
Acta Mechanica 116, 229-233 (1996) 
ACTA MECHANICA 
�9 Springer-Verlag 1996 

Note 
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Summary. This study deals with the viscous incompressible flow over a stretching sheet. The velocity of the 
sheet is a quadratic polynomial of the distance from the slit and the sheet is subjected to a linear mass flux. 
A closed form solution is obtained under some restrictions on the linear mass flux. Stream line patterns are 
plotted and the effect of mass flux on the flow is also studied. 

1 Introduction 

The fluid dynamics due to a viscous flow over a stretching sheet is important  in polymer industry 

(Char and Chen [4]). McCormack and Crane [1] gave a similar solution in a closed analytic form 

for the two dimensional stretching of a flat surface with a velocity proport ional  to the distance 
from the slit. This solution is extended by Gupta  and Gupta  [2] with the sheet being subjected to 

a constant mass flux. Wang [3] studied the flow caused by the stretching of a flat surface in two 
lateral directions. Gupta  and Gupta  [2] pointed out that a stretching sheet may not always 

conform to the linear speed assumed by them. Hence, in the present note, apart from the linear 

speed a quadratic term is assumed for the stretching sheet which is also subjected to a linear mass 

flux apart from the constant mass flux. A closed form solution is obtained which reduces to the 

published results when the linear mass flux part and the quadratic speed part is not considered. 

2 Analysis 

Consider a flat sheet issuing from a long, thin slit at x -- 0 and y = 0, stretched in the x direction 

(Fig. 1). The particle velocities on the surface are assumed to be 

on y = 0, U = f l X  Av ~ X  2 , I3 = Vc "~- (~X, (1)  

y V 

s h e e  

SLIT Fig. 1. Configuration of stretching sheet 
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where (u, v) are the velocity components in the (x, y) directions, and/3, c~, vc, & are constants. The 
fluid has no lateral motion as y ~ ~ ,  

u = 0  for y - - ,oo .  (2) 

Assuming the boundary layer approximations, the equations of continuity and momentum in 
the usual notation are 

Ou ~v 
+ Uy = o, (3) 

Ou 8u 82u 
u-~x + v ~y = v @ 2 ,  (4) 

respectively, where v is the kinematic viscosity. 
Defining the stream function as 

6 2 , 
t~ = I / f l y  xf(,1) - -~ x ~f (t/) (5) 

where 

q = y [ f f i~  (6) 

we get u, v as 

6 
u = t ) ,  = f ix f ' ( t l )  - ~ ] / / ~  x2f"(t/), (7) 

v = --  •:, = --  ] ~ f 0 1 )  + &xf ' ( t l ) .  (8) 

Now Eq. (3) is satisfied while Eq. (4) yields, on equating the coefficients of x, x 2 and x 3, 

f , z  _ f f , ,  = f , , , ,  (9) 

f , f , ,  _ f f , , ,  = f , v ,  (10) 

f , , 2  _ f , f , , , =  O. (11) 

Equations (1) and (2) take the form 

f '(0) = 1, f ' (oo) = f " (oo )  = 0, (12) 

0~ 
f"(0)  = - 2  ~ v ~ ,  (13) 

1) c 
f(0) = ] / /~ .  (14) 

Equation (10) is redundant as it can be got by differentiation of Eq. (9). 
Equation (11) can be integrated as 

( f " / f ' ) '  = 0 ~ f "  + s f '  = O. 
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Hence, 

f = a + be-S" 

where a, b, s are arbitrary constants. 
Substitution of this solution in Eq. (9) yields a = s. Also, with the aid of Eqs. (12)-(14), we get 

e-S, 
f = s - - -  (s > 0), (15) 

S 

- ~ l / ~ ,  (16) 

1 V c 
- - s - ( 1 7 )  
s l /~" 

It is clear from Eq. (17) that 0 < s < 1 corresponds to injection (vc > 0) and s > 1 corresponds to 
suction (vc < 0). 

Hence Eq. (15) is the solution of Eqs. (1)-(4) ifs is given by Eq. (17), and e, 5 are related by Eq. 
(16). 

Using the dimensionless variables 

O, = O ~ = x  f l ~ ,  b 5 7 '  = 27 (18) 

Eq. (5) becomes 

r  = ~f(tl) - b~2f'(tl). 

Now, the stream lines r = C (a constant) are given by 

1 l o g  . 
' t =  s sr 

(19) 

(20) 

3 D i s c u s s i o n  

The problem admits a closed form solution only for both effects, i.e., if the quadratic part in 
stretching velocity and the linear part in mass flux are simultaneously present (Eq. (16)) or 
simultaneously absent. This may be because of the simplicity in the form of the solution assumed. 
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To understand the effects of the mass flux the stream lines are shown in Figs. 2 - 1 0  for different 
values of the parameters s, b, and C. Decrease in s, i.e., increase in vc will blow up the stream lines 
as seen from Figs. 2--4.  This may be because of the external mass flux input. The stream lines fall 

very steeply near the stretching sheet (Figs. 8, 6, and 4) by increasing s and decreasing b, i.e., for 

increasing ft. Increasing b, i.e., increasing 5 or a will cause the stream lines to have positive slopes 
away from the slit unlike stream lines with negative slopes for the case b = 0, because of this, fluid 

near the origin will drift towards the origin (Figs. 5 -10 ) .  
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