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Summary. Elastomers are often used in hot and confining environments in which thermomechanical
properties are important. It appears that published constitutive models for elastomers are mostly limited to
isothermal conditions. In this study, a thermohyperelastic constitutive model for near-incompressible
elastomers is formulated in terms of the Helmholtz free energy density ¢. Shear and volume aspects of the
deformation are decoupled. Thermomechanical coupling occurs mostly as thermal expansion. Criteria for
thermodynamic stability are derived in compact form. As illustration, a particular expression for ¢ is
presented which represents the thermomechanical counterpart of the conventional two-term incompressible
Mooney-Rivlin model. It is used to analyze several adiabatic problems in a rubber rod.

List of symbols

A; matrices appearing in D

Cor oy CF specific heat at constant strain

C Cauchy strain tensor

Cr reduced Cauchy strain tensor

Cy, C, cocfficients of Mooney-Rivlin model

c vectorial counterpart of C: VEC (C)
cs vectorial counterpart of C*: VEC (C?)
D isothermal tangent stiffness matrix

vectorial counterpart of ¢: VEC (g)
deviatoric Lagrangian strain tensor

ex reduced deviatoric Lagrangian strain tensor

e volume strain

er reduced volume strain

f thermal expansion function, = [1 + «(T— Tp)/3]"!
F,F; deformation gradient tensor

Fr reduced deformation gradient tensor

H Hessian matrix for the Gibbs free energy density ¥
H related to H

1,151 invariants of C

Iig, Iog, Isx invariants of Cg

L1 identity matrix

i vectorial counterpart of I: VEC (I)

J, determinant of F

Jr determinant of Fg

Jr determinant of Fr

Ji, Ja invariants of g/J?/3

Jirs J2r invariants of eg/Jg*>

k thermal conductivity coefficient

KK, K3 invariants of e/J*
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Kir, Koz, Kazr invariants of eg/J*®

hydrostatic pressure

vectorial counterpart of stress ¢: VEC ()
isotropic stress

(absolute) temperature

reference temperature

conventional (isothermal) strain energy density (per unit volume)
volumetric thermal expansion coefficient
thermal expansion vector

strain, Lagrangian strain

entropy density

isothermal bulk modulus

A Lagrange multiplier

RS 0OmR T e 2

A extension ratio

U shear modulus

b4 stability coefficient

0 mass density

o stress, 2nd Piola-Kirchhoff stress
0; principal stress

T Cauchy stress

Ty deviatoric Cauchy stress

&, dus, Pos b1, do  Helmholtz free energy density
ol 0¢/0l;

by P¢[oL1;

0/ Gibbs {ree energy density

o(.) variational operator

VEC () vectorization operator

® operator for Kronecker product

1 Introduction

1.1 General

Flastomers are often used in hot and confining environments, for example seals in automobile
engines. Thermoelastic properties, described by thermohyperelastic constitutive models, may be
important in such applications. In particular, thermal expansion may give rise to high stresses in
areas of confinement. However, such behavior appears to have received limited study. For
example, hyperelastic elements in finite element codes typically are suited only for isothermal
conditions. The major thermohyperelastic models known to the authors are Dillon [1] and
Shapery [2]. Both models involve Helmholtz energy density functions which in essence are series
expansions in temperature and strain, and in any event do not emphasize near-incompressibility
or associate thermal effects primarily with volume changes. Also of interest is the strain energy
density function in the finite element code ABAQUS [3], which also accommodates thermal
expansion.

Here we formulate a thermohyperelastic constitutive model for rubber, considered a near-
incompressible elastomer. It is based on the assumption that temperature dependence is linear
and its mechanical effect consists purely in thermal expansion. The resulting Helmholtz free
energy density ¢ directly generalizes classical thermoelasticity. Criteria for thermodynamic
stability are derived in compact form. Conditions for thermodynamic stability are presented. For
illustration, a thermohyperelastic counterpart of the conventional two-term incompressible
Mooney-Rivlin model is presented, and is used to analyze several adiabatic problems in a rubber
rod.
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1.2 Summary of thermohyperelastic model

The Helmholtz free energy density (per unit mass) introduced in this investigation is as follows:

96, T) = duld1, 1) + 5 (FAD T =1 + ceT[l — it (1)] + do. 0
2 To
The 2nd Piola-Kirchhoff stress and the entropy density are given by:
=0 = 0% s~ 1) ey gCt o
Js Os
_ 0w, _ 4 T
1=—5p =, UDI = DI +ccln (T> ()
where
1
m=—— )
o
I+ 3 (T— To)

(Without loss of generality it has been tacitly assumed that # =0 when T= T, and & = 0.)
Finally, the (hydrostatic) pressure is given by

p= —é trace (1) = —u(f¥(T)J — 1) fXT). )

This model retains many of the features of classical (linear, isotropic, small strain)
thermoelasticity, to which it reduces in the small strain limit. Classical thermoelasticity is
summarized in Appendix A. The primary nonlinearities are associated with the purely
mechanical (“shear”) aspects of the behavior, while thermal and thermomechanical effects are
assumed to be linear. The material parameters a, %, ¢, and g are considered to be known material
constants unaffected by temperature. Purely thermal effects are represented in a linear manner by
¢.. (The thermal conductivity coefficient k can be included if conduction heat transfer is
considered.) Coupling of the thermal and mechanical fields occurs through simple volumetric
thermal expansion represented by a. Temperature rise induces strain, but not stress, in an
unconstrained body. Finally, as in classical thermoelasticity, ¢ consists of four terms: a term
¢ depending purely on T';a “shear” term ¢, independent of temperature and volume change (T
and J); a mixed term ¢¢ coupling temperature and volume through thermal expansion; and
a constant term ¢, corresponding to the reference configuration. The model is suited for
near-incompressible materials involving small volume changes and a linear pressure-volume
relation through x: in fact it is obtained by retaining the lowest order terms in a Taylor series
expansion about J — 1 and T= T;. The model affords a “smooth” transition from compressible
to strictly incompressible behavior. Finally, for the sake of illustration, we introduce a particular
form of ¢ representing the thermohyperelastic counterpart of the conventional two-term
incompressible Mooney-Rivlin model:

Pe, T)=Cy(J1 —3)+Co(J, —3) + % F3(TJ —17 +e¢T |:1 —1In <T1>:| + ¢o. ©)
0

Criteria for thermodynamic stability of materials described by this model are derived in compact
form. Finally, using values of C;, C,, a, %, c,, and ¢ thought to be typical of natural rubber,
graphical results are presented for several problems involving adiabatic response of a rubber rod.
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2 Thermohyperelastic constitutive model

2.1 Isothermal conditions. compressible elastomers

Now let ¢ denote the Lagrangian strain tensor, and e the 2nd Piola-Kirchhoff stress tensor. We
also introduce the Cauchy strain tensor C = 2¢ + I, with invariants I, I, and I; = J2 Here J is
the determinant of the deformation gradient tensor F and represents volume change. Under
isothermal conditions and assuming isotropy, g¢ may be equated with the strain energy function
w(I, I,, J), which is traditionally used in the rubber literature (e.g., Nicholson and Nelson [4]).
A well-known example is the two-term incompressible Mooney-Rivlin elastomer:

w=Cil; —3) + CaI, —3), J=1. (7)

More generally, we assume that w =0 if ¢ = 0.
We now invoke a formulation reviewed by Ogden [5]. Namely, if w is expressed in terms of
Ji=1,/J%3,J, = I,/J*3 and J, then

trace (r)  ow

-7 Y 8
3 oJ ®)
in which p is the “true” hydrostatic pressure, and 7 is the Cauchy stress given by
FoF"
= . 9
== ©)
The bulk modulus x is defined by
p
N — 10
#=— (10)

For near-incompressible elastomers, it is assumed that J — 1 is small, for which reason we
consider a Taylor series through second order in J — 1:

w=w; (—J%) +a(J — 1) + b(J — 1)2 (11)

in which & is the deviator of the Lagrangian strain tensor, and « and b are as-yet-unknown
constants. It is easily seen that, with a suitable choice of w,, the small strain case (cf. Appendix
A with T= T) is recovered.

Now, from Egs. (8), (11),

p=a+2bJ —1). (12

But J = 1 implies that p = 0, and hence a = 0. Further, b = %/2 and hence the bulk modulus is
a constant. Thus, to lowest order in J — 1,

w=w1+g(J—1)2 p= —n(J —1). (13)
For later purposes we note that w may be rewritten as follows:

pl
w=wi—p(J —1)— 5. (14)
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The invariants of &/J%/* are in fact:

Ji? JiJ> + 2J,3

These relations can be inverted to furnish J; and J, in terms of K, and K. It follows that any
function of J, and J, can be viewed as a function of &/J/* and hence Eq. (13) can be expressed as
w = Wl(Kz, K3) + %(J - 1)2/2

2.2 Isothermal conditions: incompressible and near incompressible elastomers

Incompressibility implies the constraint J = 1. For computational methods based on variational
principles, such as the finite element method, w may be augmented as follows:

W =wJ1, Jo) — MJ — 1) (16)

in which 4 is a Lagrange multiplier to be selected to render the total potential energy stationary
under the incompressibility constraint (Oden [6]). Assuming independent variations of & and J,
conditions for stationarity are

0'=6—W—AJC_1 0=J—1. (17)
de

Now Eg. (8) implies that
p=24. (18)

Also, for near-incompressible elastomers, Eq. (14) is rewritten as

w=wi(Kz Ko) = plJ — )= 2. (19)

Now p and & are regarded as variationally independent. The appropriate variational principle
(cf. Cescotto et al. [7]) has a stationary rather than a minimum character. Conditions
for stationarity are

ow
o6=— —pJC™! p=—x(J—1). (20)
O
We regard s, = 0w, /0¢ as the generalized shear stress. It depends on the deviator (generalized
shear component) of the Lagrangian strain. Further, recalling the transformation (9), it
corresponds to the deviatoric component of the Cauchy stress:

si =JF 10, F T ;=14 pl (21)

Further, by letting % — co Eq. (19) affords a continuous transition from compressible to strictly
incompressible behavior (cf. Eq. (16)). Finally, it may be shown that, with a suitable choice of the
function wy, Eq. (19) reduces to the expression presented by Hermann et al. [8], for near-
incompressible linear isotropic elastic materials under small strain.
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It is of interest to compare Eq. (16) with a widely quoted expression due to Oden [6]:
Wo = wo(ly, I;) — (I3 — 1)/2. This last expression does not imply that 2 = p even though
I, =Jyand I, = J, and I; = J = 1 a posteriori. For example, let wy = C(I; — 3). The Cauchy
stress 7 is

FoF' 2CFFT
7= = —AJI (22)
J
and hence
trace (1) 2CI,
= — = .
P 3 37 23)

Equation (19) may be compared with the form proposed by Cescotto and Fonder [7],

12
W=W1(Il—13,12_213)—;\.(13—1)—E. (24)

Recalling Eq. (8), it may be shown with some effort that, unlike in the present case, 4 in Eq. (24)
cannot be equated with p, and w; cannot be regarded as a function of the deviatoric Lagrangian
strain e. Further, as shown in Nicholson [9], the models expressed by Egs. (22), (24) couple volume
and shear even in the small strain limit, and thus do not reduce to the classical thermoelasticity.
Also worthy of note are several finite element codes [3], [10] implementing hyperelastic strain
energy density functions consistent with Eq. (19).

2.3 Extension to thermal effects: reduced strain

A strain energy function w accommodating thermal expansion is used in the finite element
code ABAQUS [3]. Such a function may be sufficient in applications in which the temperatu-
re field is known or may be determined independently of the mechanical field. To accommo-
date thermomechanical effects under more general conditions, such as when thermal and
mechanical fields must be determined using coupled equations, we interpret the strain energy
density as the Helmholtz free energy density (per unit mass) under isothermal conditions:
w = o¢ if T= T,. We now regard ¢ as a function of temperature T and a reduced (Cauchy)
strain Cg, which is the actual strain C with thermal expansion effects removed (as described
below). It possesses invariants I1g, Iog, and I3z = Jg2. Further, we seek a function ¢ having
the same structure as its classical thermoelastic counterpart (cf. Appendix A): ie.
¢ = duler/Ir) + dclJr) + ¢2(T) + o

The deformation gradient tensor F is expressed in terms of deformations with respect to the
initial configuration. The contribution of isotropic thermal expansion is removed as follows:

Fr=FF;~' Fp= [1 + %(T— TO)} I (25)
and the thermal expansion coefficient o is considered constant. Clearly,

Co=fT) C f(T)= ———. 29

1 — (T—T;
+3( 0)
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Suppose the deformation consists of simple isotropic thermal expansion. Then
F=[1+ o(T— T,)/3] I. From this it follows that eg =0, ¢»y =0, pc =0,6 =0, and p = 0.
It is straightforward to show that, under small strain,

1
=3 Ca— D=2+ 5 le—aT—TI @)

where ¢ = trace (g), in agreement with Appendix A. Finally, 2 simple way to accommodate
“small” temperature-shear coupling is described in Appendix B.

2.4 Helmholtz free energy density

Now, if Jyr, Jar and Jx* denote the invariants of Cg/Jz%3, simple manipulation furnishes
Jr=f3T)J Jig=J, Jar=J, Kix=K, Kzzx=Kj. (28)

Note the important result that ¢aler/Jx*?) = ¢u(€/J*'?) = pu(K,, K3)so that the term ¢, may
be regarded as independent of temperature and dilatational effects (represented by J). We assume
that, if ¢ = 0, then ¢, = 0 and d¢y/0¢ = 0. Continuing,

dcdJr) = ¢c(f3(T) J-1 29

so that ¢¢ depends on dilatational effects and temperature. Recalling Eq. (13), the form of Eq. (29)
for near-incompressible materials is now

ASNT)T 1

¢C(J R) = 20

(30)

The final term being introduced is purely temperature dependent. Recall that the entropy
n and the specific heat at constant strain ¢, are given by

0 on
= —— =T —.
aT = T G1)
Here c, is not a constant but depends on T and J through ¢.. We now write
O¢c 0¢r
= T = —— = ——,
n=ndT,J)+nT) nc o 7 oT (32

For similarity to the linear case (Appendix A), and recalling our assumption that nonlinearity is
due primarily to mechanical effects, we make the simple assumption that

7o

T = é,, €, known constant. (33)

Hereafter the circumflex will not be displayed. Flementary manipulation serves to establish that

e =celn (- ). (34)
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Clearly, other assumptions can be made such as a power series in T can be assumed for ;7.
Combining the foregoing results, the Helmholtz free energy density is

¢ = Ppu(K2, K3) + 23 (fAT)J =1) +cT [1 ~In (1)] + o. 35)
¢ Ty

The 2nd Piola-Kirchhoff stress tensor g, the entropy density #, and the (true) hydrostatic pressure
p are given by

7=0 20 g2y 1) pmy gct (6)

n= = (ST T =1 IfHT) +c.In <—T) @37
e 1o

p= —% trace (1) = —% trace (FoFT) = —u(f3(T)J — 1) fX(T). (38)

Earlier expressions for ¢ were proposed by Dillon [1] and Shapery [2], in essence using power
series. A very simple expression for ¢ was studied earlier by the present authors [4]. However, it
had severe limitations compared to the present expression; for example it did not decouple shear
and dilatational effects.

Finally, for computational simulation based on variational principles, for example the finite
element method, it may be convenient to write

pZ

P, -

pc=——fAT) (A1) = 1) — o—f%D). (39)
0 2x0

and to assume independent variations of ¢ and p (and T'if thermal equilibrium is considered).

Computational aspects of the isothermal counterpart of this expression are discussed in

Nicholson [9].

2.5 Applications: thermodynamic stability and the adiabatic tangent modulus matrix

Stability is a concern in modeling behavior of elastomers. For example several finite element
codes with hyperelastic elements provide several sample calculations to test for stability [3], [10].
The issue of stability and its implementations for finite element computations will be addressed in
a subsequent study. For present purposes, we assume that the material model satisfies criteria for
thermodynamic stability (Callen [11)).

For later convenience we invoke the VEC operator (cf. Nicholson [9]): Consider a matrix
denoted either by a bold upper case letter such as G or its lower case Greek counterpart y, with
entries g;;. The vec operator VEC (G) or VEC (y) generates the vector g as follows:

8= {gll 821 831 812 822 832 813 823 g33}T- (40)

The Gibbs free energy ¥ = ¢ — e ds/o depends on T and s. A sufficient condition for
thermodynamic stability (Callen [11]) is that the matrix H below be positive definite, written
H > 0. In particular,

d*y = — {dTds} H {Z:} (41)
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where
1
on 1 2eT ¢, 1 p*Dz
aT|s ¢ aTs 7+E'Brﬁ_e 1y o7 17 [y oF
H= = L =— 1| H 1l 4
1 de|l 1 0e D28 D! ¢i0 D= 0 D2
¢ dT|s ¢ 0s|r 0 0
n which
T
. _E
H=| * @3)
A |
X
¢ -
1= _[e—= +b8B (44)
T
_la
_ D™ 20s (45)
T e
on
S = T— 46
¢ =c.+ ot (46)
p-19| 47)
¢ de|r

It has been tacitly assumed that the isothermal tangent modulus D is positive definite, and that
gc./T+ BTB > 0. The following Maxwell relations were also used:

Oe
oT

T
_, 0s

on
aT

. Oe

_ 1 0s

T_ QaT

(48)

A e
The condition for thermodynamic stability is satisfied if H' > 0. This may be shown to imply that
BTB/x* < 1, which is equivalent to ¢,” > 0 and D > 0. Now

2 JT
¢/ =c,— 2 ;‘Q 30 (3T I —4) (49)

and hence if ¢,/ > 0, ¢, must exceed a value depending on «, %, Tand J. For small deviations from
the reference configuration and from T;, this becomes ¢, > aZxTp/o.

The condition D > 0 is commonly assumed in isothermal models, in which D depends only on
&. Here, D also depends on T. We may write D(g, T) = Dy(e) + D,(s, T— Tp) in which
D(g, 0) = D,(2). Expressions for D; and D, based on the work of Nicholson [9] are presented in
Appendix C, where the stability conditions are discussed further.

Finally, we note the following expression for the adiabatic tangent modulus matrix D,

B os
AT

T 0s

D+ osT
a h gc. 0T

e OT|.

(50)

Recalling that elastomers are often poor conductors of heat, this quantity is especially relevant to
applications in which loads are applied rapidly relative to the time required for heat conduction.
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3 Application to a rubber rod

The numerical results presented in the subsequent paragraphs assume the following coefficient
values (Nicholson and Nelson [4], Gent [12]), which are thought to be representative of unfilled
natural rubber:

C,=179kN/m*>  C, = 15kN/m?
% = 2000 kN/m? a=25x10"4°K
c,=1960J/kg — K o =913 kg/m>.

We now consider three cases involving a rod of the material satisfying

00 =Ci(J1 =3+~ 3+ g [T -1+ chT[l —In <?T>} + 090 (51)
0
and
1 1 3
dp = —ndT + — trace (6dC) = —ndT + — Y oidc; (52)
20 205

in which ¢; = J; are the principal values of C, 4; are the principal extension ratios, and o; are the
principal values of . The deformation is isotropic in the transverse plane: ¢, = c;.
It follows that

G2 (53)
0

After some manipulation,

11=C1+202, 12:2C102+022, I3=J2=01C22. (54)
Continuing,
11 21 J
o= 2C, (1 -3 —1> ;73 ¢ 2c2(11 —a-3 c—2> L3722 4 o (T (FXT) T — 1) = 69
0% 3 2172 2y1/2 74 r
n= 3 [f(T) (c1e2®)? — 1] (c1e2") * fHT) + c.In /) (56)
0

3.1 Stresses due to temperature increase in a rod of constrained length

Now ¢, = 1and T= T, (prescribed). The condition ¢, = 0 serves to determine ¢, as a function of
temperature T. The result may be used to furnish ¢, as a function of T— T;. The results are
displayed in Fig. 1 using T, = 300°K.

3.2 Slow isothermal extension of a rubber rod

Now T'= Ty. The condition o, = 0 furnishes ¢, as a function of ¢;. Substitution into ¢ furnishes
the stress o as a function of the strain &; = (¢; — 1)/2, as shown in Fig. 2.
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20 7

1o

Stress 0. (Pa)

50 -25 o 100 .
28 50 78 Fig. 1. Stress ¢, vs. temperature change

Temperature T-To (°K) T— Ty in a constrained rod

200

150 + R T ;

50 1+

Stress o, (Pa)

-0.1 -0.05 3 i i i
0 0.05 8.1 Fig 2. Stress o, vs. strain ¢, in an isother-

Strain ¢ mal rubber rod

150

1OO+ i .

50+

Stress o, (Pa)
N

100+ /

-150 : :
-1 -0.5 0 0.5 1 1.5 2

Fig. 3. Stress o, vs. strain ¢; in an adiabatic
. -1
Strain ¢, x10 rubber rod

3.3 Rapid adiabatic expansion of a rubber rod

Now# = Oand o, = 0. Equations (55) and (56) may be used to obtain c, and Tas functions of ¢;.
Then Eq. (55) is used to obtain the stress oy as a function of the strain ¢, = (¢, — 1)/2 under
adiabatic conditions. Assume T, = 300°K. The results are shown in Fig. 3.

Appendix A

Classical thermoelasticity

We seek to formulate a thermohyperelastic model retaining the structure of classical thermoela-
sticity, which we now review. Let ¢ be the (small) strain tensor, with ¢ the stress tensor, T the
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temperature, T, the “initial” temperature, and ¢ the mass density. The deviatoric strain tensor é,
the volume strain e, and their counterparts s and s for stress, are given by

é=s—§[ e = trace (g)

(A.1)
§s=0— —;—I s = trace (g)
where 1 is the identity tensor. The constitutive relations of interest are
_ an
s=2ué s=3ule—aT-T,)] T 3T Co. (A.2)

Here p is the shear modulus, x is the bulk modulus, ¢, is the specific heat at constant strain, and
o is the volumetric coefficient of thermal expansion, all assumed to be constants. Note the use of
the reduced volume strain egx = e — o(T — Tp), which is the actual volume strain reduced by the
extent of thermal expansion. The isotropic stress s and the hydrostatic pressure p = —s/3 are
functions of eg.

Thermodynamically, the stress tensor ¢ and the entropy density # are obtained from the
Helmholtz free energy density using

1
d¢ = —ndT + — trace (ods). (A3)
0

&

Application of the foregoing constitutive relations furnishes

¢ =du+ dc+ ér+ o

b= L trace (62) o= — & — L (T—T) (Ad)
0 20 0

pr=ct|1—m (L) n=cin (L) + 2
T = Ce To n_e TO Q

Clearly, ¢y, represents “shear” and is independent of temperature T and the volume strain e.
Similarly, ¢ is a pure thermal term, and is not dependent on strain. The remaining term
¢c “couples” the volume strain e to the temperature T. Finally, ¢, represents the value of ¢ in the
reference configuration.

Appendix B

Treatment of “small” temperature-shear coupling

We expect that the primary effect of temperature takes the form of thermal expansion. However,
it seems quite reasonable to consider that there may be a “small” (compared to the volume) effect
evident in the “shear” response. A simple way to consider such an effect would be to modify the
function ¢p(K,, K3) as follows:

Ou(K2 K3, T) = oK, K3) [1 + AT — Tp)]. (B.1)
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Equations (36) and (37) now become

6= ol =T~ T 2 112y 1 — 1) (7 O

n=oux(f3T)J = 1) If4T) +c.In (%) — yom(K2, K3).

Appendix C

Temperature-dependent tangent modulus matrix

27

(B.2)

(B.3)

Relations reported by Nicholson [9] under isothermal conditions are readily extended to the

present model to furnish

3 3
D=2%Y % ¢mn" +2 Z $:4; ¢ =VEC(C) ¢, =VEC(C?)
i=1 j=1
o, 2¢ o6 on;
r i, 00 0 _0m
=5 YT gran YT ac
Further,

ni=i n2=11i—c n3=c2—11c+12i
A =0 Ay =ii¥ —I, A3=IQC+C®I—(ic" + &i") + L,Gi" — L)

in which ® denotes the Kronecker product of two matrices.

0 =Ci(J1 —3)+ Co(J, -3} + ;(fs(T)J— 1 + ge.T [1 —In <FT>:I + 0¢0.
0

(C.1)

(C2)

(C.3)

(C4)

We apply these relation to the near-incompressible counterpart of the two-term incompres-

sible Mooney-Rivlin material. It follows that

1 2
$1=Ci373 Py=Crl373
%f (T)

1 4 2 s
¢y = (f3mJ—-1)— 3 C ;73— 3 C,l,0373

Thus, for the assumed material,

Pr1i=¢0=01 =01 =17 =Prr =0

P31 =13 = 3 CI373
2 3
32 =3 = 3 Cyl373
xf 3T 3 4 710 8
P33 = f4( )13~Z+ §C1I113_3+ ?C21213-3
200

bsr = ——f7(T) + f4(T)

(C.5)

(C.6)
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We now write f3(T) =1 + g5(T) and f4T) =1 + g¢(T), and note that g3(0) = g¢0) = 0.
Some manipulation serves to derive the following compact expressions:

2 1 2 2 4 5
Dl(ﬁ) = 2C2A213—3 +{xl1l— 7) — ’§ C11113_3 — ’é‘ C2]2[3_§:| A3

2 4 4 5
-3 CiI373 (mny" + n3n, ") — 3 Col37 3 (nens"™ + n3n,”) (C7)

3 8 720 g
+ l:g 1372 + 5 C11113_3 + ? C212[3_3:| n3n3T

g3(T)
J

X 3
Dye, T—Tp) = x <g6(T) - > Az + 2 gs(T) s 2n3n3". (C.9)

Presumably, when T= T, at strain ¢ the stability condition D = D; > 0 is satisfied implying
restrictions on Cy, C,, and x. Now suppose T # T,. The condition D; + D, > 0 now imposes
restrictions on « as well as on Cy, C,, and x. Suppose that, based on test data or other
information, the values C1*, C,*, »* and «™* are estimated for a given elastomer. The foregoing
relations can be used to furnish a computational assessment of the range of ¢ and T over which
the stability conditions are satisfied.
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