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1. Introduction 

The fluids of the differential type (cf. Truesdell and Noll [1]) are a~nongst 
the many models which have been employed to describe the non-Newtonian 
behavior exhibited by certain fluids. In  this note we extend the work of Stokes [2] 
on the flow due to an oscillating plate for a special subclass of the fluids of the 
differential type, namely the incompressible fluids of grade three. The stress T in 
such fluids is related to the fluid motion in the following manner (cf. Truesdell and 
Noll [1]): 

T = - - p l  ~ ~uA 1 -~- a lA 2 -~ a2A12 ~- fl~A 3 

§ fl2[A,A~ -~ A2AI] -~/~3(tr A1 *) A, ,  

where/x is the viscosity, ~1 and ~2 are material moduli which are usually referred 
to as the normal stress moduli, p is the pressure and the kinematical tensors A,, 
and A2 and As are defined recursively through 

A 1 = grad v -t- (grad v) T, (2.1) 
and 

d A,  = ~ (A,-I) + A,_$(grad v) ~- (grad v) z A, .  (2.2) 

In  the above equations, v denotes the velocity and d the materialtime derivative. 
dt 

2. Equation of Motion 

We are interested in the flow of a fluid modeled by (1) over an infinite flat 
plate which is either accelerating or oscillating. Thus, we seek a solution for the 

1 Fosdick and Rajagopal [3] have studied the thermodynamics of fluids modeled 
exactly by (1) in detail. They show that the assumption that all motions of the fluid obey 
the Clausius-Duhem inequality and the requirement that the specific Helmholtz free 
energy be a minimum when the fluid is locally at rest imply that 

>=0, ~,,>0, I~ 1 + ~ [  < f~ ,~3 ,  f l l = ~ = 0  and ~3 > 0 .  

In this note, in addition to studying the problem for the above range of material param- 
eters, we also study the problem when a x < 0, and fl~ # 0. 
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ve loc i ty  f ield of the  fo rm:  
v = u(y ,  t) i ,  (3) 

where u is the  ve loc i ty  in  the  x-coord ina te  d i rec t ion  and  i is the  uni t  vec tor  in 
the  x-direct ion.  

Subs t i tu t ing  (1) in to  the  ba lance  of l inear  m o m e n t u m  

dv 
div  T -~ ~ob = ~ - ~ ,  

and  using (3) and  the fac t  t h a t  the  f luid is incompress ible ,  we ob ta in  (when fll = 0) 

-- ~ (~I ~ ~ ~ ~P (4.1) a~u d- ~: d- 6(fl2 + fl~) -- -- Q -- ------. 
~u ~y2 ~ \ ay ] ay ~ at Ox 

[ , (~i~ ~u ~ ] _ ~ (4.2) 

0 = ~P. (4.3) 
~z 

For  the  p rob lem in quest ion the  b o u n d a r y  condi t ions  are  

u(O, t) : U( t ) ,  

u --> O as y--> ~ .  

Defin ing  a modif ied  pressure  ~ th rough  

[ {~/~ + 2~ ~ ~ 1 

we can rewri te  Eqs.  (4) as  

~2u + ~ -~ 6(fi2 -~ fia) - -  - -  ~o - -  = - - ,  (5.1) # ~y~ ~ \Sy] ~ye ~t ~x 

0 - -  0~ __ ~ (5.2,3) ~y ~z 

Equa t ions  (5.1, 2, 3) i m p l y  t h a t  ~ is a t  mos t  a func t ion  of t ime.  The condi t ions  
~x 

~ : 0 and,  hence,  a t  y --> ~ i m p l y  ~x 

u - -  -~- ~ -~- 6(fl2 -~- f13) - -  - -  @ - -  : 0 .  ( 6 )  

The above  equa t ion  can be re -wr i t ten  in the  fol lowing dimensionless  form 

~ - - ~ y ~  + ~ , ~  +s ~ b y e ]  , ( 7 )  
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where Uo is a reference veloci ty  

and  

a~Uo ~ 6(fl2 + fia) 
~ 1 - -  , e - -  

~v ~ ~v ~ 

u UoUt Uoy 
u =  ~ o '  i =  and  ,~-- 

it' ~, 
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where 

/ o ( ~ ) ~ 0  as ~ - - > ~ ,  

U(t)  = e:'L 

(14) 

(15.1)  

(15.2) 

The  appropr ia te  bounda ry  condit ions are 

=F(t)  at t = O ,  

~-->0 as Tl-> oo. 

L e t  us suppose the non-dimensional  veloci ty  ~ can be expanded  in power  
series in e: 

~(t, y; s) : ~0(t, y) ~- s~l(t, y) ~- e~2(t, y) ~- . . . .  (S) 

On subst i tu t ing the expans ion  (8) for  ~ and  equat ing like powers  of s, we ob ta in  
the following equat ions  a t  zeroth and  first  powers,  respect ively.  

~3~ o ~fi_~o = ~ o  + ~ 1 _  (9) 

~ o =  U(t) a t  ~ = 0 ,  (10.1) 

Uo-~O as y - + ~ ,  (10.2) 

and  

8~  _ a2~ a ~  ( ~ ~  2 [a2~~ (11) 

~ 1 = 0  a t  y = 0 ,  (12.1) 

ul  --> 0 as ~ --> oo. (12.2) 

In t roduc ing  the s imilar i ty  t r ans fo rma t ion  

~1 (13) ~o A(n)  --~/~, n = g,  lo(n) = ~ ,  = 

we can re-write Eqsl (9) and  (10) in the following manne r :  

(1 + 7Xl) 1o" - -  7/0 =- O, 

Io(O) = 1,  
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Also, Eqs. (11) ~nd (12) can be wri t ten  as 

(1 + 3r~1)/1" - -  3y/1 = --(/o ')  2 s  (16) 

/i(0) = O, (17.1) 

5(~)  --> 0 as 7 --> vr (17.2) 

I t  is s t ra ight forward to ver ify tha t  the solutions to (14)--(15) and (16)--(17) 
are, respect ively  

and 

/1(7) = 6(1 + 7~i) (1 + 4~ml) 2 + 3~,~1 
(19) 

Since y m a y  be both  real or imaginary ,  both  eases are considered. 

Case 1:7 is real 
In  this ease Eq. (8) yields 

(y, t; e) = e~/o(7) + ~e~ /1 (7  ) + - . . .  (20) 

The numerical  values of/0(7) and/I(V),  for various values of 7 and 51 are provided 
in Table  1. Thus,  one can  obta in  the numerical  value of ~ for various values of s. 
Of course, when e ~- 0, (18) implies t ha t  there is an  exact  solution for the problem. 

The skin frict ion on the pla te  r~ for the prob lem is given by  

v~ = eU02{e~%'(0) ,-]- ee3~h'(0) + .--}. (21) 

I t  follows f rom (18) and  (19) t ha t  

/0'(7) = - -  ~ / ~ / 0 ( 7 ) ,  (22) 

and  

/I'(7) = 6(1 + ~ ,~ / (1  + 4~,~1) i + ~,~1 1 + ~,~ 
(23) 

- -  "1 + 3 7 ~  ~ '1 + 3 7 ~  ~ 7 �9 

The numerical  values of ]0'(7) and ]1'(7) for values of 7 and Xa, are provided in 
Table  1. 

Case 2:7 is imag ina ry  
I n  the case of an  oscillating plate,  i.e., when 7 is imaginary,  say 7 = ieo, a 

s t ra ight forward  computa t ion  verifies 

g(i, ~; e) -~ {/oR cos ~oi - - /0x  sin col} + e{/,R cos 3~i  - - / I •  sin 3e)t} + . . - ,  (24) 

where 
/oR = e - ~  cos ~I7 (25) 
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Table 1 
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/o(V) /o'(n) 1~(~) h'(v) 

~1 ~ - - 4  

7 = .5 

0.0 1.0 --0.79056942 0.0 --0.22667550 
0.5 0.67348836 --0.53243930 0.0386788 --0.00565536 
1.0 0.45358657 --0.35859167 0.02650408 --0.03017132 
2.0 0.20574078 --0.16265237 0.01367445 --0.01021715 
4.0 0.04232927 --0.03346422 0.00018575 --0.00034251 
6.0 0.00870086 --0.00688496 0.00000434 --0.00000826 

10.0 0.00036864 --0.00029144 0.00000000 --0.00000000 
15.0 0.00000708 --0.00000560 0.00000000 --0.00000000 
20.0 0.00000014 --0.00000011 0.00000000 --0.00000000 

~1 = - - 2  

? =  .5 

0.0 1.0 --0.74535599 0.0 --0.11916942 
0.5 0.688887 J{1 --0.51346614 0.02377473 +0.00415646 
1.0 0.47456545 --0.35372021 0.01920771 --0.01538062 
2.0 0.22521237 --0.24367329 0.01177957 --0.01307965 
4.0 0.05072061 --0.03780491 0.00042190 --0.00060205 
6.0 0.01142291 --0.00851413 0.00002343 --0.00003412 

10.0 0.00057938 --0.00043184 0.00000007 --0.00000010 
15.0 0.00001395 --0.00001039 0.00000000 --0.0000000~) 
20.0 0.00000034 --0.00000025 0.00000000 --0.00000000 

7 = . 5  

0.0 1.0 --0.67419986 0.0 --0.05132182 
0.5 0.71383759 --0.48126920 0.01194280 --0.00583949 
1.0 0.50956410 --0.34354805 0.01132410 --0.00537358 
2.0 0.25965557 --0.17505975 0.00536640 --0.00486598 
4.0 0.06742102 --0.04545524 0.00072008 --0.00045028 
6.0 0.01750624 --0.01180271 0.00008566 --0.00009174 

10.0 0.00118029 --0.00079575 0.00000117 --0.00000126 
15.0 0.00004055 --0.00002734 0.00000001 --0.00000001 
20.0 0.00000139 --0.00000094 0.0O000000 --0.00000000 

a n d  
/ox : - - e - ~ "  s in  Ox# (26) 

a r e  t h e  rea l  a n d  i m a g i n a r y  p a r t s  o f /o -  Also ,  

/1R : - - { A n  cos m l #  + A t  sin mi#  } e -m~' 
(27> 

+ {AR cos 3~i~ + A I  s in  3~i~} e - 3 ~ ,  

a n d  
/11 : - - { A I  cos mi~  - -  AR sin mx~ } e -m~n 

(2s) 
+ {At cos 3~z~ - -  ARsin  3~i~} e -3~" ,  

where  /1R a n d  ]11 a re  t h e  rea l  a n d  i m a g i n a r y  p a r t s  o f / 1 ,  r e spec t i ve ly .  I n  t h e  

a b o v e  e q u a t i o n s  

~ R = { ' a l + ( a l ~ + a 2 2 ) l / 2 }  1/2 , ~ I =  a2 (29 .1 ,2 )  
2 {2[a x -~ (al  2 -]- a22)1/2]} 112 ' 

mR = bl  -4- (b12 + b2~) 11~ . 112, m~ = (30.1, 2) 
2 {2[bi + (bl 2 -{- b~2)112]} 112 ' 
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with 

and  

~ I ( D  2 (D 
- -  a 2 - -  

bl - -  9510)2 be ~- 30) 
J. -}- 9~120) 2 ' 1 -}- 9~120) 2 ' 

Aa = --50)2~ 
6[(1 --  40)~12) 2 --  25~x20)~] ' 

A t  = - ( 1  - 40)2cr 0) 
6[(1 - 40)2~12) 2 - 25~120)2]" 

Again, when s : 0 one can establish an exact  solut ion (cf. Ra jagopa l  [4]). 
The skin frict ion on the pla te  is given b y  the real pa r t  of 

-r ~- eUo2{e~'t[/on(O) -k /10t(0)] -k se'3'~ ~- q~1(0)] -k .. "}. (35) 

I t  follows f rom Eqs.  (25)--(34) t ha t  

/oR(O) ---- - -6a ,  (36) 

/or(0) = - -6 t ,  (37) 

/~t(O) = - - A i m t  -k A n m ~  -I- 3AI~• - -  3AR~R, (38) 
a n d  

/~I(0) = ARm1 + A i m n  - -  3AR~I - -  3AI~R. (39) 

I n  T a b l e  2 t h e  n u m e r i c a l  v a l u e s  of  

(31.1, 2) 

(32.1, 2) 

(33) 

(34) 

Uo'(V) =/oR(q)  cos ~oi --/o1(V) sin r 
and  

t 
u1'(V) =/1R(V) cos 3~oi - - / i t (V)  sin 3col 

are Provided for  var ious  values of toi and  ~1. 

(40) 

(41) 
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