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Introduction

In the theory of matrices, several majorizations are known for the eigenvalues
and the singular values of matrices, which are useful in deriving various norm
inequalities for matrices. For each n x n matrix (resp. Hermitian matrix) 4, let
p(A)=(us(A), ..., u,(A)) (resp. A(A)=(1,(4),..., 1,(4))) be the vectors in IR”"
whose coordinates arc the singular values (resp. the eigenvalues) of 4 arranged

in decreasing order. For two vectors x=(x,, ..., «,) and y=(8,,..., 8,) in R”,
k k

the submajorization x<y means that ) o¥< ) B¥ for k=1,...,n, where
j=1 j=1
(af, ..., o5¥) and (BF, ..., B¥) are the decreasing rearrangements of x and y. The

n n
majorization x<y means that x<y and ) a;= ) f;. Then the following major-
j=1 j=1
izations are the most important in various respects:
(1°) If A and B are n x n Hermitian matrices, then

A(A)— A(B)<.(A— B)< A(A)—X(B)

where 1(B) is the increasing rearrangement of A(B). This is the famous Lidskii-
Wielandt theorem.
(2°) If A and B are any n x n matrices, then

[u(A)— pu(B)| < u(A— B).

The submajorization (2°) for singular values (and to some extent also (1°)
for eigenvalues) can be extended to the case of compact operators on a Hilbert
space. See [1, 11, 12, 19] for detailed expositions on majorizations for matrices
and compact operators. Furthermore analogous majorizations are known for
the decreasing rearrangements of measurable functions on a measure space (sec
[4, 10]).

Recently Fack and Kosaki [6] (also [5]) introduced the notion of generalized
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s-numbers for T-measurable operators affiliated with a semifinite von Neumann
algebra. This extends both the notion of singular values of compact operators
and that of rearrangements of measurable functions. Similarly the notion of
eigenvalues of matrices is extended to the case of selfadjoint t-measurable opera-
tors (see [7, 16]). The purpose of this paper is to establish the majorizations
as stated above in the general framework of semifinite von Neumann algebras
with a surprisingly simple proof.

In Sect. 1 of this paper, after giving the ‘definitions of the generalized s-
numbers and the spectral scales of t-measurable operators, we mention the
concepts of majorization and submajorization together with their several charac-
terizations. In Sect. 2, the L'-norm inequalities for the generalized s-numbers
and the spectral scales are established as preliminary lemmas. Finally in Sect. 3,
we prove the main results concerning majorizations for the generalized s-
numbers and the spectral scales by the real interpolation method (the K-method).
Some norm inequalities are derived from the main results.

1. Preliminaries

Throughout this paper, let .# be a semifinite von Neumann algebra on a Hilbert
space # with a faithful normal semifinite trace 7. A densely-defined closed
operator x affiliated with .# is said to be 1-measurable if, for each 6>0, there
exists a projection e in .# such that e c Z(x) and t(1—e)<d. Let .Z denote
the set of all T-measurable operators affiliated with .#, which becomes a complete
Hausdorff topological #-algebra equipped with the measure topology (see
[14,22]). For 1<p= o, IP(MH)=IF (M ;) is the noncommutative [P-space on
(A, 1), that is, L*(M)= . and, for 1 £p< oo, I’(.#) is the Banach space consist-
ing of all xe.Z with ||x|,=(x[?)"?<oo (see [14,18]). Let .47, (resp. .4 .)
denote the set of all selfadjoint (resp. positive selfadjoint) elements in .# . More-
over let & be the closure of L!(.#) in .4 in the measure topology.

For each selfadjoint operator x affiliated with .#, we denote by e;(x) the
spectral projection of x corresponding to an interval I in IR. Note that if x
is a densely-defined closed operator affiliated with .#, then x belongs to .#
if and only if Hm 1(ey, (|x]) =0. According to [5, 6], the generalized s-number

(singular value) y,(x), t>0, of xe.Z is defined by
(x)=inf {5 20: 1(es (| X)) S 1},
which is expressed also by
t(x)=1inf{||xe]|: eis a projection in .# with t(1 —e)<1}.

See [6] for detailed properties of generalized s-numbers y,(x). We denote simply
by u(x) the function t+—u,{x) on (0, co) into [0, o0}, which is non-increasing
and right-continuous.

When < is finite (i.e. (1)< o0) and xe.Z ,,, we define

Ax)=inf{seR: t(ey ) (X)=t},  te(0, (1)),
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and call it the spectral scale of x following Petz [16]. For each te(0, (1)), 4,(x)
admits the “min-max” expression:

A(x)=inf{ sup (x¢&, &)>:eisaprojectionin 4 with t(1—e)<t}.
EceH
Ief=1

The properties of 4,(x) are analogous to those of p,(x) (cf. [16], [7, Sect. 6]).
Obviously 1,(x)=p,(x), te(0,1(1)), when xe.Z ,. Also let /,(x)=—i(—x),
te(0, t(1), for xe.#,. It is easy to check that Z,(x)=2,4)—,—o(x) for all
te(0, t(1)). The function t—4,(x) (resp. t—4,(x)) on (0, z(1)) into IR is denoted
by A(x) (resp. A(x)), which is regarded as the decreasing (resp. increasing) rearran-
gement of “generalized eigenvalues” of x. The latter was first used by Murray
and von Neumann [13].

For later convenience, we here mention the following facts:

(1°) For each xe.#Z and 1<p< o0, xel?(#) if and only if u(x)el?(0, ),
and then ||x |, = [|u(x)] " (see [6, Lemma 2.5(i) and Corollary 2.8]).

(2°) For each xe# ,, (when 7(1)<o0) and 1<p< 0, xel?(#) if and only
if A(x)eL?(0, 7(1)), and then | x| ,= [ A(x)] .

In the above, I7(0, o) and LP(0, (1)) are the IP-spaces with respect to the
Lebesgue measure. As for (2°), the case p=oco is easy and the case 1<p<
follows from the next proposition which is seen as [16, Proposition 17].

Proposition 1.1. Assume t(1)<oc. If xedl,, and f is a real Borel function on

R, then
(1)

t(fO)= | fA()de
0

in the sense that if either side of the equality exists permitting + oo, then so
does the other and the two are equal.

Furthermore, according to [6, Propositign 3.2 and Remark 3.3] (see also
[7, Proposition 1.3]), an xe.# belongs to & if and only if lim p,(x)=0, and
[ o]

I7(#) is contained in & when 1<p<oo. If (1)< o, then &=.7 is the set
of all densely-defined closed operators affiliated with ..

When .# =B(#) the algebra of all bounded operators on 5 with the canoni-
cal trace, ./ =B(#) and & is the algebra of all compact operators on .
If x is a compact operator, then y,(x)=py, for all te[n—1,n), n=1, 2, ..., where
Hi{Z Uy = ... are the usual singular values of x.

When .# is commutative, that is, .4 =L*(Q2, m) and t(f)= | fdm where

o]

(@Q, m) is a semifinite (=localizable) measure space, .# consists of measurable
functions f on € such that f is bounded except on a set of finite measure.
Then u(f) is nothing but the decreasing rearrangement | f|* of | f|:

w(f)=1/1*O)=inf{s20: m({weQ: | f(w)|>s}) <1}

for all te(0, oc). If m(Q2)< oo and f is a real measurable function on Q, then
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2(f)=*@)=inf{seR: m({weQ: f(w)>s}) <t}

for all te(0, m(£2)). For the rearrangements of measurable functions, see [3]
for example.

Although this paper is concerned with (sub)majorizations of the functions
u(x) on (0, c0) and A(x) on (0, 7(1)), we now introduce the concepts of majoriza-
tion and submajorization in general setup. For x, e ,, x is said to be subma-

jorized by y (we write x=<y) if j,us(x)ds< j us(y)ds for all t>0, and x is said

to be majorized by y (we write x<y) if x<y and jus(x)ds—- f us(») ds, ie.

7(x)=1(y) (permlttmg the Value 00). When r(l)<oo these are extended to
x, yedl ., x<y if j)»s(x)ds< j As(y)ds for all te(0,7(1)), and x<y if x<y and

(1) (1)
| A(x)ds= j A (M ds, ie. 1(x)=1(y) (permitting + co). In the commutative
0 0
case, the (sub)majorization is sometimes called the (weak) spectral order of
Hardy, Littlewood and Pélya (see [3, 17]).

To clarify the meaning of majorization and submajorization, we present
their characterizations in the next two propositions (almost given in [7, Proposi-
tions 2.3 and 2.4]; see also [8]).

Proposition 1.2. For every x, ye./ ., the following conditions are equivalent :
1) x=<y;
(i) t(x—r))St(y—r)+) for all r>0;
(iil) t(f (X)) =7 (f(y) for all non-decreasing continuous convex function f on
[0, o) with f(0)=0;
iv) f(x)=<f(y) for all f as in (iii).

The above proposition is readily seen from [6, Lemma 2.5(iv)] and [17,
Theorems 2.2 and 3.1].

Proposition 1.3. Assume t(1)< 0. For every x, yel'(M)s, (the selfadjoint part
of L} ), the following conditions are equivalent :
(1) x<y;
(i) t(x)=1(y) and t((x—r);)St((y—7)4) for all reR;
(iil) t(|x—r)Zt(|y—r|) for all reR;
iv) t(f ()=t (f (y)) for all convex function f on R;
(V) f)=< f(y) for all f as in (iv).

Proof. The equivalence of (i), (ii) and (iv) follows from Proposition 1.1 and [3,
Theorems 1.6 and 2.5]. It is obvious that (v)=-(iv)=>(iii). (iv)=(v) follows from
the fact that if f is a convex function on R, then so is (f—r), for any relR.
Finally, since 2z, =|z|+z and
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+1(z)=lim t(r—|zFr|)

¥ 0

for every ze L!(M),,, (iii)=(ii) is obtained. []

2. Lemmas

In this section, we establish some lemmas on the generalized s-numbers pu(x)
and the spectral scales A(x) which will be used in the next section.

When t(1)< oo, we define a faithful normal finite trace £ on .4 Q@M, (M,
denotes the 2 x 2 matrix algebra) by

f([x“ le]):‘c(xll—i-xzz), [;z“ x”]e,/%@Mz.

X21 X22 21 X22

It is straightforward to see that (#®M,)~ =.#Z ®M,. The following lemma
is a very useful device which is well known in the case of matrices.

x¥

- 0
Lemma 2.1. Assume t(1)<o0. If xe.# and )éz[x 0

], then Xe( M QM) and

(), O<t<z(l),
—Maxy~1—0(x)  T()=t<27(1).

Ju(%) ={

. . . x 0
Proof. The first assertion is obvious. Since l)%lz[l OI |+ l], we get

oo L
R L Re o B
, 1 1x] —x*

so that

I

Y DR S BT
[0 —1]’”0 1

f(e(s, oo)(l )= f(e(s, m)(3€+) + e, oo)()e~)) = Q’f(e(s,oo)()e-F))

This shows that

for all s=0. Furthermore, since we have (e, (| X]))= T(e,«)(|x*[) by taking
the polar decomposition of x, it follows that

0
SO (Rt [) =2+t

€, oo)(‘ x*)

Hence t(es, o) (% +)) = T(€(s, 0y (| x])) for all s=0. Therefore, if 0 <t < (1), then
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L(R)=2A(X )= A% )= p.(x),
and if t(1) <t <21(1), then

A(X)=inf{s S0: t(e ) (XN St}
=inf{s<0: t(1—¢;_, ,,,(X_) =t}
= —sup {s20: t(ey (X)) =27(1)—¢}
= —llt(l)*t—o(ﬁ~)
==l y-1-0(x). O
Lemma 2.2. If t(1) < oo and x,ye LY M),,, then

AG) =AW = lx =yl 1.

The above L'-norm inequality was given in [16, Proposition 3] for x, ye.4,,.
But the proof remains valid for x, ye L' (.#),, in view of Proposition 1.1.

Though the following lemma is an immediate consequence of our main theo-
rem (see Corollary 3.3 in the next section), the theorem will be shown to follow
from this special case.

Lemma 2.3. (1) If x, ye.# and x—ye#, then

sup | 4, (%) — (M = 1 x = pll.

t>0
Q) If x, ye LM (), then

()= S lx—ylly-

Proof. (1) is readily verified from [6, Lemma 2.5@), (v)] as pointed out in the
proof of [6, Proposition 2.7].

(2) Let x, ye L*(4). When t(1)< o0, we take (#/®@M,, 1) as in Lemma 2.1.

0 x* 0 y*
let>2=[x x]andﬁ=[y yo].Then;%,f/eLl(ﬂ(@Mz)saand

0

By Lemmas 2.2 and 2.1, we have

21(1)

1=z | 14®-20)dt

0

(1)
=2 j. Lt () — e (v)| dit,
[¢]

implying the desired inequality.
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We next show the case t(1)=o0. Take the polar decomposition x=w]|x|
and define
X = €1 m, 00) (| X* ) X €(1n, 0y (| X 1),

yn:e(l/n,oo)(ly*|)ye(1/n,oo)(lyl)7 l’lgl
Since

[y —xf < ”e(l/n,ao)(IX* hwlx] e[O,l/n](lx’)Hl + He[O,l/n](IX* D x* wi,
s x| e[O,l/n](le)Hl + ”e[O,I/n](IX*I) [x*] 11,

we get ||x,—x|l; >0 and analogously |y,—y|; —0. Moreover it follows from
[6, Lemma 3.4] that p,(x,) — i, (x) and p,(y,) = u.(y) for all t>0. Now let

€ =€1/n, oo)(]xD V €(i/n, oo)(| x*)v €1/n, oo)(lyl) Vv e(l/n,oo)(ly* )2
Then 7(e,) < c© and x,, y,L!(e,.# e,). Therefore we have

§ 10— )] de<lminf | [1(x,)— m(v,)| dt

n—> 0

= lim ”xn _yn” 1

=lix—yl

by Fatou’s lemma and the assertion already shown for the case (1)< oo. []

3. Majorizations

Concerning majorizations for the generalized s-numbers and the spectral scales
of 7-measurable operators, our main results are stated as follows:

Theorem 3.1. If xe.# and ye&, then
| 1) — ()| < p(x—y)-
Theorem 3.2. If ©(1)< oo and x, ye L}(M),,, then
A() = A1) <Ax—y)<A(x)— L.

We give some comments before proving the theorems. First the submajoriza-
tion in Theorem 3.1 means that

[lu)—p)*()ds< [ p(x—y)ds, >0,

where |[u(x)—u(y)|* is the decreasing rearrangement of |u(x)—u(y)| on the
Lebesgue measure space (0, «0) (note (u(x—y))* =pu(x—y)). The majorizations
in Theorem 3.2 are analogous. These majorizations for 7-measurable operators
are the general extensions of those for matrices stated in Introduction.
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Secondly it should be pointed out that even in the case of matrices the
derivation of majorizations in question is not at all easy; the known methods
are essentially based on either the induction on matrix order or the smooth
dependence of eigenvalues on matrix entries.

Thirdly the crucial point in the proof of Theorem 3.1 is the following formula
given in [6, the remark after Theorem 4.4]:

T
§us(x)ds=inf{||x|l; +tllx,ll: x=x, +x,, x, eL'"(M), x, €M}
0

for every xe.#Z and t>0. This implies in particular that xe LN(.#)+ .# if and

t

only if | py(x)ds<oo for some (hence all) t>0. Indeed the above formula is
0

well known in the commutative case. Its right-hand side is familiar as the K-
functional in the real interpolation theory and is denoted by Kf{t, x)
=K(t, x; L}(AM), M) (see [2] for example). The following simple proof is based
on the real interpolation method (the K-method) which is useful in the interpola-
tion of Lipschitz continuous (non-linear) maps (cf. [15, 21]).

Proof of Theorem 3.1. First let xe.# and yeL'(#). As remarked above, for
every t>0 we have

t
fudx—y)ds=inf{|x|; +tllx,|: x—y=x; + x5, x, e LNM), x, €M}
0

and

J ) —p)|* ) ds
0
=inf{[|lfilli +tlf2llo: 0x)—p()= fi+ f2, f1ELH0, 00), /€ L7(0, 0)}.
For each x;eL'(.#) and x,e.# with x—y=x, +x,, define
fi=plxg+y)—puly),
Jr=p(x)—plxy +y).
Then p(x)—u(y)=f, +f,. Since x, +y, ye L' (#) and x—(x; +y)=x, .4, it fol-
lows from Lemma 2.3 that || f;{l; ={x:]l; and | f5] » = lIx,|l. Hence
JluG)—pO G ds= £+l ol S Ix 0+ llx,l,
0
so that

Jlu@)—uO)*(s)ds < § ux—y)ds.
0 0



Majorization for Generalized s-Numbers 25

Next let xe.#Z and ye&. Choose a sequence {y,} in L'(.#) such that y,—y
in the measure topology, and let x,=x+y,—y. By [6, Lemma 3.4], we get
U (%,) = p(x) and u,(y,) — u4,(y) for almost every t>0. We now notice (cf. [20,
p- 202]) that

t
J 1) —pu)*(s) ds
0
=sup{ | |ps(x)—p,(y)| ds: Eis a Borel set in (0, co) with | E| =1}
E
where |E| denotes the Lebesgue measure of E. For every t>0 and E as in
the above expression, we have
f |.us(x) __tus(y)l dSé lim inf j I,us(xn)—ﬂs(yn)l ds
E n2® g
t
<timinf | |u(x,)—p(y)1*(s) ds
B> 0

g )us(x'—Y) ds

(=,

using Fatou’s lemma, the case already shown and x,— y,=x-y. Thus the theo-
rem is proved. []

Replacing x by x+ y in Theorem 3.1, we have

t

sy =00} ds= [ lulxe+y)—nO)[*(s) ds

0

t
= [u(x)ds, >0,
0

and hence p(x+y)<pu(x)+ pu(y). This weakened submajorization was shown in
[6, Theorem 4.4] for all x, ye.# in connection with Minkowski’s inequality
in I?7(#).

Proof of Theorem 3.2. To show the first majorization, since

(1) (1)
j {’q's(x)—/ls(y)} ds=r(x—y)= j‘ls(x“y)ds

by Proposition 1.1, it suffices to prove that A(x) — A(y)<A(x~—y). When x, ye.#,,,
if we take o, feR with x +a=y+ =0, then Theorem 3.1 gives
Ax+a)— A+ B <Ax—y+(a—p)),

so that A(x) — A(y)<A(x—y) follows from A(x + o) = A(x)}+ o and analogous equal-
ities for A(y+ ) and A(x—y+(x— f)).When x, ye L'(#),,, we choose sequences
{x,} and {y,} in .#,, such that |x,—x|; >0 and |y,—y| ;0. By Lemma 2.2,
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A(x,), A(ys) and A(x,—y,) converge in L'-norm to A{x), A(y) and A(x— ), respec-
tively, and hence (4(x,)— A(y,))* converges in L!-norm to (A(x)— A(y))*. By pass-
ing to the limit of 1(x,)— A(y,)<A(x,— y.), we obtain the desired conclusion.

The second majorization is the same as A(x+ y)<A(x)+ A(y) when y is re-
placed by —y. We can show the latter by replacing x by x+y in the first
majorization. (Also this is seen from the submajorization p(x+ y)<u(x)+ u(y)
as in the proof of the first.) [J

By Theorems 3.1 and 3.2 (together with Propositions 1.2, 1.3 and (1°), (2°)
in Sect. 1), we obtain the following I’-norm inequalities for u(x) and A(x).

Corollary 3.3. Let 1<p=<oco0.
(1) If x, ye (), then
20 —pWp=lx—yl,.
2) If t(1)< o and x, yeL?(M)y,, then
1) =20 S 1x =1, < 126) = ) -

Kosaki [9] introduced the noncommutative Lorentz space L74(.#) for i <p,
g= oo (in particular, I”* (#) is called the noncommutative weak IP-space). As
in the commutative case (see [2]), when 1<p<oo and 1£g=Z 0, IPUA) is
exactly the real interpolation Banach space (L'(.#), .#), , with §=1—1/p pos-
sessing the interpolation norm:

1/q

=] o it g,
0

1% =supt K (t,x) if g=o0,

t>0

i
where K(f, x)= | py(x) ds as remarked before the proof of Theorem 3.1.
0

Corollary 34. Let l<p<oo and 1 Zg= 0.
D) If x, ye P4 M), then
1) = 5D pg S 1% = Yl g-
(@) If (1)< oo and x, ye [P (M)y,, then
12.0) = 20 o £ 1% = Y1l pg = 120) = ()l g

Proof. (1) is immediate from Theorem 3.1 and the definition of L*9-norm.

(2) For each xeL}(#),, where t(1) < 00, we get |A(x)|* = pu(x) by considering
in the commutative von Neumann subalgebra of .# generated by all spectral
projections of x (cf. [3, Corollary 2.7]). Hence Theorem 3.2 gives

1 2(x) = 2) | < p(x = y) <[ A(x) = L)

for every x, ye L'(.#),,. This implics the desired conclusion. []
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We finally give a remark concerning a submajorization in relation to doubly
substochastic maps. The relation between (sub)majorizations and doubly (sub-)
stochastic maps was discussed in [7] in semifinite von Neumann algebras. A
linear map ¢ of .# into itself is called to be doubly substochastic if ¢ is positive,
@(1)=1 and (e (x))<1(x) for all xe.# .. Such a map ¢ is canonically extended
to a linear map of L'(.#)+.# into itself so that ¢ is ||+ |-contractive on .#
and |-|,-contractive on L*(.#) (cf. [7, Proposition 4.1]). Thus, using the K-
functionals as in the proof of Theorem 3.1, we see that if ¢: .# — .# is doubly
substochastic, then |@(x)|<|x]| for all xe*(.#)+.#. This was proved in [7,
Theorem 4.5] only when xe(L{(M)+ .H#)&.

References

1. Ando, T.: Majorization, doubly stochastic matrices and comparison of eigenvalues. Lecture Notes,
Hokkaido Univ. 1982 (to be published in Linear Algebra Appl.)
2. Bergh, J., Lofstrém, J.: Interpolation spaces: an introduction. Berlin-Heidelberg-New York: Sprin-
ger 1976
3. Chong, K.M.: Some extensions of a theorem of Hardy, Littlewood and Pélya and their applica-
tions. Can. J. Math. 26, 1321-1340 (1974)
4. Chong, K.M.: Spectral inequalities involving the sums and products of functions. Int. J. Math.
Math. Sci. 5, 141-157 (1982)
5. Fack, T.: Sur la notion de valeur caractéristique. J. Oper. Theory 7, 307-333 (1982)
Fack, T., Kosaki, H.: Generalized s-numbers of t-measurable operators. Pac. J. Math. 123, 269-300
(1986)
7. Hiai, F.: Majorization and stochastic maps in von Neumann algebras. J. Math. Anal. Appl.
(to appear)
Kamei, E.: Majorization in finite factors. Math, Jap. 28, 495-49% (1983)
. Kosaki, H.: Non-commutative Lorentz spaces associated with a semi-finite von Neumann algebra
and applications. Proc. Japan Acad. (Ser. A) 57, 303-306 (1981)
10. Lorentz, G.G., Shimogaki, T.: Interpolation theorems for operators in function spaces. J. Funct.
Anal. 2, 31-51 (1968)
11. Markus, A.S.: The eigen- and singular values of the sum and product of linear operators. Russ.
Math. Surv. 19, 91-120 (1964)
12. Marshall, AW., Olkin, I.: Inequalities: theory of majorization and its applications. New York:
Academic Press 1979
13. Murray, F.J,, von Neumann, J.: On rings of operators. Ann. Math. 37, 116-229 (1936)
14. Nelson, E.: Notes on non-commutative integration. J. Funct. Anal. 15, 103-116 (1974)
15. Peetre, J.: Interpolation of Lipschitz operators and metric spaces. Mathematica (Cluj) 12, 325-334
(1970)
16. Petz, D.: Spectral scale of self-adjoint operators and trace inequalities. J. Math. Anal. Appl
109, 74-82 (1985)
17. Sakai, Y.: Weak spectral order of Hardy, Littlewood and Pélya. J. Math. Anal. Appl. 108, 31-46
(1985)
18. Segal, I.: A non-commutative extension of abstract integration. Ann. Math. 57, 401-457 (1953)
19. Simon, B.: Trace ideals and their applications. Cambridge: Cambridge Univ. Press 1979
20. Stein, E.M., Weiss, G.: Introduction to Fourier analysis on Euclidean spaces. Princeton: Princeton
Univ. Press 1971
21. Tartar, L.: Interpolation non linéaire et régularité. J. Funct. Anal. 9, 469-489 (1972)
22. Terp, M.: IF spaces associated with von Neumann algebras. Notes, Copenhagen Univ. 1981

o

© %

Received June 24, 1986



