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1. Introduction and Results

Consider the Schrddinger operator H:=H,+ V;+V, in the Hilbert space #:
=I*(R"), nelN where H,:=(—4)} CY(R") and V; and V, are real-valued func-
tions, satisfying the following assumptions:

Let NeNN, then

) {<x>N Vs(H,+1)? is bounded for some 6€[0,3)
Vs =o(lxl),  |x[— 00
and
Ve C(N+2+ [%])(]R”) such that
(L) {1D*V(x)|<c (x>~ I=¢  for >0,
suitable ¢, and any multiindex a with || SN +1.

Note that above we used the notation {x) for the Sobolev weight (14 |x|?)*
and for the associated self-adjoint multiplication operator. (We will use it in
this way throughout the paper).

Note also, that H is a self-adjoint operator in # with domain the Sobolev
space D(H)=4,(IR").

Let ye C*(R) with y()=0if A<4, and y(A)=1 if 1=24, for 1,>0 suitably
large. We are interested in the time evolution

ot):=e "My(H)p for teR, Ppeit;

which is the (Hilbert space)-solution of the Schriodinger equation

d
—i— dO=H(), 1R,  $(0)=x(H)peD(H)
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By the Kato-Agmon-Simon Theorem (cf. [19], Theorem XIII.58), H has no
positive eigenvalues, and it is also known (cf. Cycon [5], Mourre [14] or
Perry-Sigal-Simon [17]) that H has no singular continuous spectrum. Hence,
for any A,>0 and any ¢el*(R") y(H)¢ lies in the absolutely continuous
spectral subspace for H.

Hence y(H)¢ should be a scattering state, and one expects that it leaves
every bounded region of R" eventually for t— 4 oo (see [2]).

This can be quantitatevely expressed as the time-decay of the “local-

ized” time evolution i.e. for s>0 there exists a decay rate o> 0 such that

I<x> e ™ y(H)p| < CA+[t)7*[<x)°@,  teR. (1.1)

Intuitively, it is clear that the decay-rate o depends on the “smoothness” of the
potential (besides depending on the “localization weight” {x)>~*).

The aim of this paper is to prove a more precise quantitative statement of
this kind, i.e. we will show

Theorem 1. Let NeN, N23 and H:=H,+ Vs+V,, where Vg and V, satisfy the
assumption (S) and (L) respectively. Let ye C*(R) as above for suitably large
Ao>0. Then

1<x> e My (H)x) | £ C(L+[e)) 7w (12)
for any se€[0, N1, teR and a suitable constant C>0.

Remarks. 1. While the operator {x>~* on the L.H.S. of e™"# in (1.2) can be
understood as a “localization weight”, the operator (x>~° on the other side
has for its range those states which are concentrated near the center at time
zZero.

2. We make the assumption that 1, is large for technical convenience.
Actually by combining Theorem 1 with results of Jensen et al. [9] we can treat
the case of ye C*(R), supp y =(4,, o) for any 4,>0.

3. Theorem 1 implies that if one increases the smoothness of the potential
(i.e. if one increases N), then the time-decay can be more and more increased
(by increasing s) and one approaches more and more the best possible result of
this type, i.e. )

I<xy—se ™ s < CA+ ey~

which is known for the free Hamiltonian H,.

Local time-decay of scattering states for Schrodinger operators with short-
range potentials has been discussed by many authors, see for example [18, 7, 8,
15]. The long-range case seems to have not been considered until recently (see
however [4]). There is also a paper by Kitada [11] which contains a result
very similar to our Theorem 1 above. In fact our paper was stimulated by [11]
but has a more general result than [117]. However, while Kitada employs quite
an involved Fourier integral operator machinery, we use a completely different
method. a

The basic idea in our paper consists in proving some estimates for certain
powers of the resolvent of H near the real axis and then transforming them
into estimates for e~**# by Cauchy’s integral formula.
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We obtain these estimates by following a strategy which goes back to
Mourre [13, 14], i.e., one rotates the essential spectrum of H (and thus also the
essential spectrum of the resolvent) away from the real axis by a “complex
dilation” in order to find a differential inequality for certain powers of the
“dilated” resolvent in suitably weighted spaces. This differential inequality can
be solved by an iteration procedure which leads to the desired estimates.

We note that, besides using a finite order approximation of the usual
dilation family 6 —e =% He/, we use the modified generator

4:=3(x-G(p)+Glp)- )

instead of the usual dilation generator (x-p+p-x), where G(p) is like p near
zero and |G(p)|=1 for |p|=1, for suitable Z,>0. This modified 4 has the
advantage that it is bounded in the p-variable. This will be used explicitly in
the derivation of the differential inequality. The “approximate dilated” Hamil-
tonian we use in this paper (compare [9] for a similar technique) is defined as

N (-—i@)k
H(@):=HL+IZ:1 0

[Hy,i4]®

where 0 is real, H;:=H,+V, and [H,,iA]® is the closure of the (k)-th
commutator [...[[H,iA],iA],...iA] (initially defined as forms on S(R")
N, e’

(k-times)

x S(R™), the C®-functions of rapid decrease).

We should mention that H(0) has as essential spectrum a line which starts
at 0 with an angle —20 (like the usual dilated Hamiltonian [19]) and ends up
to be the lower part of a paraboly in the complex plane (see Fig. 1)

 Gags (H(O)

Fig. 1

This shape of o, (H(9)) should be kept in mind if one looks at the (crucial)
a priori estimate in Lemma 2.3.

The paper is organized as follows. In Sect. 2 we derive the basic estimates
which lead to the main estimates for certain powers of the resolvent for the
long-range case. Sect. 3 contains a short-range perturbation of the main es-
timates and in Sect. 4 we prove Theorem 1. The appendix in Sect. 5 is a
collection of results for pseudo-differential operators which we add for the
convenience of the reader.

One of us (H.C) would like to thank R. Wiist and R. Seiler for many
enlightening discussions.
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We should note that after finishing the manuscript we learned that
I.M. Sigal has used a very similar modified dilatation generator for to discuss
resonances [21].

2. Some Estimates for the Long-Range Hamiltonian

We first define the “modified” dilation generator mentioned in the introduc-
tion. Let 4,>0 and define

[y S

gt):=c) 2s)ds, 120 2.1)

where
Lo exp{—(s—/1y)"2—s"2} for s<1,
89=10 for s>1,
and

ci= [10 g(s)ds] #1.

g(t) is a C®-function with a zero of infinite order at t=0, g(f)=1 for t= 1, and
g'(t) has a zero of infinite order at r=4,. If we now set

G(&):=g(ED(EIEI™),  LeR”

we can define a symmetric operator 4 on S(R") by
A:=(x-G(P)+G(p)-x), p:=—il,. (2.2)

The construction of G guarantees that A is a pseudodifferential operator with
AeOPS(O, {1 —i},.0)-

Moreover by the commutator Theorem of [20, Theorem X.36] with N = x?
+1, A is essentially self-adjoint on S(IR”) and has a unique self-adjoint re-
alization on L*(R") which we also denote by A.

Now let ¥, satisfy the hypotheses of Theorem 1 and let H,:=H,+ V.

For kelN, denote by B, the commutator

[H,,id] on S(R"x S(R"),

and by B, the commutator [B, ,,iA]. The B, extend to bounded operators
from D(H,) to I*(R" for 1Sk<N+1 by the hypotheses on ¥ and the explicit
calculations we make below. We also use the notation [H,,i4]® and
[V,,i4]% to denote the k-fold commutator of id with H, and V respectively.
For NeN, N =2, we define the “dilated” Hamiltonian and its resolvent by
N o(—ib) TR
H(@)._HLJFIE1 o Be ee[ e 2]

G(0,2):=(H(O)—2)~", (2.3)

{the estimates we make below show that G(f,z2) exists and is analytic in 0 for
the z we want to discuss).
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Remark 2.1. An easy calculation shows that
[Ho, iA]1V=2H} g(Hp)=": f(H,) (2.4)

and all higher commutators are bounded functions of H,. Using Corollary 4,
and A, in the appendix one also sees that

[V, iAI¥€OPS(~k, {—e—i}\_,)

and are therefore compact operators. Thus, H(6) is an analytic family of type
(4) in the sense of Kato [10].

Now we prove a technical lemma which will be useful in the following. The
proof uses an idea due to Enss [6].

Lemma 2.2. Let g be as in equation (2.1) and

2.3 g(A?) for 120

1 1 2:5
—2|AFg(A)}) for A<O. @3)

m)=={

Then f(H;)— f(H,) is a bounded operator.

Proof. Let h(A):=A""* f(A). Then he C*(R), and vanishes at oo like O{4A~%). We
remark that some of the following calculations are formal only. They can be
rigorously justified however by assuming that he C¥ and then by an approxi-
mation argument. We have

f(HL)“f(Ho)ZHLh(HL)_Hoh(Ho)
=Ho{h(H)—h(H,)} + V,h(H).

The last term in the second equality is bounded.
To show that the first term is also bounded we expand it by Duhamel’s
formula:

Ho{h(H;)—h(H,)} =H0£dseiH°ss . E(S)% {eHospiHlLs 1}

=Ho(—i)[dse TR (s)V, (2.6)
o~ 108 . .
Ho(—i)[dseosh'(s) 5 fds (e Hos1 Y, gHrst 1), 2.7
o]
The term (2.6) is equal to
HO h/(HO) VL

and therefore bounded. Thus we have to show that (2.7) is bounded. Using the
identity J
H,etos= —j Is e'Hos (2.8)

we can write (2.7) after a partial integration as

s

. d\ (~ 135 = . )
fdsettos (i d?) {h’(s) < ds, i ds,e” ™oV, H, —H, VL)e’HLSZ}. (2.9)
[



130 H.L. Cycon and P.A. Perry

Since the term in ( )-brackets is not bounded, we insert (H,+1)(H,+1)~"' into
(2.9), then use (2.8) and partial integration again.
Then we get for (2.9)

d d s
[dsetfos (1+d ) (z a){ s)— jdsl jds2 —iHosz B eLHLSZ} (2.10)

where
By:=(Hy+1)"Y(V,H,—H,V,)

is a bounded operator.
A 1 5 51 . -
If we denote h,:=h" and fl(s)::g [ds; {ds,e "Hos2B &M we have for the
o 0
integrand of (2.10)

d d
(15 ) (7 ) O SN =0, £ £ B fy 2 £y b £

Thus (2.10) consist of 5 integrals.

Since sh; and h, are in L'(R) and — fl(s) and f{(s) are bounded functions, it
18 clear that

Ifdseosithy fi+hy [l Sc. (2.11)
Now consider the third integral in (2.10)
Jdsee*hy 1,
iHgs d2 1 : —iHgs iHy s
=[dse S(ds h(s))?fds [ ds,e-iosz B oifrsn (2.12)
0

. dZ A~ 3 s1 52 .
={dse'fos s (@ R (s ) fds1 f ds, f dsye™Hoss B, ¢tHrss  (213)

. > -
+ fdsefoss (Es_z h'($)> B, (2.14)

where
B,:=B,H,—H,B,

is also a bounded operator.

1 % : ; ) .
Thus — sdsl {ds, fdsye#ossB,efess  is bounded and  since
0 0

d?
58 (d S B(s )) is in L'(R), (2.13) is bounded. Note that

d? d , - s g
s ()_(Et S )) (5)=Q2eH +h*h") (s)
and therefore we have
; az .
fdsettoss (F h’(s)> =2H,h'(H)+H5h'(H,)

which is also bounded.
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Therefore (2.14) and thus (2.12) is bounded.
By similar arguments one sees that the last two integrals in (2.10)

[dseos @, fi+h, f7)

are also bounded. Thus we can conclude that (2.7) is a bounded operator and
this proves the lemma. [

Now we can prove some estimates for G(6, z).
The first is an a priori estimate.

Lemma 23. Let z:=A+in; n,4>0; 6¢(0,1); 6€[0,3) and G(b,z) as in (2.3). Then
there exist A, >0 and c¢>0 such that

(Ho+1PG(0,2)| <c0-13-G=  for A27,. (2.15)
Proof. Let /,>0, g and f as in (2.1) and Lemma 2.2 and denote
H©):=H, —i0f(H)).

Let G(6,z):=(H(6)—z)" ",
X(8):=H(0)—H(®)

and suppose that we can prove that for a suitable 1, >0
[(Ho+1Y° GO, 2)]| Sch~ 146G (2.16)
IX(0)G0,2)| =3 2.17)

for Az 4,, 8€(0,1), 6e(0,%).
Then by the identity
G(0,2)=G(6,2)(1 - X(6)G(6,2))~*

the required estimate holds. Thus we need only check (2.16) and (2.17). To
check (2.16) we observe that, choosing ¢>0 so that H;, +¢>0 we need only
bound |[(H,+c)’G(6,2)] since (H,+1P(H,+c)° is a bounded operator for
0e[0,1] (with bound uniform in §). But writing z=A-+in we have by the
functional calculus

I(Hy+ ey (H(@O)—2)~*
= sup (x+cf|(x—A)+if f(x)+in|*

xea(Hy)

<sup(x+c)[(x — )2+ 62 £2(x)]*. (2.18)

Now choose ; =2/,. For to estimate
F(x,A)i=(x+cf’[(x— 4>+ 0 f2(x)]"%, for A=1,, xeR

we consider 3 cases.
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Case 1. Let xe[%, %/1] and 1= 4].

Then, since f(x)=x? for x=1,, we have

L
2

3 T A ~176—%
Fle )< (fi—i—c) [9 —] <c, f-1j0
2 2
for ¢, >0 suitably.
Case 2. Let x=3 ). Then we have
Fo, )< (x+0P(x—A) ' <, 20 !

for ¢, >0 suitably.

Case 3. Let x<% 4. Then we have

yi Srii-1
F(x,/l)é (§+C) I:E:I §C3l‘s~1

for ¢, >0 suitably.
From (2.18)-(2.21) we conclude that

[(H,+¢)G(0,2)| £max{c, 0~ 2>~ % (c, +¢c;)2°~ 1}

which gives (2.16) for suitably large 1,.
To check (2.17), we note that

X(0)=i0Lf (H. )~ f(Ho)]-0Y(0)

where
N k-1
Y(0):= Y ,-(_& [V,,iA]®
k=1 k
N i1
+ Z i (_l_)~__ [HOs iA](k)
k=2 k!

(2.19)

(2.20)

2.21)

(2.22)

(2.23)

is bounded uniformly in fe (0, g) by Remark 2.1. Since also f(H,)—f(H,) is

bounded by Lemma 2.2, we have, using (2.16), that
IXO)(HEO)~2) | ScA *<5

for A= 4, and some suitable 2, >0.

2.24)

Choosing 4,:=max {1}, 4,}, we get (2.17), and hence the desired bound. [

The next lemma is closely related to the so-called Mourre-type estimate

[14, 177.

Lemma 2.4. Let 6€(0,1), z:=A+in and H(0) as in (2.3). Then there exist p,>0

and ¢ >0 such that

1
6

~E, % {(HO)—2)—(H(O)—2)*} E,2cE, (for p=p,)

(2.25)
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holds, in the sense of quadratic forms, where E ;= (p L) is the spectral projector
of H, on (p, ).

Proof. Note that for g, f as in Lemma 2.2, we have (2.4). Then

5 {(H(B) —2)—(H(0)—2)*} =0 f (Ho)+0[V;, i4]V

" Z CF (1, 1409 40200501+ BO)
where
BO) =(F(Ho)~ F(H)+ 1410+ T 1, iage
k:(:(d%)N

Note, that from Lemma 2.2 and Remark 2.1 we know, that B(f) is a bounded
operator (uniformly in 8¢[0,1]). Thus we can estimate (as quadratic forms), if
we choose p,>0 suitably large

E, 5 {(H()—2)— (H(0)—2)*) E, 2 0F, {f (H}) ~ ¢},

26EpH%{g(HL)_p*%cl}Ep
20E,H}c,E,, for p=zp, and suitable c,, c,>0.

Thus, since E,Hj 2 p*E, we have
i s
EPE{(H(@)—Z)—{H(G)—z)*}Epg&:Ep, for c:=c,p}

and this is the desired estimate (2.25). [

Using (2.25) we can show a resolvent estimate which is closely related to
Mourre’s “quadratic estimate” [14].

Lemma 2.5. Let z:=A+in and H(B), G(0,z) as in (2.3). Then there exist 1,>0,
¢>0 and 8,>0 such that

1G(0, 2)<x>~ H 20 F{Kx> 1 G(0,2){x> ™ F = (A~ 2,)" %} (2.26)
Sfor A> A, and 0€(0,0,).
Proof. Let ¢peA, p>0, E 1= EHL y as in Lemma 2.4. Then with G:=G(6, z)

(p, 00

IG<x>~1dI? =((x) 71 4, G*GLx)~ 1 ¢)
=(x>71$, G*E,G{x> 7 ) +((x) 1, GH(L—E )G{x)™ ' ¢).  (227)

Note, that for A>1},:=p we have for a suitable ¢>0 and f as in Lemma 2.2

1G*(1—E )G S M1 -E)GI*=c(A—45) 2, (2.28)
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since, by (2.17),

I(1—E)G|=I(1—-E)HO) -2~ "[1+X(O)HEO) -2~ "1
Scll—E)H, —i0f(H)—2)" |
Zcsup|x—if f(x)—A—in|~*

Sclo— A" Se(h—ip) " - (29)

Furthermore, we have by Lemma 2.4,

(71, GFE,G{xy é)ég ()™, G*{(H(O)—2)— (H(O) —2)*} G<{x) ™1 )

+§(<x>-1¢, (B, +B,+B3){(x>"'¢) (2.30)

where we used E,=1—(1—E)) and
B :=G*(1—E){(H(0)-2)—(H@O)-2)*}(1-E )G
B,:=G*(1—E ){(H(0)—2)—(H(0)—2)*} G
B;y:=G*{(H(0)—2)—(H(0)—2)*}(1-E,)G.
By arguments similar to those in (2.29) we can see that
|B,+B,+B;l|<c(A—4)~ 1, for A>1; and A;>0suitably. (2.31)
Inserting (2.28), (2.30) and (2.31) into (2.27) one obtains for 1,:=max{2,, 15}

16O 12 =5 {1 GGy I+ (=291, (232)

for 1> 4, and this gives (2.26). [
We can now prove the main resolvent estimates for the long-range case.
Theorem 2.6, Let k,NeN, #>0 and H :=H,+V, as above. Then there exist
A3>0, ¢>0 and &, >0 such that
k-1
IKx>=M(Hy—A—in) *xp~N|Sc(h—245)" 2 7" for1SkEN, (2.33)

and k—1

K> MHo+ P (H~ =iy ¥y M e 2 " (2.34)

for N22, 1£k=<N—1, 6e[0,3) and 1< i;.
Proof. Let A, G:=G(0,z2) be as in (2.2), (2.3) and k, NeN, §¢[0,%). Then a direct
calculation shows

iG:[iA,G]—(_m)N

i i GLH, 14106, (2.35)

Now, denote
Fi={x) " NMHy+1YG*(x)>~N
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Then we have
4 d —N or s k N
F :=d—0F=<x> (Hy+ 1[4, GF1<x>~

(—i6)"
N!

x> N(H+1) i (G'[H,, iAW+ DG 1) (xy =N
j=1

and we can estimate for a suitable ¢>0 (note that [H,,i4]® is bounded for
k=2)
IF" | Se{l<xd M (H o+ 1P AH o +1) 2™ I~ D(H +1)° G (x> |
H )TN H+ 1P G~ D™V A GV
+OV| )~ HH+ PG G PG~ (2.36)
Since x> N(H,+1PAH,+1P<{xP¥ 1 and (xPV-'A4(x)~" are pseudodiffer-
ential operators in the class OPS(0,{—i}2,), they are bounded (see
Theorem A3, Appendix). Note that this is the technical reason for our choice

of 4 in (2.2).
Furthermore, by an interpolation argument we can split

1
IKx) =N =D (H + 1 G~V S I(Ho +1° G*xy NIV F| o (2.37)

and
1

H<X>‘N(Ho+1)5Gk<X>“N‘1)1IéH<x>’N(Ho+1)‘5G"HEHF\I1_%- (2.38)
Inserting (2.37) and (2.38) into (2.36), one gets for a suitable ¢
LF | S efl(Hy + 1 G*xy [N+ |Gy~ (Ho+ 1P GH} | F] '
+eON ) HH+ 1P GG 1G] (2.39)
Now we consider three cases:
Case 1. Let §=0, k=N =1, then with

Fa=(xp~ Gyt
we get from (2.39)

IFISc(iGx>~ [ +0]<{x>~1G|?).
Now by Lemma 2.5 (2.26) and (2.32) we get the differential inequality
IE | Sc{0-* (I 1F +(A—2,) )+ IR | +(A—4,) 4.

Inserting the a priori estimate (2.15) from Lemma 2.3 (for § =0), integrating and
inserting again we obtain

IF | Sc(A—243)"%  for A>A;:=max{l,1,}. (2.40)

This implies (2.33) for k=N=1 and & =4 Note that (2.40) and (2.26) in
Lemma 2.5 gives
_1

NG<x>1I<cO % (A—13) 15, for suitable ¢>0. (2.41)
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Case 2. Let 0=0, N<2, 1£k<N. Denote

Fi={x> " NG{x)>—N.
Then we get from (2.39)

k—1 1 1
IBI<c{IGI ™ (GG NIE | ¥+0V| G~ 1[G (x> 12}
Thus by (2.15) and (2.41) we obtain the differential inequality

-t

1B {0 37— Ay F |0V 4 (-4~ (2.42)
k—1

for 82==T+E and A>A;:=max {4, A,}. Starting with the a priori estimate

k
IF, | <c0-%A"3  for >/,

which follows from (2.15) in Lemma 2.3, we can iterate (2.42) and obtain after a

finite numver of steps
k—1

IRl <c(i-2y) 2 7"

for a suitable &, > 0. This implies (2.33) for ISk<N, N=2.
Case 3. Let 6€[0,}), N>2, 1 <k<N—1. Denote
5= N H +1)P° Gy,

Then we get from (2.39) and Lemma 2.3 (2.15) the differential inequality

1 £3 1
IF| Sc{0 NN RN +A7), for A,

k . . S
and 83:=5—5. Now starting with the a priori estimate

IF 5l sc*a—*
which follows also from (2.15), one gets by a similar iteration as above

k
[ Fyll Sca™27* for £>0,

which implies (2.34) for suitable ¢;. []

3. The Short-Range Perturbation

We will prove now an analog of the main resolvent estimate (2.33) for the
whole Hamiltonian H=H,+7V;. In order to do this we need a technical
lemma.

Lemma 3.1. Let N=2, 1Zk=N—1, n>0 and V5 as in Theorem 1. Let ¢, >0 and
A3>0 as in Theorem 2.6. Then there exists a ¢ >0 such that

k—1

IO Ve(Hy—A—in) (x> V| Se(h—A5)" 2 % for A>4;.  (3.1)
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Proof. Let R>1 and ype CP(1R) such that

Lo x|<R

w10 i 2R,

Denote R;:=(H,—A—in)~'. Then

ION VSR ™M S I g Vs(Hg + D)7 GOV IKxD =N (Hg + 1P RE(x> Y]
+ 12V Vs(1 = >N RECD ™M)

Since by assumption (S) and Theorem A4,

<N r Vs(H o+ 1) 70 COMI S G0 M g 1 Vs(Ho +1)7°

I(Ho+1° Gy VM(Ho+ 1)V =,

we obtain (using Theorem 2.6 and assumption (S)) for a suitable ¢ and R
suitably large

[N VREG M e (-2 (427650

and this gives (3.1). OO
The next Theorem asserts the central estimate in this paper. It is proved by
an induction argument similar to one used by Jensen and Kato [8].

Theorem 3.2. Let NeN, N=2, >0 and H=H,+ V;+V; as in Theorem I and
e, >0 as in Theorem 2.6. Then there exist 1,>0 and ¢>0 such that
N-1

[y M H— =iy G Seli-a) T2 for >4, (32)

Proof. Let z:=J1+in, H;:=Hy,+V,. Denote R,:=(H, —z)' and R:=(H
—z)~ 1. Then, if we differentiate the resolvent identity

R, =R(1+VWR})
{N —1)-times with respect to A, we get

N—-1

RY=RY(1+VsR)+ ( .

)RN*II/SR,%+....
Using the identity
1—RVeg=(1+R, V)1,

we get (compare [8])
N —1pN N=1\ ,, N-1 —1
R"={1+R, Vg)" 'R} — ! R*VgR; ' — ... 3J(1—=V4R)™ . (3.3)

For N=2 we get by (3.3)

Gy RM) = {1+ () 2R Vo)~ ) T RO ™)
(L= VR, ey )
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By Lemma 3.1 we know that [[{x>>VsR {x>~ 2| <1if 4 is large enough.
Therefore using Theorem 2.6 (2.33) we obtain

[Kx>72RP(x) 72| Sc(A—A) " % for A>J,

and A, suitably large.

Now the assertion (3.2) follows by induction on N. Indeed, suppose it holds
for all k with 2<k<N—1 and consider a typical term in (3.3) (multiplied by
the weights <x>~ ™). Then we can estimate
1> =¥ R¥VERE 1= 0(1 = VgR) ™1 x>,

S Ky TV RFCD TV ION FeRMH =By =M (1 — GepV VR (x>~ M)~ ]

Nk,

_ _(u)‘gl. A—A _( ) 2
ScldA—4,) " 2 (A—24) for 1>,

and suitably large 4,.
The last inequality holds by the induction hypothesis and Lemma 3.1 and
since
<OV VgR, (x>~ V<1 for 4 large enough.

Thus we have
N-1
>V REVERY TR = VR )™ )| éC(l—/m)_(T)*“- (3.4)

The first term in (3.3} is exeptional but can be estimated in a way similar to
the others, if one uses Theorem 2.6 (2.33), by

N-—l)g51

1G> M1+ R V)T RIGH ™M Sc(A—40) "2 (3.5)

for A> 4, and A, suitably large.
Collecting all terms (3.4) and (3.5) one gets (3.2).

4. Proof of Theorem 1

We first prove a lemma which will be needed in the following.

Lemma 4.1. Let NeN, 1,>0, H=H,+V and ye C*(R) with x(A)=0if A=<,
and y(A)=11if A=22, as in Theorem 1. Then

GOV (H) N

is a bounded operator in .

Proof. Denote

B(a): =" (H+ /)" te . for aeR

1 ) 1
b4 (1—)“0> if e [0, E]

1 1
X(lo"z) if )ye(—oo,O)u(/l—,oo).
[¢]

and

F(A):=
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Note that ye CP(R) and a—B(x) is norm — C¥ (since V commutes with {x)
and w—e™® H,e "7 is an analytic family of type (4) [10]). Then ¥(B(x))
preserves D((x>") for aeR (see [16, Prop. A4]). Since %(B(0))=y(H), Lemma
4.1 follows by the closed graph theorem. [J

Now we reexpress e ' in terms of the resolvent of H and use the estimate
(3.2) in Theorem 3.2 to prove Theorem 1.

Proof (of Theorem 1). Let N=3, #>0 and y be as above. By Cauchy’s integral
formula and the functional calculus we have, for +t€(0, o0),

(N—1)!

e—itH?r;tX(H)z 2 g
Tl

(—ity~ =D [ die~H(H—AFin) Vy(H). (41)
R

We consider only the case t>0 in the following (the case t<0 can be treated
similarly by “dilating” the essential spectrum of H(6) into the positive half-
plane).

From (4.1) follows for suitabie ¢>0

1<y~ Ne= "oty (H)<xy =],
Sct= WV FdA GO NH = A—im) Ny (H) x| 4.2)

Let 1,>0. Then we split the R.H.S. of (4.2) into two parts

Ao
2 ©
ct= ™= T =ct®D [ L+ (4.3)
— Ao
2
The first integral I, is obviously bounded uniformly in » and I, can be
estimated by

Izéj[:di\l<X>‘N(H—i—in)‘N<X>”NH <N g (H)<xp> =M. (4.4)
7

The second factor of the integrand in (4.4) is bounded by Lemma 4.1 and if we
choose 1,:=441, (for 1,>0 as in Theorem 3.2) we obtain for suitable ¢>0

N—-1

© (=)= ! - Y-u
2 2
I;Zcf (/1—%9) <c (ZO) for &, >0 as in Theorem 3.2.

Ao

Thus I, and therefore the R.H.S. of (4.2) is also bounded uniformly in 7
and by taking limits in (4.2) we get

1>~ Ne My (H) > M e+~ 1, >0 (4.5)

for suitable ¢>0.
Now let se[0, N]. Then an interpolation argument shows that

s

[<x> e My (H)(x)~* | Sc(l+9)~""W  for t>0

and together with a similar estimate for £ <0 one gets (1.2). [
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5. Appendix. Some Facts About Pseudodifferential Operators

For the convenience of the reader, we collect some basic resuits on the classes
of pseudodifferential operators used here.

- We are using the notation of Agmon [1]. Some results are proved in
Taylor’s book [22] but we are mainly quoting from a thesis of Klein [12].

Definition. Let k,meN and {u(i)}¥_, be a non-increasing sequence of real
numbers. Then we define the symbol class ST, to consist of p(x,{)e CHR"
x IR") such that

ID2DEp(x, ) S, s Y™ PI ¢y

holds for x,éeR" multiindices o, f§ with |«f,]f|<k and suitable constants
Cp>0.

Definition 2. Let meN and {u(i)} as above. Then we define the class of
pseudodifferential operators

OPS(m, {u(1)})

to consist of operators p(x, D) defined by

p(, D) d(x):=[p(x, &) p(&)ede,  for peP(R")

and
'm
PESTwy

Then we have the symbolic calculus:

Theorem A,. Let m,,m,eN and {u,(*)}, {1,{*)} be non-increasing sequences.

Let
my ms
aeSpim,  beSGLwm

and AcOPS(m,, {u,(0)}) and BeOPS(m,, {u,(i)}) be the operators arising from
the symbols a and b respectively.
Then the operator AB is a pseudodifferential operator with

ABEOPS(m; +ms, {it;0)+1,(0)—i})
and the symbol a®b of AB has an expansion for any NelN

a@b= ) ﬁD’gaDib—{—rN(a, b)
lal <N O3
where the remainder ry(a,b) is a symbol
ry(a, D)eST i
with im:=m,+m,— N —|f| and

fili):= max {5, () + po(N+K)},  ieN.

j+k=i

For a proof, see [12].
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Corollary A,. Let aeSy} ;,, beSy2 ., and A and B the corresponding operators
respectively. Then we have for the commutator

[4, B]leOPS(m; +m, —1, {i1())})

f(i): = mf-x_ { )+ p(L+K), py (L) +ppk)), i€
Jk=i
One of the central problems in pseudodifferential operator theory is the I-
continuity. The first result of this type was shown by Calderon and Vaillan-
court, but the optimized version we are quoting here i due to Cordes [3].
Compare also [22,Ch. XIII].

Theorem A;. Let peSy,, such that

ID;DEp(x, Ol <c,y (Aq)

Jor (x,E)eR?*" and ||, |f1 < [—g} +1 and suitable c,;>0.

Then the associated operator is bounded, i.e.

Ip(x. D)l <csup {Culsl lod, 181 = [g] + 1}

where ¢ depends only on n.
We give also a useful

Corollary A, [22]. If peSy,, satisfies (4,) and
Ip(x, &) -0 as x|+ o0,
then P(x, D) is compact on [*(R™.
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