ACTA MECHANICA

Acta Mechanica 48, 233—239 (1983)
© by Springer-Verlag 1983

On Stokes’ Problem for a Non-Newtonian Flunid
By
K. R. Rajagopal, Pittsburgh, Pennsylvania, and T. Y. Na, Dearborn, Michigan

(Received August 30, 1982)

1. Introduetion

The fluids of the differential type (cf. Truesdell and Noll [1]) are amongst
the many models which have been employed to describe the non-Newtonian
behavior exhibited by certain fluids. In this note we extend the work of Stokes [2]
on the flow due to an oscillating plate for a special subclass of the fluids of the
differential type, namely the incompressible fluids of grade three. The stress T in
such fluids is related to the fluid motion in the following manner (cf. Truesdell and
Noll 1]):

T = —pl + pA, + x;4; + x,4,%+ B4,

—+ fal4,4, + A,A,] 4 fy(tr 4.3 4,,

(Dt

where p is the viscosity, «; and &, are material moduli which are usually referred
to as the normal stress moduli, p is the pressure and the kinematical tensors 4,,
and 4, and A4, are defined recursively through

A, = grad v -+ (grad v)7, (2.1
and :

A, =2 (4,.) + A, (grad v) + (grad )7 A,. (2.2)

In the above equations, » denotes the velocity and % the material time derivative.

2. Equation of Motion

We are interested in the flow of a fluid modeled by (1) over an infinite flat
plate which is either accelerating or oscillating. Thus, we seek a solution for the

1 Fosdick and Rajagopal [3] have studied the thermodynamics of fluids modeled
exactly by (1) in detail. They show that the assumption that all motions of the fluid obey
the Clausius-Duhem inequality and the requirement that the specific Helmholtz free
energy be a minimum when the fluid is locally at rest imply that

B=0, o =0, |o+ o <V24up,, py =P =0 and B, =0.

In this note, in addition to studying the problem for the above range of material param-
eters, we also study the problem when «; < 0, and 8, == 0.
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velocity field of the form:
= wu(y, f) i (3}

where u is the velocity in the x-coordinate direction and € is the unit vectorin

the z-direction.
Substituting (1) into the balance of linear momentum

diVT+Qb=Q%7,

and using (3) and the fact that the fluid is incompressible, we obtain (when g, = 0)

P awpge oo
b e T 6+ ) (5 B — o B =2 (4.1
2 gt (22 ou ot _ i /
oy [(2“1 Hoa) (ay) 222 65]—%’ *2)

0="22. (4.3)

oz

For the problem in question the boundary conditions are
w(0, t) = U(#h),
>0 as y-—>oo.

Defining a modified pressure  through

ou

13219—[(2oc1+o<2) (a_g}) 4 9p, azu]

oy oy ot

we can rewrite Eqs. (4) as

e e ou_ o
wlt s 626t+6(ﬂ2+53)(6y) 2% (5.1)
0— B _2 (5.2,3)

oy 2

Equations (5.1, 2, 3) imply that 2 5—- is at most a function of time. The conditions

i

at y»oolmply—p = 0 and, hence,
%y ou\2 &%u ou
ot g+ 6+ B (5] T — e B =0, (6)

The above equation can be re-written in the following dimensionless form

ow _ea , _ o ou\2 (%
—=—+4& =+ ¢l =) (7y
at oy? oy2 ot Yy Jy?

]
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where U, is a reference velocity

Xy — o, Uy? — 6(8, + Bs)
o? ’ o
and
_ 2
= t:ﬂ—f and gjzﬂ’—y—.
U, v v

The appropriate boundary conditions are
w=U() at £t=0,
Z—-0 as 7—oco.
Let us suppose the non-dimensional velocity % can be expanded in power
series in &:

Uty y; &) = Tolt, y) + ey(t, y) + A8, y) + oo (8)

On substituting the expansion (8) for # and equating like powers of &, we obtain
the following equations at zeroth and first powers, respectively.

_ . o
i R ®
By = U(t) at 7 =0, (10.1)
Wy ~>0 as j-— oo, ‘ (10.2)
and
BoSe S EE)
;=0 at =0, (12.1)
U —~0 as §— oo (12.2)

Introducing the similarity transformation

=9, hin="%  Aln) =% (13)

we can re-write Egs. (9) and (10) in the following manner:

(1 +y&) fo"" — vfo=0, (14)
fo(0) =1, (15.1)
fom) >0 as 5 — oo, (15.2)

where
U(t) = e,
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Also, Egs. (11) and (12) can be written as

(1 + 3yx) 1" — 3pfy = —(f)? /" (16)
/:(0) =0, (17.1
filn) =0 as 75— oco. (17.2)

It is straightforward to verify that the solutions to {14)—(15) and (16)—(17)

are, respectively
b
—_ 1
Folm) eXp{ ]/1 o7 n}, (18)

Cin Y _ 3y
ho) = S m a F om) {GXP( ]/ 17 3%, ’7>

. _ b
=

Since y may be both real or imaginary, both cases are considered.

and

Case 1: vy is real
In this case Eq. (8) yields

T (y, 4 ) = "' fo(n) + ee™ify(n) + ---. (20)

The numerical values of f4(%) and f,(n), for various values of y and &, are provided

in Table 1. Thus, one can obtain the numerical value of % for various values of .

Of course, when ¢ = 0, (18) implies that there is an exact solution for the problem.
The skin friction on the plate 7, for the problem is given by

7o = 0U{erfy'(0) + seH/y’(0) + -} (21)
It follows from (18) and (19) that
o) = = 22)

and

’ Y4 ¥4 Y
= 3 —3
0 = g e G 4 { 1/1 I 4 ( 1/1 e ")
3 13
Vl N ( Vl + 3y&, 77)}

The numerical values of fy'(y) and f,'(») for values of y and &,, are provided in
Table 1.

(23)

Case 2: y is imaginary
In the case of an oscillating plate, i.e., when y is imaginary, say y = 70, a
straightforward computation verifies
Wi, 7; &) = {for cOS wl — for sin wi} -+ &{f1z cos 3wl — fi7 sin Bwl} + -+, (24)
where
for = €% cos (25)
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Table 1
7 foln) fo'(m) f1(n) )
&y = —4 0.0 1.0 —0.79056942 0.0 —0.22667550
0.5 0.67348836 —0.53243930 0.0386788 —0.00565536
y = .5 1.0 0.453 58657 —0.35859167 0.026 50408 —0.03017132
2.0 0.20574078 —0.16265237 0.01367445 —0.01021715
4.0 0.04232927 —0.033464.22 0.00018575 —0.00034251
6.0 0.008 70086 —0.006884.96 0.000004 34 —0.00000826
10.0 0.00036864 —0.00029144 0.00000000 —0.00000000
15.0 0.00000708 —0.00000560 0.00000000 —0.00000000
20.0 0.000000 14 —0.00000011 0.00000000 —0.00000000
X = —2 0.0 1.0 —0.74535599 0.0 —0.11916942
0.5 0.68888711 —0.51346614 0.02377473 +4-0.00415646
Yy = .5 1.0 0.474 56545 —0.35372021 0.01920771 —0.01538062
2.0 0.22521237 —0.24367329 0.01177957 —0.01307965
4.0 0.05072061 —0.03780491 0.00042190 —0.00060205
6.0 0.01142291 —0.008514.13 0.00002343 —0.00003412
10.0 0.00057938 —0.000431 84 0.00000007 -—0.00000010
15.0 0.00001395 —0.00001039 0.00000000 —0.00000000
20.0 0.00000034 —0.00000025 0.00000000 —0.00000000
By = 2 0.0 1.0 —0.67419986 0.0 —0.05132182
0.5 0.71383759 —0.48126920 0.01194280 —0.00583949
vy =.b 1.0 0.50956410 —0.34354805 0.01132410 —0.00537358
2.0 0.25965557 —0.17505975 0.00536640 —0.00486598
4.0 0.06742102 —0.04545524 0.00072008 —0.00045028
6.0 0.01750624 —0.01180271 0.00008566 —0.00009174
10.0 0.00118029 —0.00079575 0.00000117 —0.00000126
15.0 0.00004055 —0.000027 34 0.00000001 --0.00000001
20.0 0.00000139 —0.00000094 0.00000000 —0.00000000
and
for = —e °= sin 6 (26)
are the real and imaginary parts of f,. Also,
fir = —{Ag cos mn + A; sin mym} e @7
-+ {AR COS 361’)7 -+ AI sin 3611]} 6_3“?'),
and
= —{AI COS mIY] —_— AR Sin mI’ﬂ} e_"“‘”
fu )

+ {4 cos 36,1 — Agsin 30,7} e¥=1,

where f,z and f,; are the real and imaginary parts of f,, respectively. In the

above equations

{ 2 + (a,® + a2
op =

g — { By + (b + b2

1/2
} ) 61 =
1/2
- } s Mp =

2y

(2a; + (a2 + a2V 22 °

be

{206, + (b, + bAHEPE

(29.1, 2)

(30.1, 2)
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with
o = 6
T+ g0’ 271+ w2
et . 3w
YT 4 9m202” 7T 14 97202
— 80X
AR = L )
6[(1 — 40®,%)? — 258,%w?]
and
. —(1 — 40’ o

T 6[(1 — 40'a2R — 255,707
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(31.1, 2)

(32.1, 2)

(33)

Again, when ¢ = 0 one can establish an exact solution {cf. Rajagopal [4]).

The skin friction on the plate is given by the real part of

= oUeMe" [ fp(0) + ifo (0)] + e[ £,(0) + 2 (0)] +

It follows from Eqgs. (25)—(34) that

f(;R(O) = —637

f(;[(o) _51 3

f I;(O) = —Am; + Agmg + 34;6; — 34rdz,
and

fl,z(o) = Apm; -+ Aymp — 3450 — 340z

In Table 2 the numerical vaiues of

Ty (1) = fom(n) €08 @b — f,(n) sin wi
and

Ty’ (1) = f{p(n) cos Bwl — f,{n) sin 3ol

are provided for various values of wi and &,.
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