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THE GREEN FUNCTION FOR UNIFORMLY
ELLIPTIC EQUATIONS

Michael Griliter and Kjell-Ove Widman

The authors discuss a generalization of the usual Green
function to equations with only measurable and bounded
coefficients. The existence and uniqueness as well as
several other important properties are shown. Such a Green
function proves useful in connection with quasilinear
elliptic systems of "diagonal type".

0. Introduction

‘ In this paper we are concerned with the Green func-

tion for the following kind of uniformly elliptic operator
n ..
(%) Iu=- ¥ D.(a*7D.u)
i, j=1 3 .
in an open set Q < H{I, n = 3. Here the aij are supposed
to be bounded measurable functions such that the matrix
(aij) is uniformly positive definite in @. This concept of
a Green function is a straightforward generalization of the
familiar one in potential theory.
For two reasons we only consider the case

n = 3. The first one is that the different behaviour of the
Green function in dimension two (there does not exist a
Green function for 9=:m2) sometimes requires a different
method. The second one is the fact that the applications
mentioned below only treat the case of dimension at least
three.

In section one we give a proof of the fundamental
existence and uniqueness theorem. Furthermore, we derive

various interesting properties of the Green function as
well as a series of useful inequalities.
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2 GRUTER-WIDMAN

Section two contains an investigation of the regular
points for an elliptic operator as in (%), and it is shown
that the concept of "regular point" is the same for all
such operators.

In the final chapter we strengthen the hypotheses on
the regularity of the coefficients aij, and we are able to
prove additional estimates for the Green function and its
derivatives in this case.

In recent years the Green function has been usedwith
considerable success in the theorv of quasilinear elliptic
systems of "diagonal type", c.f£. [71, [8]1, [9]1, [11],
[12]1, [3]. Variational inequalities can also be attacked
by this means as is shown in [10]1, [14]. Furthermore,
these methods proved useful in the theory of harmonic
mappings between Riemannian manifolds [5], [6].

The basic facts about the Green function for symmet-
ric operators were already proved in [15] by Littman,
Stampacchia and Welnberger. The case of non-symmetric
coefficients, however, could not be attacked by their
methods, while we are able to handle both cases in a uni-
fied manner. In addition we provide complete proofs of
various facts about the Green function, which have fre-
quently been used in the papers cited above. In this way
our paper may be considered as a reference for the Green
function and its properties, so that it may become a use-
ful tool for other authors.

We would like to point out that most of the material
presented here is already contained in {181, [19], [20],
[4].

The first named author wants to express his gratitude
to Link®ping University for the kindness and hospitality
during his stay there in the spring of 1979.

1. Existence, unigueness and basic properties of the

Green function

In a bounded domain £ c R" , n>3, we shall consider ellip-

tic operators of the following type.
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GRUTER-WIDMAN 3

n -
(1.1) Iu=- I D,(a"ID.u).

. J i

i,j=1
The coefficients shall satisfy aij€ L,(®) and there exist
O < A=y such that

2 ij ij <
(1.2) rg[“=a (X)iiij and a iinj-uliflﬂl
holds for all &, n € R" and almost all x€ Q. The following

theorem will be proved.

(1.1) Theorem. There exists a unique function
G:Rx R->RU{xo}, G=0, such that for each yeQ and any r>0

(1.3) G(-,y) € H;(sz\Br(y))nﬁ](sa)

and for all ¢ € C:(R)
(1.4) a(G(+,y),9) = ¢(y).

Here and in the sequel we use the abbreviation

a(u,v) := JaijDi11Djv
R
whenever the right hand side is defimed. This so called
Green function enjoys the following properties:
For each Y€ (G(x) :=G(x,y))

(1.5) GEL* n_ () with IGlx | = Km)T,
n-2 v
(1.6) veer* n_ (9) with |Velx | = Kin,u,)),
n-1 —
n-1
o1 n
(1.7) GE HS(R) for each s€ [1, E:T['
For all x,yE€ R we have
(1.8) G(x,y) =K, (n,u/MA xmy 27
and for all x,y€ Q satisfying |x-y|= % dist (y,aQ)
(1.9) G(x,y)zsz(n,u/k)u_1lx-yf2—n

Remark. A careful inspection of the proof shows that e.g.
in the case of a symmetric operator one can take
n-2

(1.10) K1(n,p/K) = K{(n) (p/\) 2 (T+log (/).

The constant in the estimate from below is worse because we

use the Harnack inequality in which the best constant is
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4 GRUTER-WIDMAN

c(n)1+(“/x)1/2.

Let us at first introduce some notation and state a
well known lemma in the form in which we are going to apply
it.

2 is always a bounded domain in R, n>3. If A is
a measurable subset of R" and u€ L1(A),

][ w = 1D (a)7] J u(x) d L" (x);

A A
here L" denotes the n-dimensional Lebesgue measure. Let

Bp(x) be the ball of radius p centered at x.

For p> 1 we define the Banach space L;(Q) by

L;(sa) 1= {f: Q- RU{=},
f measurable and HfHL*(m<°° }
P

£(x)|>t111/P.

where HfHL*(R):=sup tIL" {x€ Q:
jol t>o

We note

(1.11) £l and

* < £l
Lp(sz) Lp(SZ)

(1.12) el
p-
for O <e =p-1.

The following lemma due to Moser [16] will be used

€

€
< (P\p-¢ n p(p-¢)
@ S (B)P® rzhcan I£1:2 )

frequently.

(1.2) Lemma. Let ut H;(ﬁ) be a non-negative subsolution
of Lu<0. There exists a constant K(n), such that for o> 1

and B _(x)ccQ

(1.13) Bpj:%x?a < (E%T)n(%>nK(n)B;£x)ua .

n
In the case of symmetric coefficients omne can replace (%)

by (%)n/z.

We are now ready to give the
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GRUTER-WIDMAN 5

Proof of Theorem (1.1)
Let Y€ Q be fixed. Due to the ellipticity condition
(1.2) we may consider a(-,°) as a continuous, positive def-
o
inite bilinear form on ﬁ;(&)x H;(Q). For fixed p > O
(Bp := Bp(y))

o]
H(2) 3 ¢ > f¢
Bp
is a bounded linear functional on H (). By the Lax—Mll—
gram-Theorem there exists a unique functlon Gp€ H (%), such

that for all ¢ € H ()

(1.14) a(G®,¢) = {¢ .

B
e}

o
Inserting |GP| € H;(R) as a test function in (1.14) we find

(1.15) a(c®,c?) = )[Gpsflspha(cp,lcpl).

B B
p P

Accordingly we have for a K= 1

(1.16) a(G?,c?) = a(c®,|c”|/k) = a(|G”|/k,c").

We get

(1.17) a(]e®|/k,|G°|/K) = K 2a(e®,c”)=a(e®, |GP|/K),
(1.18) a(|G°|/k-¢G°,|c°|/k-¢GP) = O,

which implies |GP|=K GP, so that
(1.19) G° = o.

We shall now give an estimate for ”Gp”L*_E_(Q).
n-2

For that purpose we use for t>0 as a test function in

(1.14) ¢(x) :=[1/t-1/6°(x)1":= max{0,1/t-1/G" (x) }. With

the notation Rt:= {xeQ : Gp(x)>»t} we get

(1.20) J aijnicpnjcp(sp)‘z = {¢ <

Qt Bp

=

Therefore
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& GRUTER-WIDMAN

»

(1.21) J lve®|?/e®)? < 1.

%

o
Next we consider v(x) := [log(Gp(x)r-logij +,v€ H;(R) and
in view of Sobolev's inequality and (1.21) we estimate

2n n-2
(1.22) [ j (log(GP/t)) P2 } Do k@
%
But this implies
n-2
(1.23) (log 2)% [L” (2,01 ® = -t
Setting s =2t we get from (1.23) for all s>0
n-2

(1.24) s [B'(e )] ™ =K A
Thus we have shown

o] -1
{(1.25) I ML* n (9) = R{n)}x .

n-2

To estimate the Dirichlet integral of GP we use G as a

test function and Sobolev's inequality

xJ lva®]? = J aijDiGijGp = fGQ <

Q Q Bp
2n n=-2
L0 n-e n-2
(1.26) < K(n)p ( j (Gp)n"z)zn U= 2y <
B
o
2-n
<1 1/2
< K(n) o 2 ( J ]VGDIZ)
@
That is
(1.27) jivepiz < R(n)2"2p%70,
191

We now give a pointwise estimate for GP

(1.28) GP(x) = Rin,u/MA" " |x-y|2™ if |x-y] = 2p.

Let R := |x~-y| = 2p. First we consider the case BR/Z(X)CR.
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GRUTER-WIDMAN 7

As G° is a solution of Lu=0 in @~Bp, we may use Lemma
(1.2) to get

(1.29) (6P x)% = K(a,n) K(u/\) f (ke
Bryq (¥)
where we restrict o to be less than n/(n-2), so that the
La—norm can be estimated by the *n - norm.
n-2

o o (2=-n) | .o
(kb

(1.30) ][ c*)% = kK(a,m)R
BR/4(x) n-2

Taking into account (1.25) we have proved (1.28). If
R/z(x)¢:9 we consider a region 9 so large that
R/Z(X) c §. As we may extend the operator L to Q, we
get a function GP. Restricting G° to 2 we see that
L(G°-G") = 0 in &. But on 32 0=G" = G" and the maximum
principle implies GP = Ep throughout 2. As (1.28) is true
for Ep with the same constants we have proved it also
for GP.

We shall now show

(1.31) 1vGPIl. « < K(n,u,\).

L n (Q)
n-1

We choose a function m satisfying n = 1 outside of
. K . .
Bgs M=0 in Bg and IanfSE, and insert Gpnz into (1.14).

If RZ4p we get

(1.32) J 76?2 =x(&)? r72 J ()% = R(n,u,\)RET,
“>Bp Br Br/2

where we have used (1.28). If R< 4p we use (1.27) to get

the same estimate.

-
1

For t>0 let 2, :={x€®: [VG°| >t} and R=t " '. We
n-2
2. 1N n-1 . .
have t°IL (Rtr]R\BR)fSK(n,p,X)t which is the same as
_n_
(1.33) L (2, N ~By) = [K(n,u, Mt 1777 .
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8 GRUTER~-WIDMAN

n
Trivially Ifl(ﬁtﬂ Bp) = K(n)R® = [K(n)t 1% . Therefore
we have proved (1.31).

Now (1.31) implies in virtue of (1.12) that we have

for each s€ {1, { a uniform bound on [G°| ﬁ1 with
()
s

respect to p. Considering seguences P> O and s E%T we

- Du pv
find by a diagonal process a subsequence {G "} of {G "}
and a function G¢€ H {Q) for all s< 1, such that

pl-L n
(1.34) G —---;Gin HS(SZ), s € [1, ——_—1—[

n
We have proved (1.7). To show (1.4} let ¢€IC§(R). Then
a(+,?9) is a continuous linear functional on ﬁ;(ﬂ) for

o
s<g-7 - In particular (1.34) shows a(G ",¢)— al(G,9).

P
a(c t,¢) = }¢-—* ¢ (y) we have

BD
n

(1.35) J aijDiG(x,y)Djé (xyaL™ (x) = ¢ (y).

194
As a consequence of (1.25) and {(1.31) we now derive (1.5)
and (1.6).

The L -norms are weakly lower semicontinuous, so that

we get (p:=5—1}2-, O< g <p-1,Q.:= {x€Q ::6(x)>t})

- P -
Tt < lim inf |G “HE &

-£ + uee

R

IA

lim inf (B) (1" (2 ))p le ”IIL*(Q)

> oo

(1.36)
£

®) (L (2P (kM)A HP.

A

This implies
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GRUTER-WIDMAN 9

1 1
P Pyp-e -1
(1.37) t(Iﬁx(Qt)) < (8) K(n)x .
Letting e— p-1 we get (1.5). The same argument gives (1.6).
As consequences of (1.28) and (1.32) we get (1.8) and

(1.38) J 1vG|2 < K(n,p, )R

Q\BR(y)

if Bp(y)cc Q.

o
In fact in view of (1.32) we may also assume G "—G in

H;(Q\BR(y)), so that (1.38) follows immediately from the
weak lower semicontinuity of the Dirichlet integral. With

the help of Rellich's theorem we may even assume

Gp“(x)—+ G(x) for almost all x€ 2. Now (1.8) is an easy
consequence of (1.28), because G(-,y) is H6lder continuous
in @~{y}. This follows from the famous de Giorgi-Nash
regularity theorem, because LG (-,y) = O in R\~BR(y).

Apart from the uniqueness and property (1.9) Theorem
(1.1) is proved.

We are now going to give the
Proof of (1.9)

For that purpose we consider any function G= 0O satis-
fying (1.3) and (1.4), because we have not yet proved the
unigueness.

So let x,y € @, [x-y]| < % dist(y,aR) and r= |x-y

Consider a cut-off function n€ C:(Q) which is one on

Br(y)\Br(y) and zero outside of B3r(y)\Br(y) and having the

2 2 4

properties O<n =1 and IVnI = % . Inserting G(-,y)n as a

testfunction into (1.4) we get at once
j [v6(z,y) |2 aL” (2) =k (&% I G(z,y)2dL™ (z)
r

%S]z-ylsr %E[z-yls%;

(1.39) k)2 "2 sup G(z,y)2%).
r_ | <3r
7= lzmyl=%

Choosing a similar cut-off function ¢ which is one on
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10 GRUTER-WIDMAN

B (y) and zero outside of Br(y) we conclude

2
1 = J alJDiG(-,y)Djwfiu§ j lve(-,y) =
gilz-ylir §S|z—y[$r
34 1
{1.40) = u K r? (‘K(%)2 rn'z( sup G(z,y)z))zS

3
%:S!z—yis-jé

= Kin,u/M)p rn-2 inf G(z,y) =
r 3
=lzyl =5

< Rin,u/Mu |x-y|"72 6(x,y) .

Here we have used the Harnack inequality. This completes
the proof of (1.9).
Now it only remains to show the uniqueness of the

Green function.

Proof of Unigueness

We already know that there exists one function G=z= O
having the properties (1.3), (1.4). Let G be another such
function. Let vy € @ be fixed. We write G(x) = G{x,y) as well

as E(x) = E(x,y) and define
(1.41) m(p) := inf G.
aBp(y)

We treat two cases seperately.

I. There exist K,pO:>O, such that p= P implies m(p) = K.

We define a new function v° by

inf(G(x),mip)), if |x-y|=zo

(1.42) vP(x) = ‘
m(p) ,  if |x-y|<e.

As the capacity of the ball of radius p is cnpn-z, we get

(1.43) j aijDivajvpz A j EVVplzz kcnpn_z(m(p))z.
2

Using (1.4) we see
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GRUTER-WIDMAN 11

- 130 Nn P o ij P P n-2 2
(1.44) m(p) = J a DiGDjv = J a Div Djv > chp (m(p)~,
Q Q
because VE = yvP on the set where yv® % O.
The Harnack ineqguality gives for |x-y| = o
~ -1 2-n
(1.45) G(x) =K(n,u/Mr ' |x-y] .

If therefore ¢>0 is small enough we get from (1.9) and the

maximum principle

(1.46) G-c G = 0 in ®.

Let c, :=sup {c:G-c G = 0 in Q). We have

u =G-coa =z 0 in ®; let us show co=1.

Looking again at m*(p) := inf u we have to distinguish

two cases. aBp(y)

(i) There are constants K*,p. >0, such that p<p, implies
1 1

m* (p) 2 K*. The arguments used above for G apply again and
we would have (1—co):>o and therefore
ul{x) =K (n,u/X)u-1Ix—y|2-n for Ix—yl:s% dist(y,a®). But

this implies using (1.45) G- (co+5)EE:O in @ for some posi-
tive §. This contradicts the maximality of Cyr sOo we must
have

(ii) There exists a sequence P O such that %ig m*(pv)=0.
As u is a solution of Lu=0 in @~{y} we get using the

Harnack inequality again

(1.47) j [vu| = K(n,u/x)p3'1

B ~B
2PV o

m* (o) -

v

We now choose a cut-off function m equal to zero on Bp (y)

and equal to one on Q\sz (y). Inserting un as a test v
Y

function we get

ij - ij
(1.48) J a DiuDjun J a DiuDjnu,
R\Bp B ~B

v v v

which implies, again by the Harnack inequality and (1.47),
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(1.49) J ]Vu|2:EK(n,u/X)p3—2 (m*(pv))z,

~B
2pv

from which we conclude Vu=0 in Q. Therefore G==cOE from

which co=1 by (1.4) and G=G. The second case

II. lim m(pv)==0 for a sequence P> 0]

V-
leads immediately to a contradiction in the same way as
above and the uniqueness of the Green function has been
proved.

As a consequence of the next theorem we get for sym-

metric coefficients (aij==aji) the symmetry of the Green
function G(x,y) = G(y,x).

n .
t=~ I D.(aJlDi) be the adjoint
1,3=1

(1.3) Theorem. Let Lt

operator to L and consider the Green functions G and Gy
corresponding to L and Lt.
Then for all points x,y € Q we have

(1.50) G(x,y) =G (y/X) -

Proof of Theorem (1.3)
Let X, yER®, x#y. We have sequences {pv}, {OH} tending to
zZexo (pv,cu<-%fx—y}) and corresponding functions G (-,y),

Gt“(-,x) which converge a.e. to G(-,y) and Gt("X) respec-
tively.

Inserting them as test functions we get

o e,
(1.51) { Gt“(-,x) = f G (-,y) =: a_ .

v
Bp (y) B, (x)
v B

Letting CH tend to zero we have (G V(-,y) is continuous

g
on B, (%), G (- x)— G (-,x))

Py
(1.52) { Gt(-,x) =G (x,¥).

B (y)
p\l
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As Gt(-,x) is continuous on Bp (y) we conclude
v

o]
(1.53) G (y,x) = lim G Vik,y).
v —rco

That is lim lim a = Gt(y,x). In the same manner we get
Voo p,—)oo V}J.

lim lim a,, = G(x,y). To prove (1.50) one only has to ob-
p,—-)oo Voo “‘

serve that the double sequence {avu} converges uniformly

in p with respect to v. This is true, because we can bound

o
the H&lder-norm of G “(-,y) on B, (x) independent of v.
u

This completes the proof. Using (1.52) for p< dist(y,aR)
and (1.50) we get the following representation formula.

(1.4) Proposition. For any X, YER,p> 0 such that
o< dist(y,a8)

(1.54) 6P (x,y) = f G(x,z)dL” (z).
Bp(y)
This implies that there exist K=K(n,u/r) >0 such that
(1.55) GP(x,y) = KA~ 21,
(1.56) G°(x,y) = K 2l |x-y|2—n.

Proof of Proposition (1.4)
Using (1.54) and (1.8) we conclude

1

oGP (x,y) = K A7 ]x-z]z_ndlfl(z)

1A

Bp(y)

<k 27! |x-z|2—nd1f1(z) =
Bp(X)

= K X—1p2.

To prove (1.56) we only have to consider the case

|x-y| = 2¢p.

GP(x,y) =K 1}
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_ _ - n-2
7 x-y | 2R { (%ﬁ:%%) ar” (z) =
Bp(y)

1A

n-2
K)\—1lx-—y{2—n f (1+ ‘Z) ar® (z) =

X=2
-Bp(y)

7 | x-y |20 .

1A

In view of (1.54), the estimates for G and the maximum
principle we have the

(1.5) Corollary
There exist constants K1(n,u/R),K2(n,u/k):>O such that

(1.57) 6° (x,y) =K, G(x,y) if x| = 7 dist(y,?2),
(1.58) G(x,y) =K, G (x,y) <Zf |x-y|=zp and

p<-%~ dist(y,a8) .

For the rest of this section we shall assume a certain
regularity of the boundary a%.

(1.6) Assumption (Exterior cone condition)

I

> such that the following is

There are numbers h>0, O« 9«
true: .
For each z € 38 there exists a cone C{(z,h,%) with the
property R N C=¢@, RNC = {z}.

Here C(z,h,®) denotes the open cone with cusp z, radius h
and opening angle 9.

In the proof of the next theorem we shall use

{1.7) Lemma. Let R>0 and DR:==BR{O)\~C(O,R/2,@). Congider
the weak solution uREIH;(DR) of Liu=0 in Dp satisfying
the boundary conditions up=1 on aBR(O),

up = O on 3C(O,R/2,9).

Then there are constants K{n,u,\,9)>0,al{n,u,x,9) € 10,11
such that for x¢€ Dp

(1.59) ug(x) =K|x|® RO,
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Remark, This lemma is of course very well known, but it
can easily be derived from Lemma (2.3) in section 2 of our
paper. The exterior cone condition guarantees that all
points of R are regular.

We are now prepared to prove the following theorem about
the boundary regularity of G.

(1.8) Theorem. There are constants K(n,p,r,diam g, aQ) >0

and a(n,u,r,%), O<a<1, such that for all X,yE€Q
{6 (y) :=dist(y,3%))

(1.60) G(x,y) =K %(y) |x-y|? ™79,

Proof of Theorem (1.8)

Let h=h(aQ) be the height of the cone in Assumption (1.6).
For fixed x€ @ we consider the function G(-) :=G(x,-) which
is the Green function corresponding to Lt'
We have to distinguish between four cases.

(1) If 6(y) =2h we use the boundedness of @ and the upper

estimate (1.8) for G to draw the conclusion.

(ii) If &6(y) = |[x-y|/4 we get by (1.8) the desired in-

equality.

(iii) If 6(y) < h and &6(y) < |x-y|/4<h we fix y* € ag

with [y-y*| = 6(y) and set R:= |x-y|/4. As aR satis-
fies the cone condition, we may work with the cone
Cg := C(y*,R/Z,ﬂ). We apply the preceding Lemma (1.7)

in the region BR(y*)\CR. in er(BR(y*)\CR) we have
L,G=0 and for z€ aBR(y*)F]§ G(z):SK[x-y[z_n, while

Glag = O- As G(-) and K|X‘le—nuR(-) are solutions

. 2-n
of L,u=0 in Qﬂ(BR(y*)\CR) and G=K|x-y|“ Tup on the

boundary, we get by the maximum principle and (1.59)
(remembering the choice of y* and R)

- o —_—T) -
G(x,y) SK |-y *Pup(y) =k 6%(y) [x-y 2270,

(iv) If 8(y)<h<4h= |x-y| we fix y €32 as before and
set R=h . We again apply the preceding lemma and the

same arguments as in (iii) imply
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2-n o

G(x,¥) = Klx=y|*™™ wp(y) =K|x-y|* ™™ 6% (y)n”

Z—n—a(diam R)a
s ) -

=x6% (y) | x-y] 3

This finishes the proof of the theorem. In the next theorem
we ¢give a HOlder estimate, which is valid outside of the
singularity.

{1.9) Theorem. There are constantes K{n,u,r,diam 2,s8) >0,
a(n,u,2,%), O<oa< 1, such that for all x,y,Z2€R

- Dmpy
52 n-o i n a)

+lz-y .

{1.61) le(x,y)-Glz,y) | =K|x-z|%(|x-y

Proof of Theorem (1.9)

The proof is rather lengthy because we have to treat sev~
eral cases seperately. Because of the symmetry of (1.61)
with respect to x and z we may suppose G(x,y) =2G(z,y).

Case 1. |x-z] =z |x-yl|/2
We easily get by (1.8) for each O<a< 1:

le(x,y)-Glz,y)]| = G(x,y)~G(Z.y)55KlX*Y|2“n =

< K!x-th!x-yfz_n—a <

= K|x-2z|® (|x-y |27 % 2=y |27
case 2. |x~zl<|x-y|/2 and §(x) = |x~z]
Using Theorem (1.8) we have
|Gx,y)-Clz,y) | sG(x,y) = K 6%(x) [x-y| 2% =

sK]x-zi“({x-y!z_n—°+]z—y!2—n-a).

Case 3. |x~z|< |x-y|/2 and &(x) > |x-z|

We set R := min {6{x), |[x~y|/2}. As LG {-,y)=0 in Bp(x) we
derive in a standard fashion, using the Harnack inequality
{(vy=v(n,p/\)) for O<p=r=R

(1.62) max G(-,y) - min G(-,y) =
Bp(x) Bp(x)

= y(w)q { max G(*,y)- min G(-,y)},
B, (x) Br(x)
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which implies for p:= |x~z| and r:= R

(1.63) |G(x,y)=G(2z,y) ] = v|x-2|°R™® max G(.,y).
BR(x)

If R=|x-y|/2 we get from (1.63) and (1.7)

lG(x,y) -Glz,y)]|= KIx—z|°‘ |X_y|2-n—(x <

2-n-a 2-n—a)

= K|x-z|%(|x-y] +|z-y|

If R=56(x) we use the boundary estimate (1.60) to get for
1
z'€ BR(x)

G(z',y) <K 6%(z") lz'—ylz_n_a <

(1.64) <R(|z'-x|+6 (x)* (|x-y]| - |x-z'|)? "¢

<K 8 (x)%|x-y|2P7% .

Now (1.63) together with (1.64) implies the statement of
Theorem (1.9).

We now use Theorem (1.8) to show how the integrals of G
respectively VG behave, if we approach the boundary.

(1.10) Theorem

(i) Let ‘]Sp<EE—2 . Then we have: For each ¢ >0 there
exists ¢' >0 such that for all Y€ Q with 6(y) <¢e'

J G(x,y)p an” (x) < e.
Q

(ii) Let 1=p< 5{—1— Then we have:
For each e>0 there exists ¢'>0 such that for all
YE&R with 6(y) < e!

J v (x,y) [P aL” (x) < ¢.
Q

Proof of Theorem (1.10)
(i) We get by (1.60) and (1.8) (d(R):=diam )

J G(x,y)P = J G(x,y)P + J cix,y)F <
o4 2By (v) B (y)

319
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K &%P

1A

=y CTPe g [ emy P7PIP 5

2B (v) B, (v)

1A

K {d(Q) (2-n-a) p+n Gap~6(2—n)p+n} +K6(2_n)p+n .

As (2=-n)p+n> 0O we get the desired conclusion.

(ii) By (1.6) |VG e L* (%), so that using (1.12) we get
_n_

n-1

for any measurable subset Q'c®

(1.65) J v (-, v) |P =
S‘a‘
(—=-p)/p P
< K(p,n) (L" (21)) 7 lvel x

n-1

Letting @' = @0 Br(y) we may in view of (1.66) choose
r(e) >0 so small that

(1.66) J lva(-,y)|P<e/2
2N B.(y)

The remaining integral is estimated in a standard way.

|VG('IY) ip =
R\Br(y)

tA

P
(L? (9))'7P/2 [ J IVG(-,y>I2]2 <
Sa\Br(y)
R
K(@)[Kr‘z J G<-,y>2]2 =
Q\Br/z(y)

(1.67)

A

P
Kr_p[ J G(x,y)ix~y! 2—n] 2.
R\Br/z(y)

tA
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- ap
< XKr 2 [ f G(-,y)] <
]

(8 o]
TR

if 6(y) is small enough. Here we have used (1.8) and (i).
(1.66) and (1.67) prove the theorem.

2. Regular points

In this part of our paper we make the same assumptions
about the operator L as before, that is (1.1} and (1.2).
First we want to show how one can compare the Green func-—
tions for different elliptic operators. This is done in
Theorem {2.1). After that we shall investigate the recgular
points for the elliptic operator L. It turns out that they
are the same as for the Laplacian A. This problem was
already investigated in Littman, Stampacchia and Wein-
berger [151; but as before their method only works for
symmetric operators, while we present a proof covering
both cases.

Taking the estimates (1.8) and (1.9) into account we

get the following result.

(2.1) Theorem Let G and G' be the Green functions corre-

sponding to the operators L and L' which arve both supposed
to satisfy (1.1 and (1.2) with comstants Xr,u and X',u’
respectively. Denote by KT'KZ'K;'Ké the corresponding con-
stants in {1.8) and (1.9).

Then we have for any X,y € 8 satisfying Ix—y|<w%dist(y,89)

(2.1) (By/K5) (VN /W)G' (x,y) SG(X,y) = (K,/Ky) (0'/N) 6" (x,Y).

Now let us turn to the definition of capacity for the oper-
ator L. The usual definition of variational capacity does
not apply because L 1s not supposed to be symmetric. Our
definition is inspired by the theory of variational ine-
gualities.

Let Ec @ be compagt and denote by 1%3 the following closed
convex subset of H;(ﬁ)
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Q
(2.2) Ky i= {VEH;(SB) :v>1 on E in the sense of H;}

We are looking for a solution of the variational inequality
(2.3) uETKE, af{u,v-u) =2 0O for all VEJKE.

Standard arguments in the theory of variational inequali-
ties show the following (c.f. Kinderlehrer and Stampacchia
[13]1). There exists a unique solution u€ RE of the varia-
tional inequality (2.3). This function u is called the
equilibrium potential of E and satisfies u=1 on E in the

sense of H%. In @~E it equals the unique solution of the
Dirichlet problem Lu=0 with boundary values zero on 3%
and one on JE.

From (2.3) we get for all ¢€C:(Sz) with ¢>20 on E

(2.4) a(u,9) =2 0.

By the Riesz representation theorem there exists a non-
negative measure u with supp U< E such that

{2.5) a(u,¢) = J ¢ du
E
for any ¢€C:(SZ).

{2.2) Definition The capacity of E with respect to the

operator L Zs defined as
(2.6) T_(E) := u(E) = a(u,u).

Q
By continuity (2.5) is true for ¢ € H%(R)rICO(E) and we get
for ¢ =6" (x,-)

(2.7) f uly)dy = J P (x,¢)au(y) .
Bp(x)

Taking the lim inf on both sides of (2.7) we have

(2.8) u{x) = ; Gi{x,v)du(y).
E

The measure # is called the eguilibrium measure of E and

because of (2.8) the name "equilibrium potential” for u is
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justified.

[o)
From (2.5) one has for any ¢ € H)(2) with ¢=1 on E in
1

the sense of H2

(2.9) a(u,$) =2 T(E) ,

and the reverse inequality if ¢=1 on E in the sense of H;.
This implies that if we consider the equilibrium potential
u

" of E with respect to the adjoint operator L, we get

t

(2.10) PLt(E) = a(u,ut) = FL(E),

which any reasonable definition of capacity should of
course satisfy.

Let us now show that the above defined capacity T is
a Choquet-capacity, i.e. it satisfies the following three

conditions (c.f. [2]):

1 2

(ii) For every antitone sequence {Ej} of compact

(i) T(F) = O and E, cE, implies P(E1)ST(E2).

subsets of & we have

T(M\ E,) = lim T(E,).
=1 3 gee

(iii) F(E1lJE2)+T(E1r1E2) < F(E1)+ T(Ez).

Property (i) is obvious. To prove (ii) we note that
o«

(E=/\ E

RNl

T(E) = 1lim T(E.).

oo J
Thus it remains to show the reverse inequality. For that
purpose denote by u the potential of E with respect to L
and by uj the potential of E., with respect to L. Choose
£,6>0 and 9 €C_(R), ¢21 on E, s.t. H¢—uuH1ss/ﬂu/MIwE1ﬂ/2}
(ifIWE1)=O there is nothing to prove). Settinc V= (1+8)¢,
(2.9) and (2.10) imply for j = jo(s,é)

t

F(Ej) = a(uj,W) = (1+6)a(uj,¢) =

(1+6){a(uj,¢—u)+a(uj,u)}

A

(148){e + T(E) }.
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Letting j-w, 60, &nO, we get (ii). For the proof of (iii)
UE2
with respect to L

consider the potential u of E with respect to L and

1

2
(2.9) and (2.10) one concludes

the potentials u1,u2 of E1 , E From

£

I'(E1 UE2) + I‘(E1 ﬂEZ) =

1A

a(u,max(u1,u2»+-a(u,min(u1,u2» =

a(u,max(u1,u2)-kmin(u1,u2D =

a(u,u1+u2) =a(u,u1) +a(u,u2) =
T(E)) + T(E,) ,

where the inequality is due to the fact that

1“(}:."1 n E2) = l"t(E1 nEz) =a(u,v) Sa(u,min(u1,u2)) .

tl
and we have applied the maximum principle. Therefore T is

Here v denotes the potential of E1nE2 with respect to L

a Choquet-capacity.
Finally one sees from (2.5) that one can compare the

capacities with respect to different elliptic operators
(2.11) XPA(E) = FL(E) < pec(l) FA(E),

where c(L) =1 if L is symmetric and c(L) = p/} if L is not

symmetric. Here T', is the ordinary capacity.

A

Remark. It is easy to see that this capacity is identical

to the "traditional" capacity
T(E) = sup{p(E) : supp pcE, J G(x,y)du(y)<1 in @} .

In fact if v is any such measure with potential u’ and u
is the equilibrium potential of E with respect to Lt and U

its associated measure, then

(E) EJ uw (x)dp(x) = J[ Jf G(x,y)dp(x)av(y) =
EE

E
=J u(y)dv(y) = v(E).
E

The justification for the equalities is an easy exercise.
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From now on we assume that the coefficients of L have been
extended to a large ball B which contains § well in its
interior and consider the Green function G of L on B. Fix
xOE 9R (we may assume xo=O) and set for r>0

Cr:= (RN Q) N Bp- The following lemma is the basic step in
the proof of Theorem (2.4).

(2.3) Lemma, (onsider the solution u€ H;(ﬂ) of Lu = 0 <n
Q, 0=u=1on 8k and u=0 on aQ(IBp (Bp := Bp(o)).

There exist constants O< aO(n,u,X)< % and K(n,u,\) >0 such

that for all o=@ and r<Gp we have

g Iy
(2.12) sup u < exp [ J — dt] .
QﬂBr log o : £ 1

Proof of Lemma (2.3)
Let a<-%, p' = p and v the equilibrium potential of Cap"
By (2.8) and (1.8) we get for |x| = o'

n

(2.13) v(x) <K(n,u,M)e'2 P r(c. ).

apr

As v=1 by the maximum principle, (2.13) gives for
X€QNaB _,
fe}

(2.14) [1~v(x)]Isup u = [1—Kp'2_n
QN Bp'

and (2.14) is also true on aﬂf1Bp., because u=0 there.

T(Cap.)] u(x),

From the maximum principle we get (2.14) on 9F1Bp. . By

(1.9) we have for |x| = 2ap'

(2.15) vix) =K' (ap") 2 (c. ).

ap'

For x€ Qf]aBZGp. (2.14) and (2.15) imply

1—K'(ap')2_nF(Cap,)
u(x) = sup u [ T ]

Qan, 1-K p r(c. )

ap

(2.16)

= sup u [1—K*(QP')2—H F(CG |):| r
ans_, . P
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where the last inequality is true for qfsao(n,u,X).
Using the maximum principle again we get (2.16) on

8N B +- Using the notation M(r) := sup u we have proved

2ap

for t=p, cxfrxo SmB::
(2.17) M(at) sM(£) [1-K* (at) 2™ T(C )1 .
This gives
log M(t) _ log M{at) g*  T(Cqy)
(2.18) - 4 . .
t t n-2 n-=1
[+ t
Integration from r/a to p yields
' <* P ricy
- M
{2.19) Mh)-Mh)em:hDga Jtmq dq ’
r

which implies (2.12).

Remark, We want to indicate the proof of Lemma (1.7).

Choose @ = Dp +r p = % R and (2.12) gives for r<« % R
% rcy
(2.20) SUp U, < exp [uK j dt} .
eng_ R £
r r
As Ct is a cone of height t and fixed opening angle ¢ , we
have T'(C,) 2 K(n,u,%,9)t" 2. Now (2.20) implies
ap 8
(2.21) sup up < exp {—3 j %}] = (3;) = kP 7P
20B_ LI \a&e

If Ixl 2« % R we use uRi 1 to derive {(1.60).

Let us now state the main theorem of this section.

(2.4) Theorem, 4 point of 8% is a regular point of the
Dirichlet problem for Lu=0 if and only <If it is regular
for Au = O.

The next theorem will immediately imply Theorem (2.4).
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(2.5) Theorem, The point X, €98 (we may assume xO==O) is a
regular point for Lu=0 <if and only Zf (Cr:=(Ifl\ﬂ}ﬂBr)

(2.22) dr = o .

j P(Cr)
5 rn--1

Proof of Theorem (2.5)

Necessity of (2.22)

T{C. )

Suppose J *;K:T
0]

measure of Cr’ Ve the corresponding potential. We set

dr is finite and let By be the equilibrium

(2.23) Qr(O) ;= lim G(0,-)au_ .
oo
C B,

Using {1.8) we find

r(c.) B (C)
A r r't
(2.24) v_{0) =K { = J — dt}
r - 2 £ 1
and observing ur(ct}S ut(ct) = T{Ct) we get for small r
A
(2.25) v _(0)< 1.
r
F(Ct)
Here we used the finiteness of J —5=7 dat .
t
0
As lim GP(0,x) = G(0,x) we get by Lebesgue's theorem that

p-*0
Lim j pro,.)aur = JG'(O,-)dur. This implies
C
r r
A
(2.26) vr(O) = vr(0)< 1

for some small r. Using Vr(0)=%i% inf f vV, we see

B
°

(2.27) %§§»%nf v.ly) = v.0)<1.

Now V. is a solution of Lu = 0 in @ with vra 0O on 38 and
Ve = 1 on aﬁf]Br in the sense of H;.
Consider the solution u of Lu = O with continuous boundary
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values g defined by g(x) = max {0,1 - i%l} for x€ 3aR. From

the maximum principle we inferx u:fvr in € . But the bound-

ary value one at O is not attained by (2.27) and therefore
the origin is an irregular point of agQ.

Sufficiency of (2.22)

It is well known that it is sufficient to show the exist-
ence of a barrier u satisfying:

(2.28) e H;(Q), Lu = 0 in &;

for any r > O there exists tv>0, such that
{(2.29) 1

u=z 7t on aQ\Br in the sense of Hz;
(2.30) lim u(y) = O.

y—+o
Let p— O and consider the equilibrium potential v of Cap

(@ = a ). From Temma (2.3) applied to 1-v we infer for

XE€ERNB 2 ¢
a“p o
?ricy)
(2.31) 1=-v(x) < exp [~K J dt} .
n-1
t
Ixl
For |x| = p we get for a small enough observing
n-2
I‘(Cap) = K{ap)
(2.32) vix) =¥ «" %< 1/2.

Now let u be the solution of Lu = O with boundary values
|x|. Because of (2.32) we have

ul{x) =2 diam @ {(1-v(x)) on Q(IBBQ

(2.33) alx) < o on 22N B

in the sense of H;. The maximum principle and (2.31) yield

o P
T(ct)
(2.34) u{x) < p+ 2 diam® exp [—-K ——— dt}
t
[x]
for x€QNB 9 - Now condition (2.22) shows
x p
(2.38) lim sup u(x) < p.
RIX-0
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As (2.28), (2.29) are naturally true for u and (2.30) fol-
lows from (2.35) and the arbitrariness of p, we get
Theorem (2.5).

We have the following

(2.5) Corollary. Condition (2.22) of Theorem (2.5) <is

equivalent to

2" rE KT ) =

o
(2.36) 21 =Y ,=v=1

v

Proof of Corollary (2.5}

Using the fact that T'(C.)= kt""? and a subdivision of the

intervall [0,1] we see that (2.22) implies

(2.37) T 222 ) - e
v=1 27V 2

)} =

=v-1

Using the subadditivity of T (2.37) gives (2.36). To show
that (2.36) implies (2.22) we estimate

N
r(c,) - L
[ t gt =21 5 v vpg y =
Joe 2 = -y=1
0 v= 2
>k r 2202 e
v=N+2 27V

k r 2902 pEe<ET )
v=N+2 27Y 27V

iV

= o0
Remark. In the case of the Laplace operator condition
(2.36) is the famous Wiener criterion.

Proof of Theorem (2.4)

By (2.11) we have » = FL/I‘A < p(p/A}. Theorem {(2.5) now
proves Theorem (2.4).
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3. The case of regular coefficients

In this section the assumptions about the operator L will
be the same as in section 1. Moreover we shall assume that
the coefficients are Dini-continuous which will enable us
to derive some more pointwise estimates for the Green
function and its derivative.

So we shall consider coefficients which satisfy

{3.1) laij(x)~aij(y)f s w{|x~y|} for any x,y € R.

Here v :R, -» R, is supposed to be non-decreasing and to

satisfy
(3.2} w{2t) =K w{t) for some K> 0 and all t>0,
(3.3) [ 2l ac <.

¢}

Remark. In particular H6lder coefficients, where w(t)=Ktu
O<a<1, are allowed.
We shall first prove two lemmas.

{3.1) Lemma. Suppose u is a bounded soluticon of Lu=0 <n Q.
There exists K{(n,u,A,0,R) >0 sueh that for any
XEQ (8{x):=dist(x,aq))

(3.4) 7ax)] = K 57 {x}sgp]ui.

Proof of Lemma (3.1}
We note that under the regularity assumptions u€ Cloc(ﬁ).
By considering a slightly smaller domain we may assume

sup &(x) |[Vu(x)| =: M, <= . Let Mjy:=sup ju} and
xER §

choose x, € @ such that & (xg) |Vu(x,) | >4 M,. For

a._~§{xo) we define a cut-off function 120 on Bé{xe} which
is one on By ,,(x,) such that [val =k d T ana {v ul =xka” -2,
Let F be the Green function of the operator with constant’
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. i3 _ i3 ) =
coefficients aj” = a (xo) in Bd(xo). For y€ Bd' Bd(xo)
we use nF(-,y) as a test function to get

= ij = ij i3 _ s
0 J a DiuDj(nF) J ag DiuDan + J ag DiuDJn F

By Bg

By
ij__ij -
+ J (a a )Diu(Dan +Djn F)=

Bg

ij - ij -
u(yIn(y) + J ag DiuDjnF J a, DiT]DjI‘u +

Bg By

ij__1ij
(3.5) + J (a ag )Diu(Dan + DjnF).

Bg

Differentiating (3.5) with respect to y and setting y=x

we see
= ij . - ij .
Vu(xo) I ag Din VyDjF( ,xo)u J ag DiuDjnVyF( ,xo)
Bg By
- ij__ij . .
(3.6) J (a ag )Diu(VyDjF( ,xo)n+DjnVyF( ,xo)).
Bg

An integration by parts shows

- ij . =
J ag DiuDjnVyF( ,xo)

Bg

.M VyF(-,xo)+D.nDiva(-,xo)).

= ij
(3.7) J ag u(DiDJ j
By

Using known inequalities for F (Widman [13]) we can con-
clude from (3.6) and (3.7)

d
< -1 -1 w(t)
(3.8) |Vu(xo)] S K Md "+KM, 6 (x ) J £ dt.
0
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In view of the choice of X, (3.8) in turn gives

5(x
(3.9) M1 <= K MO

d
w(t)
+KMJTdt.
O

d
d
Setting d_:=sup {d|K J mé dt = 1/4} = 4, (n,u,%,0) which
0
is possible by (3.3) and choosing d:=inf{%§(xo),do} ’
(3.9) implies
8 (x_)

do = K M supi{2,diam Q/do}.

(3.10) M1 <= K MO

This proves Lemma (3.1).

{(3.2) Lemma. Let u be the solution of the Dirichlet problem

Lu = O ¢n D_:=B \Er (r=1) with u=0 on 3B_ and u=1

2r
on aBZr' There exists K(n,u,r,0) >0 such that for any

x€ED
r

(3.11) RIS RS

Proof of Lemma (3.2)

We shall assume ut€ C1(5r), which can be proved directly.
Furthermore,we only have to consider the case r = 1,
because the general case is reduced to this by a homothety
{here one uses the monotonicity of «).

Let M := sup |7V u| and choose x_ €D such that
D

{Vu(xo)!z % M. Choose a cut-off function 7€ C, (Bd(xo))

with n = 1 on By 5 (%), ]Vﬂlszd-1 and iv%q}s Kd"2. The

number d = % will be determined later.

We may assume uny, = O on 3D. In fact this is obvious
{

if {xo|<=é If Ixog > 2 we consider (1-u) instead of u.

2
-2 2
This is a solution of the same equation but with boundary

values one on aB1 and zero on aBz. We again have

sup|v(1-u)| = M and }V(?—u)(xo)fz % M.
D
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Let F be the Green function in D corresponding to the
operator with coefficientsa(i)j := aij(xo). For y€D we
insert nF(-,y) as a testfunction and get as in the proof
of Lemma (3.1)

ulyInly) = J aéj u(DiDjnF(-,y)+DjnDiF(',y))
D
(3.12) +

ij -
ag uDjF(-,y)Din

ij__ij . .
(a ag )Diu(DjF( S YIm + DjnF( (Y)Y

i
[ — [ L —

If we differentiate (3.12) with respect to y, set =% and
estimate the remaining terms in the same way as in the

proof of Lemma (3.1) we end up with

d
(3.13) %M = |vu(x )| = Xa Tixm J 9%31 dt.
0
d
— w(t) 1
Now choose d—do (n,p,2,w) such that K J oy dts-z .
0

Now (3.13) implies the statement of the lemma.
For the next theorem we assume that the domain & satisfies

an exterior sphere condition uniformly.

(3.3) Theorem
Let Q@ be as above and suppose that L satisfies (1.1),

(1.2), (3.1)-(3.3). Then for the corresponding Green func-
tion G the following six inequalities are true for any
X,y € & (5(y):=dist(y,aR)).

(1) G(x,y) < Klx-y|?™, R=K(n,u,))

(i1) G(x,y) = K 6(x) |x-y|'™®, K = K(n,u,\,a,8)
(iii) G(x,y) = K 6(x)6(y) |x~y| ™

(iv) |V, G(x,y)]| = K|x-y| P

(v)  [7,6(x,¥)] = K6 (y) [x-y| "

(vi) |V, 7,600y) | =Klx-y| 7"
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Proof of Theorem (3.3}

(1) was proved in section 1.

(i1) 1s proved in the same way as Theorem (1.8). One only
has tc use the annuloid domains and Lemma (3.2) in-
stead of Lemma (1.7). We remark that (3.2} is needed
to extend L to a neighbourhood of 2.

(iii) is deduced from (ii) exactly as (ii) from (i).

(iv) If 8(x) = |x-y| apply Lemma (3.1) to G(-,y) in the

ball B, (x) and use (ii). If |x-y|< &(x) apply
'2'5 {(x)
Lemma (3.1) in B1 (x) and use (1i).
3 | %~y |

(v) The proof is exactly the same as for (iv) the only
difference being that one uses (iii) instead of (ii)
and (ii) instead of (i).

(vi) We first note that for fixed x€& & VXG(x,-) is a
solution of Lu = 0 in &~ {x}. Now (vi) follows from
(iv) and (v) as {iv) was implied by (i) and (ii).
The theorem is proved.

We shall now consider the Green function in more special

situations which are useful for applications.

(3.4) Theorem
Let R be convex and suppose that L satisfies (1.1}, (1.2).

Denote by G the corresponding Green function.
(i) Phere is a constant K(n,u,\) >0 and a number
O<a{n,u,\) <1 such that for any x1,x2,yEZ9

2=n=-a

¢ Exi~yl .

M

(3.14) 'G(X1,y)-G(X2,y)|iEK[X1—X2 1

i

(ii) If L additionally satisfies (3.1)=(3.3) the constants
Zmn {(i1), (iii) of Theorem (3.3) depend only on nu,h,o,
while the comnstants in (iv)-{(vi) of Theorem (3.3) also

depend on diam Q.
Proof of Theorem {3.4)

If @ is convex one may take a cone {(a ball) of arbitrary

height (diameter) and arbitrary opening angle. A careful

334



GRUTER~-WIDMAN 33

inspection of the proofs of Theorem (1.8), (1.9) and (3.3)

then implies the statements of Theorem (3.4).

In the following theorem we prove HElder-continuity of the
gradient of the Green function using a method of

Campanato {1].

(3.5) Theorem

(i) Let R >0 and DR*(O) := {x € R" : |x| <R*, x>0} and
suppose L satisfies (1.1), (1.2). Assume that the
coefficients of L are Hilder continuous with exponent

ij o . N .
a € {0,1) and denote by [a ]O;G,DP* the Hoélder—semi

norm.
If XqsX, €Dpx NBpx__, O<T= R*/2 then for all yE€ Dy
-n-—-a

2
* I oy 1
(3.15) | VXG(x1,y)-v XG(xz,y)leK Ix1 xz! ii}lxi VAl B

® _ g% ij _ i3 _ *0 %
where K K¥{n,u,2,a,la }O,G:DR*'[a }o,cc,DR*R fRY/TY.

(ii} If & has a C1’a—boundary and L Zs as in (i) we have
for any XT,Xz,yéiQ the estimate {(3.15) with
K* = K*(n,p,,x,a,[al]]o’arﬁ,diam ®,3%) .

Proof of Theorem (3.5)
We shall only give the proof of (i), because it contains
the essential arguments needed for the proof of (ii),
c.f. [11.
Assume w.l.o.q. iy-x1| fly—xzi and set

5R v=min{ly—x2I,T}, u(z) :=G{z,y).
Let us first consider the case Ix1—x212 R. Then (iv) of
Theorem (3.3} (denote the constant by KT) yields

1_ —
IVu(x1)—Vu(x2)I55K1(|x1—y| n+|x2—yl1 n) <
a 2 1=-n=—
= Kylxyyi® T ogx-yl TR <
i=1
a a 2 1-n=-qa
< K15 ix1-x2l 151 lxi—yi
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if Iy~x2| <T. If TIS|Y—X2| we get the estimate

2
Iva(x,)-vu(x,) | =K, (2R*-7)% T Ix, -y "7 <
2 1 1=1 i
a ZR Ty a 2 1-n-a
= Ky 57(—~-1) "1 1 X2| iz lxi~y| .

Let now be |x1—le <R. We are going to prove H6lder-conti-
nuity of vu on DR*r}BR(Xz)‘ .
Consider X, € DR* N BR(xz) and o <§

If BR/Z(XO)(:D + we proceed as follows.

R
By {(iv) of Theorem (3.3) we get

n/2 1-n
(3.16) Hvull 5 < cfg o sup fz=vy| <
L (Bc(xo)) z € BG(XO)

= CK.‘ o"n/2 R‘l_n '

because =z EBo(Xo) implies lz-y!| = 5R-—R-c>% R.
Here and in the sequel c denotes a constant depending only
on n,u,h and sometimes on ao. Let v be the solution of the

Dirichlet problem

- ij -
Dj[a (xo)Div] 0 on Bc(xo),
81
v-u € H2 (BO(XO)) .

Then we have, c¢.f. [1], for O<t«1

[ w2 et | qovi?
Btc(xo) Bc(xo)
and
S+1
(3.17) lov=(vv) N, <ct o= (vv)_| 2
(B, (%) (By(x )

where ( )p denotes the mean value over Bp(xO)IWDR*.
Using the Holder-continuity of the coefflc1ents

(A "“sup[aJ] B« ) we get for w:=u- vEIl(B ()
i, 3 18 Vg
(3.18) owl < ¢ A o vull 5 =
L (B, (x) L (B, (x))
D,
< cag, o2 gD,
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(3.17) and (3.18) imply for O<t<1

;1'2%+1 %—l—a
HVu—(Vu)tOH 5 = Ct [|[va~- (Vu)GH 2 +Bo” ,
L% (B, (%) L (B (%)
where we have set B :=CK1 AR1_n .
Defining B=E+a, vy=241 and ¢ (p) :=p_‘3||Vu—(Vu) Il
2 2 p'. 2
L7 (B, (x,)
we have shown for 05—123 , O<t<1

tB ¢ (to) = CtY(D(G) +B.
An elementary but important lemma, c.f. [1],then implies
¢p(to) = Co (o) + C(C,a)B.

Setting o=R/2, p:=toc we get using (3.16)

%+(1 —(%+a)
cp” {R [vu- (vu) f

2 r/2"_ 2

L™ (B, (x,)) L (Bg /1 ()

tA

Iva=(va) |

+ Ky A r1™

g - (—§+a) 1-2

2 IR CK,R 2+K, AR T}

(3.19) 1 ]

A

Cp

n
=+a
a

c Ry {1 +aRrY}RITTG 02

A

If on the other hand p = R/2 we get again by (3.16)

92—+a - (2+a)
lve=(va) Il , = 0" vl
L™ (B o (Xo)nBR(XZ)nDR*) L (BR (X2))

(3.20) n n n n
=+ta 1-5 = (35+a) o =ta
< p? CK1R2R2 = Ccg, R PTC L2

Eet us 1;1ow trIef11: the case BR/Z(Xo) d:DR* and introduce

X, = (xo,...,xO ,0). If oo, = xg< R/2 we proceed as
above and get for p< o,
%+a —(121-+q.)
I7u=(va) Il = Cp {o [vu-(vu) _ |
L°(B_(x_)) © % L°(B_ (x)
(3.21) p° 1-n % ©
+ K1 AR }.
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< « X
If o 0= R/2 we have Bc (xo) n DR*C ch(xo) o DR*'

As in (3.16) we get for any o = R/2

n

3 _1-n
{(3.22) vull 5 < CK, {20)° R R
L (DZO‘(XO))

because z € D20(3ZO) implies lz-yl| = 5R/2.
Let v be the solution of -D. {al3 (X yD, v} =0 onD2 (x N

w'—u-VEH (D2 (XC}) For v we have the estimates, c. f. [11,
for O<t<1,

)n+2a,

n-1 n-1

(3.23) x | Ipvi? =c €™ 5 ] Ibvi?
£=1 Dy o0y &) =1 D, (%)

(3.24) [ b vi?=c ¢ | BICIES
Dy (20) &) Doy )

(3.25) [ ID_v-(D_v) 2<c &2 [ pv-ow, 2.
D &) t{?.c) D. (%) n n ‘20
t(20) 2070

For w we get as in (3.18)

(3.26) [ w2 = ca? &2 o™ 207
DZO'(XO)

Now (3.23) and (3.26) imply for C<t<1
n—1 n-1 .

(3.27) s { Ipwi?=ce™ 5 [ {D&ulz-i—B(zc)mza,
€=1 D¢ (30)&) =1 Dy &)

where B= C A Kf g2 (1-1)

Because of (3.'25) and (3.26) we get for O<t<l

(3.28) J ID_u~(0_u), 0% = o2 J ID - (0w, ) +B(20

Dt (20) r520)

where we may take the same B as in (3.27).
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-3 n-1
If B:=n+2a, v:=n+2, ¢(p) :=p B T L_ lDEuI2 and
£=1 D (x)
p o
\|f(p):=p_B J ID u-—(Dnu)pI2 we have shown, O<t<1, o<R/2,
D (X))
o "o

t? p(t(20) = ¢ 0(20) +B

1A

and P y(t2on = ¢ y(20) +B.

From this we conclude as above
9(t(20) = C ¢(20) + C B

and an analogous inequality for V.

Setting ¢ = R/2, 2p := t(20) we get from this

n-1
2 2
I qu-(Vu)2p| = ei I ID@ul +

’l —_
D2p(xo)

DZp(XO)

2
5 {§ ;Dnu (Dnu)zp[ <
2p 70

n+2a - (n+2a) I IVu|2~+B } =

DR(XO)

(3.29)

tA

C(2p) {R

2 n+2a
o

—(n+2a)RnR2(1—n)
1

< CK {R +A2R2(1—n)}=

cxf (1+2%R%% 1R

2{(1-n-a) n+2a
o

If pZOO we have Bp(xo)ﬂDR*c:sz(xo) and (3.29) yields

(3.30) lva-(vw) i, = CK, (1+aR% R DO N/ 240
L (Bp(xo)nDR*)

Together with (3.21) this implies (3.30) for any O<p<R/2.
Now (3.19), (3.20) and (3.30) imply, c.f. [11,

n-—-a

(3.31) [vul < CK, {144 R% 1 Rr'” )

o,a,BR(xz)nDR*
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Thus we may conclude

(3.32) ITu(x,) - vu(x.) | =CK, { 1+ AR% }R'P %% —x 1
1 2 1 17%
2
If 5R=lx,-y! we get R' " "%sc ¥ Ix,~y1"™®7% , R%sc(2R*-m)%;
i=1
if 5R=t we get R¥=ct® , R D T0oc 1T 409
2
S x.-yl RS s (opkog) 1TDTE
. 1
i=1
Altogether we get (3.15) with
K* = CK, { 1+ AR+ } (2R*/7-1) P 1FE

where K1 may be estimated by K1§C(n,p,x,a,A,AR*a)

and C=C(n,pu,\,a).
This finishes the proof.
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