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CONFORMALLY INVARIANT VARIATIONAL INTEGRALS

AND THE REMOVABILITY OF ISOLATED SINGULARITIES

Michael Griiter1

We analyze the structure of two-dimensional variational
integrals which are invariant under conformal mappings of
the parameter domain. This allows us to prove that classi-
cal solutions of the corresponding Euler eqguations cannot
have isolated singularities if their Dirichlet integral is
finite,

7. Introduction

In the calculus of variations one typically considers
variational problems of the following kind:
Minimize ub I{u) =/ F(x,u(x),Du{x))dx!

19
Here @ ¢ R" is an open set and u: T (n,N ¢ W) is sup~

posed to vary in some class of functions. If F satisfies
2 2
my |p]| -k =SF(x,u,p) =m, [p|©+ kg
for constants o< m15£m2, kozzo, almost all x €8 and all
(u,p) € B

growth.

xIRnN, one calls F an integrand of quadratic

In the following we shall restrict our attention to the
case n=2 and N> 1. This implies that the Euler eguations

This research was supported by the Sonderforschungsbe-
reich 72 of the bDeutsche Forschungsgemeinschaft
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lead to a system of partial differential equations.By a
fundamental result of Morrey [MCB] minima of such problems
in H; are HOlder continuous. However, if n is large enough
there are examples of discontinuous minima [GM]. So one
might ask the question:

Are stationary points of the variational problem, that is
weak solutions to the corresponding Euler equations, regu-
lar? An example by Frehse [F] however shows that this is
not true in general.

So one is led to consider a narrower class of variational
integrals.

Now the geometric origin of many variational problems
suggests the investigation of those functionals which are
invariant under conformal mappings of the parameter domain.
And in fact it seems to be a reasonable conjecture that
stationary points of such integrals are regular. For a
further discussion in this direction the reader is referred
to the elegant notes by Hildebrandt [H].

In this paper we shall try to give supporting evidence to
this conjecture.

In section two we analyze the structure of integrands F
leading to conformally invariant variational integrals. As
a corollary of Theorem 1 we show that one can introduce a
new Riemannian metric on the target space I@q such that the
variational integral may be considered as an H~surface
functional. This shows that the conformal invariance
forces the problem to have a geometric interpretation. In
particular regularity results for surfaces of bounded mean

curvature as in [GM4] may be applied.

In section three we prove the removability of isolated sin-
gularities of classical solutions to the Euler equations
provided the Dirichlet integral is finite. The proof is a
generalization of a method by Sacks and Uhlenbeck [SU],
where they apply it to harmonic mappings on two-dimensional
manifolds. An example in [HKW] shows that this result can-

not be extended to dimensions n = 3.
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The results presented here are taken from [GM1], [GM2],
[GM3]. Although the conjecture mentioned above still is
open, we think that our paper may be regarded as a small
contribution to the problem of solving the regularity

question.

Finally let me thank Stefan Hildebrandt for his encourage-

ment and many fruitful discussions.

2. The structure of variational integrals which are con-

formally invariant

At first let us fix the notation and specify our assump-
tions.
Let N ¢ W and suppose that the function

F: R x ®RY LR

satisfies the inequalities

(2.1) m;|p|?=F(a,p) =m,|p|?

2N

for every (u,p) € :lRNx R with constants o« m, <m,.

-2
Concerning the regularity of F we assume
2
F(-,p) ¢ (RY), F(u,) e 2 (®R*N)
for any (u,p) ¢ RN xiRZN.
1f 9 c R® is an open set we denote by H%(@,E@% the well
known Sobolev space of L2—functions on @ the distribution

derivatives of which are also square integrable.

Assuming that F{u,Du) is measurable for any u eH;(R,ﬂgh
we may define
I(u) :=/ F(u(x),bu(x))dx.
Q
In the following we shall restrict our attention to varia-
tional integrals which are conformally invariant. More
precisely we suppose:

If §,0c R are open and ¢: G-+ 9 is a diffeomorphism which
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is conformal, we have
I{u)=I(ue &)

for any uc¢ H;(Q,}RN) .

An easy calculation shows that this condition implies for

2N

any (u,p) € B x B?Y and any y ¢ ¥

(2.2) F(u,pp(y)) =4|D2(y) |2 F (u,p),

where |D®(y)| denotes the euclidean norm of D&(y).
Choosing #(x) =Ax, L4+ 0, we get

F(u,\p) = 22 F(u,p)
and using the regularity of F we conclude

1 ik
(2.3) Flup) =3 F ; 4 (5,00p.pg -
PQPB
Here and in the sequel we use the summation convention.
Setting

1k _
AOLB = ik(u o), A —(A
p PB

1k)
aBa,p=1,2

we have the symmetry relation at ik Ak:L and may rewrite the

g “pa
integral I as
I(u)==%j’tVul Alk(u)Vuk,
where tp denotes the transpose of the matrix B. We now
exploit the invariance of F with respect to rotations and

choose ¢{x) =S19 X, where 9 € J-w,n]

and
g cos 9 -sin 9O
D] sin ¢ cos 9§ ‘
Using (2.2}, (2.3) and the definition of Alk we get
pl ik t( k [S Alk tsa] t(pk).
The symmetry Alk==t(A ) now implies for i,k=1,..,N
and u € Eﬁ

ik _ ik t
AT (u) = S19 AT (u) S&'
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k

Insexting ¢ = n/2 we conclude that a'® is of the form

Alk _ (aik -bik)
blk alk

where the coefficients satisfy the relations alk==akl and

bﬂ{=-bki.

We now define Gik and Bik by
_ ik _ ik
Gik(u)-a (v), Bik(u)- b~ (u).

Then G is symmetric, B skew-symmetric and we may once
again rewrite the variational integral as

(2.4) I(u)=—;-f Gik(u)vui-vuk+Bik(u)det(Vui,Vuk).

The following two special cases of (2.4) are well known.
(1) The "Dirichlet integral
(2.5) I(u) = |vu]?

Here Gik(u) = ai and B = o.

k
(ii) The "H-surface functional"

(2.6) T(w) =5 [|7a|?+Q(w)* (DjuaDyu).
Here N =3, Gik(u) =6ik, 2B12(u) =Q3(u),
2B13(u)==—Q2(u), 2B23(u)==Q1(u) and
divQ (u) = 4H(u).

Let us now turn to the Euler equations for I.
From

D—] {F i(ulDu)}+D2{F i(ulDu)} =F i(ulDu)

p p u
1 2

for i=1,...,N we get

k.1 k 1 _
Gjy Au +§{61Gik_ ainl+akGli}V u evu =

_1 k 1.
= E{alBik+ainl+akBli}det(Vu Su7) ;

and if (le) denotes the inverse of (Gik) we arrive at
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2Aul4-Glm{alek—amle+akGlm}Vuk-vul =
(2.7) ’

+3_B

k 1
uk Tom kl+akBlm}det(Vu FRvAL iub I

= Gim{alB
Let us remark that (2.1) implies that G is positive de-
finite.
We summarize our observations in
THEOREM 1
Let F: R xRN R satisfy (2.1) and the regularity
assumptions made above.

If the variational integral
I{u) = f ¥(u,Du)
is8 conformally <nvariant, then F has the form
ik i k
(2.8) F(u,p) =G, (0)p*-p +B,, (u)det(p™,p"),
where G ig symmetric and positive definite, while B is

skew-symmetric.

In addition we have the following proposition, which is

well known in the cases (2.5), (2.6) mentioned above.

PROPOSITION 1
Suppose F has the form (2.8) and u is a Cg—solution of the
Euler equations (2.7) of the associated integral I. If ¥
18 defined by (identify (x4,%,) with the complex number
Z = x1+ix2)
k 1 k 1
Y(z)z[le(u)Dzu D,yu —le(u)D1u Dyu ](x1,x2)
(2.9)
. k 1
+ 1[2le(u)D1u Dyu ](X1,X2)r

then Y is a holomorphic function.

This property will be used in section 3.

Let us now take a closer look at the case N=3. We shall
show that solutions of the Euler equations may be consi-—
dered as solutions to a suitable H-surface equation in a

certain Riemanntian manifold.
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We consider Efsequipped with the Riemannian metric (gij)
defined by
g, .(u) := Gij(u) =F j(u,o) =F , .(u,0).

1 1
J P1P1 png

As usual we set g v=det(gij) and (gij)=(<‘;‘ij)—1

Then in (2.7) the coefficient of Vuk-Vul is nothing else

but the Christoffel symbol Fil corresponding to (gij).

Defining H by

.= 1/2
(2.10) H(u):=(3,B,3(u)+3,By, (W) +33B,,(u))/ (4g(u))
one easily checks that (2.7) is equivalent to

k

(2.11) aut+rl. vy -Vul==2HV§ glk(D1uAD2u)k.

k1
Thus we have the
COROLLARY
Suppose F has the form (2.8) and N= 3. Then one may intro-
duce a new Riemannian metric on IR3by setting 954 = Gij

and define H by (2.10) such that the Euler equations

corresponding to the integral I ave (2.11).

REMARK

If u is a C2—solution of (2.11) with rank Du=2 and if ¥
defined by (2.9) is identically zero - that is u is con-
formally parametrized - then u is a surface of mean curva-
ture H in (R°, (935)), c.f. [HKI.

In the general case N= 3 one may consider the problem of
prescribing the mean curvature vector at each point of a
surface in a Riemannian manifold in terms of the tangent
plane to the surface, c.f. [GR]. Then the mean curvature

vector is to be given by a (2,1)-tensor H.

N

We define as above a new Riemannian metric on IR~ by

9ij(u):==Gij(u)

and a differential 2-form a on H@q by

Now denote by H the unique (2,1)-tensor such that
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de(U,V,W) =<U,2H(V,W)>

for all tangent vectors U,V,W, where <.,-> denotes the new
scalar product on B@q.

Then the functional I can be written as
_1
I(u —-2j'<D1u,D1u> + <D2u,D2u> + 2a(D1u,D2u)
and its Euler equations are

VDTuD1u + VD2uD2u = 2H(D1u,D2u).
Here V denotes the Levi-Civita connection corresponding
to <y
From (2.7) one sees that an explicit expression for H is
1

i_ 1 i
H g (alB

k. 1
7 +ajB +3 Blj)du du” .

ik k17 %k

Thus the results of this section show that considering con-
formally invariant variational integrals turns out to be
nothing else but the study of the familiar "H-surface
funetional” in a Riemannian manifold.

In particular the regularity results of [GM4] for weak
solutions apply.

3. Removability of isolated singularities

We prove the following

THEQOREM 2

Suppose F has the form (2.8), satisfies (2.1), and G,B
and their derivatives are bounded and Hblder-continuous.
2 (Q), and u

loc
18 a solution of the Euler equations (2.7) corresponding to

If 52c]R2 i8 open, X € Q, U-GCZ(SZ\{X})I vu ¢ L

the conformally imvariant variational integral
I(u) = [ F(u,Du)
on @~ {x}, then u may be extended to Q as a 02—solution of

the Euler equations.

Before proving this theorem we need a number of estimates

which will be established in several lemmas.
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To simplify the notation we sometimes write (2.7) as

(3.1) Aui==Ai(u,VU)

where Al(u,p)==Azgl(u)p§pé and Aigl

ec(®HnL”(®Y) .

Most of the following lemmas do not need the special struc-
ture of (2.7). Therefore it will be sufficient to consider
(3.1) instead.

Note that (2.1) implies for any &,u € E@

2 - ik < 2
(3.2) m1|€| =Gy (WETE _mzlil )

We denote by A an L”-bound for the coefficients Aigl and
by B=B,(0) the unit disc in r? .

The spaces Hp,Lp are defined in the usual way.

Different constants will sometimes be denoted by the same

letter C.

In the first lemma we derive an a-priori inequality.
LEMMA 1

For any Oo< p<o=1 and any px= 1 there exists a constant
K=K(p,0,p,A) >0 such that for every solution u ECz(E,Bg%
of (3.1) we have the estimate

(3.3) |vul , =k +[val®, 1 fvuf .
Hp(Bp) L (Bg) (BO)
PROOF
For o<t <71,=1 we choose a cut-off function ¢ ECZ(BT )

2
which is identically equal to one on B_ .

Using (3.1) we get on B L

[8Cou) | = 1adlig= gy lul + 20Vl = 5y Iva]| +

+ Alv(gu) [|vul +Avé] = 5 |Vu]|u

With a constant K1==K1(T2"T1) this implies for r=1
facow Il . =al[v(pu) | |vul] _ +
L™ (B_ ) L™ (B_ )
T2 T2
+ AR, | [u] [vul + Kqluli
1 Lr(B ) 1
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As ¢u has compact support in BT a well known estimate
2
from potential theory, [MCB] Th. 3.4.2b), implies the

existence of a number Cr>,o such that (r>11)

ull = Cplatouw) | .
HA(B_ ) © L8 )
T2 T2
Together with the previous inequality this yields

foull , = ac [l v (¢w |[vul] +
HI(BTz) Lr(BTZ)
(3.4)

+ AR, C_ | [u] [vulll +K,C, [lul :
T tfae ) ' F H;(B
2 T2
Note that (3.4) also holds for u+ ¢ instead of u,
c =const., because u+ ¢ satisfies (3.1) with
Aé(v,p)==Al(v—c,p) instead of al.
Consider now Uu=u- £ u, where § u denotes the mean value
B D
T2
of u over the set D.
In (3.4) we choose 7= (p+-0)/2,T2==0 and r=2. By

H81lder’s ineguality we have (vi= vyu)

feul , :SA02HV<¢ﬁ)HL4(B )Hvuu +

HS(B )

4
5(B_ L%(8,)

+ AR, C,[ull vl +K4Cy 1l .
12000 4 4 12100 4
L*@) 1) Hy(B)

By Poincaré's and HSlder's inequality
max (@l , NG ,  }=K()|val , :
L°(B H,(B_) L (B)
o3
Using the fact that ¢=1 on B(p+g)/2 we get with a new
constant K2==K2(c,p~GyA)

Ival_, <Jal , <
Hy (B 4oy /2 Hy (B (oto) /2]
(3.5)
= K, (1+]va] ) vul| .
2 1@ ) L)
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Now consider a=u- f u and, using again Poincaré's
B (oo /2 .
and Sobolev's inequality, we have (vVu=vu)
14 < K(p, p+o) || vul <
1 H1

Hop (B (pto) /2! 2B (40) /2

= K K, (1+] vul ) |vuil .
2 L' (s_) 4B )

Using again (3.4) with G,r==p,r1= oy T2==(p+0)/2 we
deduce
ledll :SACPHV(¢G>HL2pHqusz +

B (B (ot0) /2

+ AK1CpHuHL2pHVuHL2p+K1CpHuHH1 <
P
3
< K[1+ |lvu)”, Hval 4 ’
L (Bo) L°(B )

where K=K(p,o,p,A).
As ¢=1 on Bp, this implies (3.3). |

Using the finiteness of the Dirichlet integral we now

derive a fundamental estimate.

LEMMA 2

There exists e =c¢(A) >0, such that for all solutions

u € CZ(E,IQ% of (3.1) satisfying [ |Vu|2< & the following
B

is true:

For any pz 1 and o< p< 1 there 2s K=K(p,p,e) >0, such

that

(3.6) lval ,  =x|vul ,

Hp(Bp) L (B)

PROOF

Because of Lemma 1 it is sufficient to estimate

flvull 4 in terxrms of || vul 5 (p<o<1).
L (B)

Let o= (p+1)/2. We may assume f u = O.
B
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We use (3.4) with r==%, Ty=0, T,=1. Now Poincaré's and
Sobolev's inequalities yield (4=nr /(n-xr))

” V (¢u) vu l = vu V (¢U
< (: V]]I ¢]] H

afl = clfvul , ;

1(8) L (8)

r

| jaf|vuf] = |vu] < ¢ vu)? .
[al] ullLr(B) I ule(B)HuHL4(B) | vuf 125

Together with (3.4) we get

(1-AC, ,,CVE) | dull <
4/3 2
Hyy3(B)

< (K1c4/3c+AK1c4/3ch)HVuHLZ(B) .

Choosing & <(AC4/3C)_2 and, using the fact that ¢ = 1 on
BO, we have shown
lvall ,  =cliul , <K(A,e)|vull
L (B_) H4/3(B) L7 (B)
This implies the desired inequality. O

The previous lemma is now used to give a pointwise esti-

mate of |vu| away from the singularity.

LEMMA 3

Suppose u GCZ(BZ\{O}) is a solution of (3.1) satisfying
2

I o|vu|f< e

B,

There exists a comnstant CO==CO(K), such that for any

X, € BN{o}

(3.7) |vu(x,) | = CO[B flvu;2]1/2 .
2[x0|
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REMARK
Here ¢,K are the constants from Lemma 2 with p=1/2 and

p=4.
PROOF.
For X5 € BN{0o} define

U(x) :=11(xo+x([xo|/2)), X € B,
Then T ¢ c2(B) is a solution of (3.1) on B. Using the con-
formal invariance of the Dirichlet integral we get

) ]Vﬁ[z = J IVuIZE.[ qu|2< £ 4

B Ix ]/2(Xo) B,

o

so that the assumptions of Lemma 2 are satisfied. Together

with Sobolev's inequality we conclude

|vi¥(o) |=c|vill |, sCKR vl , .
Hy(Bqp) L“(B)
By the definition of U this implies (3.7). O

We are now in a position to improve Proposition 1.

LEMMA 4

Suppose u €C2(Bz\{o}) is a solution of (2.7) satisfying

S [Vu|2< €

B,

Then $(z) =2¥(2), where Y <s the function defined in Pro-
position 1, is holomorphic on B,.
PROOF

We show 1lim z & (2) = o.
Z-0
By the definition of ¥ we have for z+ o
[¥(z) | = 2m, |vu(x) 12.

Now (3.7) implies
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lz2 ()| = 2m,|va(x) |%]x|? =

1A

(mzcg/Zn) J IVulz.
B
2| x|
The absolute continuity of the integral proves our claim.

O

Using Lemma 4 we now prove a relation which will be essen-

tial in the proof of Theorem 2.

PROPOSITION 2.

Assume the hypotheses of Lemma 4. For any O< r< 2 we have

(z=r %)

21 . 2 .

k _ .2 j k
(3.8) é ij(u)usuﬁdﬂ =r £ ij(u)ururdﬂ .
PROOF
We have for |z| = r
- j Kk _ 2.3 k
Rel[z & (z)]-—ij(u)uﬁu19 ij(u)r wu

and by Lemma 4
S ®(z)dz = o.
lz|=r

This implies
21

o=Im[ @(z)dz]=1m[i I xy(relﬁ)(rela)zd@]
|z |=r o

2

= [ Rel[z? (z)]do ,

o
which proves (3.8). 0
REMARK
Note that the following equation holds for |z|=r

2.9 k. J.ky_ .2 jook

(3.9) ij(u)(r ururi—u@ua)-—r ij(u)Vu yu.

We are now able to give the
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PROOF of Theorem 2.
Without loss of generality we may assume @ =B2(o) ;) X=0
and

S |Vu12< €1

Bs

where ¢ >0 will only depend on A(L”-bound for the coeffi-
cients) and m.] 1My
Let us define a comparison function ¢, which is rotation-
ally symmetric.

For that purpose set (m¢ N U{o})

2
_ -m -m .
b =7y (f) u(2 cos 9,2 sin 9)d o ;

o is the mean value of u on the circle of radius 2 ™.
If x €B,~{o} and 27 M= Ix[sz"m+1 we define gq by
a(x) :=q(|x]) = a log|x|+B_,
where a, = (“'m—1 - um)/log 2, Bm=m(p,m_1 - p,m)+pm .
Then g is continuous on B~{o}, harmonic for 2 "< |x]<2"m+1
with boundary wvalues By Te8P- by ¢ -
For x with 2 "< |x| = 2™ ye get

1A

Jat e =u0x) | = Jat e g _q |+ g q-u(x) |

lbg =t [T qmu ) |

1A

The second term can be further estimated by Lemma 3

[u(x)-p,_ 4] = max fu(x")-u(x") |
27P< x|, |x" =270
<2m2™™ max [vu(x") |
27 0<%t |52—m+1
=27  max fvu(x') | |x"|
27Ms |y | <270
s 2Vw C Ve.

For the first term the same estimate is true; this implies
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(3.10) sup |qg(|xj)-u(x)| =4vw C VT .
o% |x|=1 ©

We denote by Am the annulus B

~B ; as
5 i+ 1

oI
g,u ECZ(Kﬁ) Green's formula yields

S lvigw]? =
A

J (q-u)-av(q—u)dff
3
m

-/ (g-u)-a(gq-u).
By
The boundary integral can be written as

i (q-u)-av(q-u)dﬂﬂ1a
dA

2w . ,
= pl-m j‘(q(21-m)-u(21-mel§))-(q'(21“m)-ur(21-me16))d6
o
2m
- m

F @™ -u2 ™)) (g (2™ - (2 ) av
(e}

Because of our choice of g the integrals containing q'
vanish. Therefore we end up with

21 . o - .
5o lvgw %2 1 @™ - ™e) w2 a0
BB o

2

2n

- S aM-uE®u @ + 5 @u-su.
(o]

5T
This is true because the remaining boundary integrals

cancel each other in view of the continuity of all functions

involved, and because g is harmonic on A . By (3.7) and
(3.10) we get

2n . .
|27 J'(q(Z‘m)-u(Z—mela))-ur(2-me18)d6! =
o

14

=cvEe [ f |VuI2]1/2
821-m

so that this boundary integral vanishes if we let m- -

Using (3.1) and (3.10) we may estimate the last integral by
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.

(3.11) | ;7 (g-w)-au| = CAVE [ |vu|?
B~\B B

P
Letting m—+« we get the equation

2n ; .
rvig-w [? = 7 (e -q(1)-u e*?has +
B o]

+ [(g-u)-Au.
B

Now choose 5<(m1/2m2) and & < (G/CA)Z. Then (3.11) and
HOlder's ineguality imply

—ed

2n : 1/2r27 . =
(3.12) [ |v(g-w) %= [ ki Iu(ew)—uolzda] [f lu_(e??) lzda]z
B o} Q

+ 5 f{VuIz .
B

By (3.2), (3.8) and (3.9) the left hand side can be esti-
mated by

2,1 3 k
Fivig-w} |" 2 e f G, (W) V{g-u)--v(g-u)” =
Bi | my, 5 Jk

=L, 4 2 ey d (gom) K 4 wIuK
= é rz[ij(u)(r (q-u)s.(q u)r4-u§u§]2

2
> ;é é 2 ij(u}ugug =
= 5%; é G.k(u)Vuj-Vuk=*;§; ! IVufz

By Poincaré's inequality we get from (3.12)
™

2
{(=— - &) [ |vu|® =
2m2 B { i
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tA

27 . 1/2 2n . 1/2
ol 7 lag (e {zd@} [f [u_(e*?) tzd@} <
Lo o T

2w .
c J qu(e10)|2d6 .
o

1A

m
Introducing y==(§;}-~ 8)/C we have shown
2

27 .
v odval?s 7 vucet?) 2as .
B 0

Now all the calculations made above can also be done for
u{px )} instead of 1, 0< p=1; the result is

(3.13) v /f ]Vu]2 < 2
B

o)
As is well known, this differential inequality implies for

2w .
7 IVu(pelﬁ)Izdo .
o

=1

2 2
Jolval® = oV g Jval© .
B B
P
Together with Lemma 3 we get for |x| =

Nof —

lvulx) | [x] = C[xtY/z[é lyu|?11/2

Thus for any x_ with |xcj < 1/4 and any rE% we have

r
J{ %Vu{zf C2 & J IW{Y~2=5C2271 h pm‘m‘]dp=l\ipY ;
B {x B (o]

r(xo)

where M = (2n aCZ)/Y .

The Dirichlet-Growth-Theorem now yields the H&lder conti-
nuity of u on 31/4. Using a result of Tomi [T], we now de-
duce the HSlder continuity of the first derivatives of u.
Now (3.1) can be regarded as an equation with HOlder con-
tinuous right hand side and fundamental results from po-
tential theory complete the proof of Theorem 2. 0
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