
Acts Mechanics 33, 33--44 (1979) 
A C T A  M E C H A N I C A  
@ by Springer-Verlag 1979 

Analysis of a Thick Plate With a Circular Hole Resting 

on a Smooth Rigid Bed and Subjected to Axisymmetrie Normal Load 

By 

K.  Chandrashekhara ,  Bangalore ,  and  S. K. Muthanna ,  Mysore,  I n d i a  

With 7 Figures 

(Received December 30, 1977; revised February 8, 1978) 

S u m m a r y -  Zusammenfassung 

Analysis of a Thick Plate With a Circular Hole Resting on a Smooth Rigid Bed and 
Subjected to Axisymmetrie Normal Load. A solution for the stresses and displacements in 
an radially infinite thick plate having a circular hole, one face of which resting on a smooth 
rigid bed and the other face subjected to axisymmetric normal loading is given. The solution 
is obtained in terms of Fourier-Bessel series and integral for the Love's stress function. Numer- 
ical results are presented for one particular ratio of thickness of plate to the hole radius and 
loading. I t  is also shown that the Poisson's ratio has a predominant effect on certain stresses 
and displacements. The solution would be useful in the stress analysis of bolted joints. 

Analyse einer dicken Platte mit einem kreisfiirmigen Loeb, auf einer ebenen, starren 
Unterlage mit achsensymmetrischer Vertikalbelastung. Eine Lhsung fiir die Spannungen 
und Verschiebungen in einer radial, unendlich ausgedehnten, dieken Platte mit einem kreis- 
fhrmigen Loch, wobei eine Seite auf einer ebenen, starren Unterlage aufliegt, die andere Seite 
dureh eine achsensymmetrische Vertikallast belastet ist, wird angegeben. Die L5sung wird in 
Form yon Fourier-Bessel-Reihen und Integralen der Loveschen Spannungsfunktion an- 
gegeben. Numerische Ergebnisse werden f/it ein bestimmtes Verh~ltnis der Plattendicke zum 
Lochradius sowie zur Belastung angegeben. Es wird such gezeigt, da$ das Poissonsche Ver- 
h~ltnis einen besonderen EinfluB auf bestimmte Spannungen und Verschiebungen hat. Die 
Lhsung ist anwendbar fiir die Spannungsermittlung yon Bolzenverbindungen. 

Introduction 

Pressure  d i s t r ibu t ion  and  contac t  a rea  be tween  two bo l t ed  or  r i ve t t ed  p la tes  
is of p rac t i ca l  in te res t  pa r t i cu l a r l y  in  the  s t u d y  of hea t  t r ans fe r  across the  jo in t  
and  in  electr ic  contacts .  I n  such connect ions,  the  p la tes  will be in  con tac t  in the  
v ic in i ty  of the  bol t  or r ivet  a n d  would  be s e p a r a t e d  b e y o n d  this  region. A m a t h e -  
ma t i ea l  so lu t ion  to  th is  p rob lem poses some di f f icu l ty  because  of m i x e d  b o u n d a r y  
condi t ions  across the  joint .  However ,  the  s epa ra t i on  of the  p la tes  a long the  jo in t  
depends  on the  th ickness  of the  p la tes  and  for th ick  p la tes  there  could be perfect  
con tac t  be tween  the  two p la tes  a long the  joint .  I n  such a case, if the  two p la tes  
are  of same th ickness  and  are made  of the  same ma te r i a l  t h e n  the  pressure  dis t r i -  
bu t ion  be tween  the  p la tes  could be ob t a ined  b y  using a single p la t e  model  in  
which the  mid -p lane  would cor respond to the  joint .  F e r n l u n d  [1] has ob t a ined  
a so lu t ion  for the  single p la t e  mode l  which is app rox ima te .  R e c e n t l y  the  au thors  [2] 
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have given an exact solution to this problem. On the other hand if the bolted 
connection is made up of two plates having different thickness or material prop- 
erties, then a single plate model solution cannot be used. In  such a case each 
plate may  be considered independently and if a solution for this can be written, 
then the solution for the bolted connection can be obtained by  using the continuity 
conditions along the joint. To achieve this it is necessary to obtain the solution 
for a single plate with an asymmetric load. The solution for this case is given 
here and applied to the particular case of a bolted joint in which the elastic 
properties of the plates are such that  one of the plate could be considered rigid. 
Numerical results have been obtained for a plate having a thickness to radius 
ratio 2. A s tudy of the effect of Poisson's ratio has also been made by obtaining 
the stresses and displacements for two different values of Poisson's ratio. 

Statement of the Problem 

An elastic radially infinite plate of thickness '2h'  having a circular hole of 
radius 'a' is considered to be resting on a smooth rigid bed. An axisymmetric 
normal load of intensity 'q' is considered to be acting over a circular region of 
radius 'b' (Fig. 1). The plate material is considered as homogeneous and isotropic. 
The solution to the problem has been obtained in terms of l~ourier-Bessel series 
and integral for the Love stress function. 
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Fig. 1. Thick plas wi~h ~ hole resting on a smooth r igid bed 

Basic Equations 

The Love's stress function of for an axisymmetric problem must satisfy the 
differential equation [3], 

V~V29 = 0 (1) 
where 

= + - - - - +  
r ~r 
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the stresses and displacements are obtained from 

(~r----O-#z v V 2 w -  a#J 

ao = 7 z  rV29~ ~-- 

o [ 
r~ = 7-oz ( 2 -  ~) V~g -- az'~J 

1 a29. w = - -  2 (1 - -v )  V29 
U --  2G ar ~z' 2G ~z2J 

where v and G are the Poisson's ratio and shear modulus respectively. 

Boundary Conditions 

The boundary conditions for the problem are (Fig. 1) 

z = + h ,  ( ~ = / ( r ) = {  qO a<~r<_b,r>b, 

TT, z ~ - -  0 

Z ~ --h, w ~'Crz ~ O. 

Solution 

Love's stress function is selected as ~o]lows 

9 =  ~ Am sin~xmZ [~x,nrKl(cx.J) 
m =  1,2,3 (xmaKl(~ 

--{l ~xmaK~ 2(1 - -v )}  Ko(ocmr)] 
co  

+ J/" F_~(fl)fla eoshVdflr)fih [flz eosh flz - -  (flh eoth f ih+ 2v) sinh flz] dfl 
o 

co  r 

X on oos ~.~ [r.rKdr,,r) 
+ n=l,a,5 )'n3Kl(yn a) 

--(~ YnaK~ 2(1---~)} Ko(i~.r)] 
Oo 

+ j fla sinh flh [flz sinh fiz - -  (fib t, anh flh + 2v) eosh flz] dfi 
0 

where 

and 
Vo(flr) = Jo(flr) Yl(fla) -- Yo(flr) Jl(fia). 

3 ~ 

(2) 

(3) 

(4) 

(5) 

(6) 
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I t  may be seen that  the stress function given by Eq. (6) satisfies the bi- 
harmonic Eq. (1). Substituting for into Eq. (2), the expressions for stresses and 
displacements can be obtained in terms of the undetermined coefficients Am, 
F(fl), C. and E(fi). 

Applying the boundary condition w (z = --h) = 0 we get 

E(fi) = (t, anh 2 fib) F(fl). (7) 

Applying the boundary condition a,. (r = a) = 0 and separating the symmetric 
and antisymmetric parts, the following two equations are obtained. 

oo 

Amama[ 1 _~_ 2(i -- v)~Xm ~"a2 K~m--~) jK~ = f (--1)mF(tS)4m~eflhtanhflh( m~2 + fleh:) ~ V~ dfl (8) 

0 

and 
oo 

C~)Jna, [1 q- 2(1 -- v) K~ = F (--l)n+~4n2sr~flh tanh flhF(fl) Vo(fla) dt~. 
- / 

0 

Applying the boundary condition 

(z = •  = t(r)  = Vo( r) 
a 

We get 

where 

and 

flK(fl) (-- 1) ~ 4c%fl2Am F(fi) 
~" ~(~m ~ + y~): B(~)  ~(~h) T(flh) re=L2,3,.. 

c~ (__l)~+a4Tnfl2Cn 
-~- ~ ~(yn2 + fl~)2 B(fla) T(flh) n = 1 , 3 , 5 , . .  

B(fia,) = Jl~"(~a) + Yl~(fia) 

4~h t T(l~h) = (1 q- tanh ~ ~h) 1 q- sinh 4flh] 

For the loading considered here 

b 

qrVo(flr dr bq Vl(flb ) 
K(p) = B(~a) ~ B(fi~) 

q 

where 

(9) 

(10) 

(1,) 

V,(flb) = Jl(fll)) Jfl(fla) -- rl(l~b) J~(fla). 

Substituting for F(fl) and E(fl) from Eq. (10) and Eq. (7), putting fla = x,  
h/a -~ ~, b/a ~ (~, we get the following two sets of equations in A m and C,~. 

[1 + 2(t - ~) KJ(~m~)] Amcr O~m2a~ Kl~(o%a) j @ ~ (--1) m+s 16m2:~28o4AsI(m, 8) 
k s=l,2,a (12) 

+ ~ (--1) ~+" 128m~n~aC, I (m ,  n) ~-- (--1) m 4mz~ZQ6qP(m) 
n =  1 , 3 , 5 , . .  
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and 

CnVna [1 ~- 2(1 -- v) Ko2(rna)] yn2a---T ~ j  + ~ (--1)n+~512n2n~lc~aCkI(n,]c) 
k=1,3,5 

+ 2 (--  1) n+m 64n2~2fa~4AmI( n, m) = (--  1) ~ 16n~o~dqP(n) 
m=1,2,3 

where 

where 

0o 

f x ~ taluh ~x Vo(x ) dx 
l(m, s) = (m27~ 2 -~- Q2x2)2 (82~ "2 -~- 02x2) 2 B(x)  T(o~x) 

0 

oo 

I(m, n) = I(n, m) = f x 3 tanh oxVo(x) dx 
(m2~  2 -~ ~o2x2) 2 (n27~ 2 + 4~o2x2) 2 B(x)  T (ox  ) 

0 
0o 

= [ x tanh ~xVo(x) Vl(x6) dx 

0 

x a tanh ~oxVo(x ) dx 
I(n,/c) = ( ~  + 4~o2x2) 2 (/~'2z~ + 402x2) ~ B(x) T(~x) 

0 
0o 

= [ x t~nh ~xVo(x ) Vl(x6 ) dx 

0 

(13) 

Vo(x) = Jo(x) Yl(x) -- Yo(x) Jl(x), 

Vl(X(~) = Jl(x~) Yl(x) -- Yl(X(~) Jl(x), 

B(x) = J12(x) + Yl~(x), 

T(~x) = (1 + tanh 2 ox) 1 + sinh 4~x] 

Eqs. (12) and (13) yield two sets of interrelated linear equations for determining 
the two sets of coefficients A~ and Ca. Generally a finite number of terms in both 
the series in m and n are taken and the coefficients Am and C, are determined by  
solving Eqs. (12) and (13). The stresses and displacements can then be determined 
by  making use of relations given in Eqs. (10) and (7) for F(fl) and E(fl). 

Numerical Results 

Numerical results for the stresses and displacements have been obtained for 
a plate having thickness to radius of the hole ratio (h/a)= 2 and loading 
(b/a) = 1.5, for two different values of :Poisson's ratio namely 0.3 and 0.495. 
I t  m a y  be observed tha t  for formulating the simultaneous equations (Eqs. (12) 
and (13)) and for determination of stresses and displacements, a large number  
of infinite integrals are to be evaluated. These infinite integrals have been 
evaluated numerically using Weddle's formula. The upper limit for the integrals 
was fixed such tha t  the difference in the value of the integral for any  two values 
is less than  1 • 10-/. A detailed s tudy on the convergence of the series was made 
and it was found tha t  the  convergence was fairly good with the consideration 
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of 20 terms in the series. The object of selecting two Poisson's ratio, viz., 0.3 and 
0.495 for the numerical s tudy is twofold: Firstly to s tudy the effect of Poisson's 
ratio on stresses and displacements, secondly to find out the utility of three- 
dimensional photoelastic experimental s tudy on the problem using stress freezing 
technique (Poisson's ratio of the photoelastie material in such a case will be 
around 0.495). 

The variation of radial (at), tangential (a0), vertical (az) and shear (T~z) stresses 
as well as the radial (u) and vertical (w) displacement along different sections 

0.16 

0.12 

0.08 

0.0/~ 

0 

-0.02 

0.09 
0.08 

0.0~ 

0.1~ 

/ ~ ~  - -  9 = O./~g5 

0.09 

, , ~, , I , I 0 

(c} 

~ z /h  = 0.5 

I " X \ ~  

i ' ' ' I , "~ "t.. ~ _ ,~ "~L "x~  

k (b) 

' / ,  I , I i I i l 

(d) 
, ~ _ 0.06 

0.0~ 

/ 1  =-0.2 5 "'" 

o l d 4  / , ( ] ~ , 0 [ ,~ , /~ /~ ' ,  . i 

- 0 .02 [ - -  ( ' }  -0 ,02~ ' f )  

O.O4 r-~ ~ I ~ � 9  .- .~-~ .... 

0 / ~". ~ ' 1  , i , I , j C | .~..". . . .r  , I , I , 1 
F - - ' "  2 3 t, 5 1 ~ - - "  2 3 4. 5 
t I r / a )  ~ , r / a )  

-O.Ot, L. (g } -O'04L" ( h ) 
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are shown in Figs. 2 to 7. I t  m a y  be observed from Figs. 2 to 7 t h a t  the effect 
of Poisson's  ratio is considerable on radial, tangent ia l  stresses as well as radial 
displacements while on the vertical and shear stresses as well as vertical displace- 
men t  the effect is negligible. F rom this it m a y  be concluded tha t  the photoelastie 
results for the vertical and shear stresses can be used for a p ro to type  plate wi thout  
much  error. 

I t  is interesting to note  t ha t  the boundary  condition used at  the bo t tom of 
the plate (Z ---- --h)  namely  w = 0 and T,, = 0 corresponds to mid-plane sym- 
m e t r y  conditions for a symmetr ical ly  loaded thick plate with a hole [2]. Hence 
it is possible to obtain the same numerical  results f rom the case of a symmetr ical ly  
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loaded  p la te  b y  considering the th ickness  of the  p la te  equal  to twice t h a t  of the  
p la te  on a rigid bed.  On the  o ther  hand  if the  p la te  is s u p p o r t e d  in such a w a y  
t ha t  the  above  b o u n d a r y  condi t ions cannot  be reaHsed then  the  solut ion to the  
p rob lem should be app roached  in the  w a y  g iven  in this  paper .  
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