields
attached to the singular surface by means of an average through a layer thickness
may find richer possibilities (in this regard see [13] where an additional term
involving N. (¥ — ») appears in (3.30)). This cannot be the case here since 5 - N
=0 (Eq. 2.2)). However if we assume that # has such a normal component in
addition to p, without changing the previous notation, instead of (2.1) we may write

®=v+%0+4dyN, b.-N=0, (5.34)

and look at the thermodynamical dual of the normal component ¥ (obviously an
objective quantity). It is posgible from Eq. (5.12) to show that the power de-
veloped by 9y reads

p(?’)N) = ——-{ﬂ:N;t,r;N,-]} -+ (V,-i;f) N,} Dy (535)

16+%
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For the simple case (4.25), this transforms to

plby) = Loy, £ =[o] + 200. (5.36)

Obviously, ¥ == 0 corresponds to Laplace’s equation (4.26). If 95 = 0, by argu-
ments of irreversible thermodynamics then £ is generally nonzero and there is a
deviation from Laplace’s equation. This is a result obtained by R. Gatignol [13]
using the average through a transition layer.

Appendix A:
Virtual Power of Tractions at a Free Singular Surface

A.1 Indirect Method (reminder)

The medium is cut in thought in two subregions D+ and D~ separated by a
free singular surface. The whole velocity field at X' is characterized by three
independent and continuous velocity fields which are v+, ¥~ and ». The virtual
powers are constructed for both subregions and these are then glued back together.
We obtain thus

P¥Z) = — [ [T iv* — »*)] da. (A1)

Z(t)

A.2 Qeneral Method

This formulation relies on the construction of a set of relative velocity fields

V., at 2 in the same manner as the objective set ¥, is introduced for internal

forces in the bulk [3] and for the same reason (objectivity of internal forces).
The three absolute velocities ©*, ¥~ and » may be combined to generate

"V Z) = {or — v, v — p, [V]} (A 2)

Only two of the three relative velocity fields thus introduced are linearly in-
dependent and are therefore sufficient to construct P;(Z). Two cases seem natural
and deserve special attention

(i) [v] is eliminated from the set (A 2) leaving
VD) = o — v, 0" — 2. (A3)
By duality we thus have
PHE) = — [ [T o —v*)] da (A4)

Z{t)

which is none other than Eq. (A 1).
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(ii) [v] is kept. In order not to favor v* or v~ in taking one of the remaining
two relative velocities in the set (A 2) we consider their mean value at 2’ and,
instead of (A 3), consider the linearly independent set,

YV a(E) = {[]:’0:[], (vy — v}. (A D)
By duality we thus write

P2 = — f {E o] + Fil(v*y — v} da. (A 6)

The equivalence of (A 4) and (A 6) is obtained whenever
K=(7), F=[J] (A7)

TIf one uses (A 6) directly in the principle of virtual power (3.5) then one can show
that the local equations deduced will be exactly the same as those deduced in
section 3 once the “intermediate”, internal contact forces K and F have been
eliminated from the final equations (without using (A 7) obviously!).

Note. — Let A -V be the inner product where A is introduced by duality with
V. It is obvious that the absence of ¥ implies automatically the absence of A in
the subsequent formulation. The very form of the expression (A 6) incites us to
ook for the physical situation for which (¥) = p at Z. On account of the brief
remark just made, »* = (v*) implies F' = 0 and then the local equations on &
are shown to reduce to '

[N =0, mv]=0 (A8)

separately. The second of Eqgs. (A 8) offers two alternatives:

(«) either m == 0 and [o]] = 0. In this case P;*(X) = 0 after Eq. (A 6) and the
singular surface cannot be of the shock type.

(f) or [v]] #= 0 and m = 0. Then we have no mass transfer across the dis-
continuity which may be called a déscontinuity of contact.

In brief we have just shown that for a continuous medium presenting a dis-
continuity, » = (¥) is valid only in the absence of transfer of mass. It is not
difficult to prove the reciprocal statement. Indeed, m+ = 0 givesv=- N =1 - N
which, in turn, yields » - N = (®) - N and since the tangential component may be
chosen arbitrarily, then without loss in generality we may write » = (®) (com-
pare [6]).

2 Such a case where P;¥*(X) reduces to

P = _f E;[vj*] da = __f K[v*] da,
z z

is standard in the extremum energy principles used for rigid-plastic bodies where X is the
scalar tangential stress (cf. [16, sec. 64]).
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Appendix B: Generalized Divergence and Transport Theorems

We recall that

d 0 d
—_—=—+4v-V, d—

P R
_ Y == £p
priter =—+%.V —l—v V4+<e-V.

ot

Then we have (for the proofs see [4] and [15])

Transport Theorems for Volumes and Surfaces

fd)dv——f{ + ¢ - v}dv—l—f{[d)v——v] Nda
fq;d f{ + ¢ - v)}da—!—f{[d) —v)]- Adl

Divergence Theorems vn Volume and on o Surface

fV Adv—!—f[[A]] Nda= [ A-nda

éD—%

J W +20N). Ada+ [[A]- Adi= [ A-~al
=~y b4

0~y

where

Vi=PyV;  Py=26;—NN;, 20=—V.N.

We also note that

0 o
ﬁfcbdv:f—a;dv-f[(v-N)d)]]da.
¥z iz z

Appendix C: Balance of Mass

(B7)

The mass contained in a material volume is constant with time. Mathemaitically

this may be expressed in the following manner

(a) v the absence of a thermodynamical singular surface

d
7 gde=0 or —fgdv—o

D
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(b) ¥n the presence of a thermodynamical singular surface

d d .

%‘[ dv—l—% ¢da =0 with QfE—y or X.
Dz 2

Accounting for volume and surface transport theorems we obtain:

In the absence of singularity
d
X L W.vw=0 inD. (C1)
dt
In the presence of a free singular surface (m =p® —)- N)
do .
a—l—gV-v:O nD—-2%, [m]=0  acrossZ. (C2)

In the presence of a regular thermodynamical singular surface

Z—f—}-gV-v:O in D—2, @-—}—@(l}'-ﬁ)—l-[m]]:O onZ. (C3)

In the presence of a free discontinuity line on the thermodynamical singular
surface ('rh = (& — ») - /1)

do dp

S Fev-o=0 nD—2, dt+@(|‘7.@)+|[m]]=o on £—yp

(C9)
[#]=0  acrossy.

Appendix D: Virtual Power of Inertial Forces

The total inertial quantity is defined as follows

(a) in the absence of singularity

I(D) = dii f ov dv (D 1)

D

(b) n the presence of a thermodynamical singular surface
I(D Z—d d—i—d 50 di ' (D2
®2)= 7 | ewdvt = | doda. )
i - £

Accounting for volume and surface transport theorems as well as for the balance
of mass (Appendix C) we obtain the inertial quantities as



238 N. Daher and G. A. Maugin:

(a) n the absence of singularity

ID) = f frert gy (D 3)

D

(b) 4n the presence of a thermodynamical singular surface

IDPZ) = ffinert dv - J{'finett da (D 4)
pA

Dz
where we have defined the following inertial forces per unit volume or surface

= inertial force per unit volume due to the acceleration of particles
; dv
fmerﬁ=@3t- in D—ZX (D 5)

» inertial force per unit surface on X (two contributions)
Z‘f‘.‘inert — Ziinert + finert (D 6)
x contribution due to mass transfer across Z(¢)
Zfinert — [[m(,v . ’QA))II (D 7)

= contribution due to acceleration of the “particles” attached to 2

f‘inert —

1

6= (D 8)
We note that for a free singular surface (§ = 0, & = », [m]} = 0) the expression
(D 6) reduces to

z finert — m[[v]]

since both m and v are continuous across 2.

The virtual power per unit volume (surface) of inertial volume (surface)
forces is the scalar product of inertial forces and the virtual velocity fields of
the corresponding media. In global form this may be expressed as follows

1P — PHD — Z) + PHZ) + P*2) (D 9)
PHD —Z) = [ [ o do, (D 10)
D-x
P*2Z) = f Zfinert . g dg, (D 11)
z
PHE) = [ [t 6% da. (D 12)
P

Accounting for Egs. (D 8), (D 7) and (D 8) we thus have
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(i) 4n the absence of discontinuity ([11-—[8])

d
{P*(D) — f 0 -d'—; v* do; (D 13)
D

(ii) in the presence of a free singular surface (&% = v*)

'PHDB®E 2):.[9%—1; - o¥ dv—l—fm[[v]]-v*da, (D 14)
z

(iii) 7n the presence of a thermodynamic stngular surface

tP,,*(D@Z):fg%-v*dv+f{[[m(v—@)]]Jr@‘fl_':}-@*da. (D 15)
z

The extension of this construction with a view to accounting for an eventual
free discontinuity line ¢ requires no further difficulty and yields the following
expression

tPa*(D(—BZ@y):fgd_d%’.v*dv+f{[[m(v——i;)]]+@‘fl_f}.@*da
D—Z Z—yp

D 16
+ [ 6] - v*dl. D19

Notice the analogy between the last terms of Egs. (D 14) and (D 16) where X
and y are a free singular surface and line, respectively.
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