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On the single server retrial queue with
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We consider an M,/ G;/1 type queueing system which serves two types of calls. In the case
of blocking the first type customers can be queued whereas the second type customers must
leave the service area but return after some random period of time to try their luck again. This
model is a natural generalization of the classic M,/ G,/1 priority queue with the head-of-the-
line priority discipline and the classic M/G/1 retrial queue. We carry out an extensive analysis
of the system, including existence of the stationary regime, embedded Markov chain, stochas-
tic decomposition, limit theorems under high and low rates of retrials and heavy traffic
analysis.
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1. Introduction

The so-called retrial queueing systems are characterized by the requirement
that customers finding the service area busy must join the retrial group and reapply
for service in random order and at random intervals. These models arise frequently
in the analysis of telephone and other communications systems. A review of the lit-
erature on this topic can be found in Falin [4] and Yang and Templeton [9].

Most retrial queues assume that the input process is homogeneous from the
point of view of call characteristics such as the service time and the inter-retrial
time distributions. In practice, however, these characteristics may differ widely for
different subscriber groups. This leads us to multiclass retrial queues. In a general
description we can consider # types of customers. Type i primary customers arrive
according to a homogeneous Poisson stream with rate );, the associated retrial
intensity is p1; and the service time distribution function is B;(x) (for more details see
Kulkarni [8] and Falin [3]).
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Such models are essentially more difficult than the single class models, so expli-
cit results are available only in a few special cases. Kulkarni and Falin obtained
explicit formulas for the first and second moments of the number of sources of
repeated calls.

The extreme case of y; = pu was considered by Hanschke [5]. Recently, Choi
and Park [1] investigated a priority retrial queue which, in fact, can be considered as
another extreme case of the above multiclass retrial queue by taking u; = oo and
n=2.

The latter extreme case is of special interest for practical applications. Khalil et
al. [7] have studied this situation in full detail, at a Markovian level, in the context
of telephone exchanges serving outgoing and incoming customers. The outgoing
calls can be queued whereas blocked incoming calls are initially rejected, but after
some random time repeat their demands.

From the point of view of the study of the number of customers in the system,
the extreme case 1 = co and n = 2 corresponds to a queue with two priority levels.
If a priority unit arrives when a non-priority unit is being serviced, it may wait till
the non-priority unit completes service, i.e. a variant of postponable (or head-of-
the-line) priority discipline is considered.

Choi and Park studied only the distribution of the number of customers in the
two groups when By (x) = B,(x). So our main objectives are:

(a) toconsider amore general and natural case, assuming different service distribu-
tions for both types of customers, and

(b) to study of such a model in more depth. In particular, we investigate stochastic
decomposition and asymptotic behaviour of stationary characteristics.

In section 2 we describe the model. The study of the embedded Markov chain
at departure epochs and the joint distribution of the waiting line and the orbit is car-
ried out in sections 3 and 4. In section 5 we represent our model as a convolution
of two simple random vectors. The investigation of the asymptotic behaviour
under heavy-traffic and high and low retrial intensities is undertaken in section 6.
Throughout the paper we will show that our results are in agreement with those of
Choi and Park [1] and with the well-known results for the classic M/G/1 retrial
queue and the head-of-the-line priority queue studied by Jaiswal [6].

2. Model description

We consider a single server queueing system at which two different types of pri-
mary customers arrive according to independent Poisson streams with rates o and
A, respectively. Demands from the first flow, with rate a, can be identified as prior-
ity customers and they are queued after blocking and then served in some discipline
such as FCFS or random order. On the other hand, any non-priority customer
(those from the second flow) who finds the server busy upon arrival leaves the sys-
tem immediately, to seek service again at subsequent epochs until he finds the ser-
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ver free. The retrial times are assumed to be independent and exponentially distrib-
uted with parameter p>0.

Both types of customers require a service time with distribution function By (x),
k = 1,2, where the number *“1”’ is associated with the priority customers. The input
flows of primary arrivals, intervals between repeated trials and service times are
assumed to be mutually independent.

Let

o) = | T dB(x), AP = (~1)'800),

KO9(,2) = f(a(l-y) + A1 ~2), bi(x) = Bi(x)/(1 - Bu()),

g= 0439) y P= AIB§2) 3

where |y| <1, |z|<1,neNandk = 1,2.

The state of the system at time ¢ can be described by the Markovian process
X(t) = (A(r), C(2), N(t),&(2)), where C(r) is the number of customers in queue
(excluding the customer in service), N(#) is the number of sources of repeated calls
(or customers in orbit), 4(¢) represents the type of the customers in service and
£(¢) is the corresponding elapsed time. We assume that 4(#) = 0 when no customer
is in service at 7, hence A(#) = 0implies C(¢) = 0.

3. Embedded Markov chain

Let n; be the time of the dth departure. It is easy to see that a sequence of random
vectors X; = (A(na — 0), C(ng — 0), N(ng — 0)) forms a Markov chain, which is
the embedded Markov chain for our queueing system. Its state space is {1, 2} x Zi
and its one-step transition probabilities

aenm)( ) = P{Xay1 = (1,1, j)| Xa = (k,n,m)}

are given by the formulas
[67 (1) .
—_—k: frn=0
_JatAtmp ’
Pemmip) =4 ° 50T ,
i-nt1,j—m if n21,
A e Lm0 ifn=0
Tienm)(2ij) = § & +A+mp BT at+ A+ mp hj=mt1 ’
0 ifnx1,

where
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00 i i
(k) _ (ax) —ax ()‘x)j —Ax
Ko = /0 eer e dBy ()
is the probability that i priority and j non-priority units arrive at the system during
a serviceinterval of type k.

Asusual, the first question to be investigated is the ergodicity of our chain.

THEOREM 1
The embedded Markov chain is ergodic if and only if
o+p<l. (1)
Proof

Obviously, condition (1) is necessary for ergodicity. Indeed, since customers can-
not be lost, in the steady state carried traffic is equal to offered traffic. But offered
traffic is o + p and carried traffic is equal to the mean number of busy channels,
i.e. to the probability that the channel is busy. This probability is obviously less
than 1andthuso + p<1.

Now let 0 + p< 1. To establish ergodicity we will use the classic Foster criteria:
for an irreducible and aperiodic Markov chain X; with state space S, a sufficient
condition for ergodicity is the existence of a non-negative function f(s), s€ S (so-
called test function or Lyapunov function), a positive number ¢ and a finite subset
A of the state space S such that the mean drift

D; = E|f (Xa1) —f (Xa)|Xa = 5|

isfiniteforallse Sand D; < — eforalls¢ 4.
In our case, as the Lyapunov function we consider

fle,mm) = (D + 1= p)n+ (2 +1 - o)m.
Then

ot 1+ a+ A
Diym = P o+ A+mpy

c+p—1 if nzl.

ifn=0,

Let e= (1 — o — p)/2 and My = (o + A)(1 — €)/pe. Then, for all states with

k=1,2; n=1; m>0, we have Di,, = —2¢< — . Besides, for all states with
k=1,2;n=0;m>=M,, wehave
a+ A a+ A
Dy = 26+ ————< — 26+ ———— = —
fm E+oz+>\+m;u 6+oz+)\+Mou
Applying the above criteria we can guarantee that the chain is ergodic. O

Our second goal is to find the stationary distribution
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% = lim P{X,; = (k,i, )}
ij d-roo d s 5 J) -

Some information about this distribution can be obtained with the help of Lya-
punov’s function used to prove theorem 1. Namely, the well-known mean drift rela-

tion
3. Dyl =
(kqi,7)
becomes
at+rA+ju a+r ]

j=0

where Il = H((,jl.) + II((;).
The following theorem fully describes the stationary distribution of the
embedded Markov chain.

THEOREM 2
The stationary d1str1but10n H ®) has the following partial generating functions

H(k (y Z) Zz—Oy E]—OZJH
1V (y,z) = KV (y,2)
(e —ah(z) + X - A0(2))(T(y,2) — 2) + (@ — ay + A - AT (3, 2))(z — O(2))

(Q(z) = 2)(y — K)(y, 2)) R(z),
(3)
10(y,2) = KO(y, ) 20D A= Xy @)

0(z) -z
where A(z) is the solution of the equation 3;(a — ah(z) + A — Az) — h(z) = 0 in the
unit disk || <1and

1-0-p a(1-h(u))+,\(1—K<2(h(u) u))
RO =25 "p{u/l KO (h(u), ) — u }

T(32) =K%(y,2), Qz)=KP(h(z),z). (5)

Proof

Using the above formulas for the one-step transition probabilities of the
embedded Markov chain, we get the following set of equations for the stationary
distribution IT;; ),
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+1
(8
ok —_—
;;Hnmkwl—n j—m + Z 0 tj—ma+)\+m“ (6)
J
1D =S 110,k , my
ij mzz;) 0 zj—ma+>\+m +mX:1HO l’j+l_ma+)\+mp, (7)
For the generating functions II)(y, z) and IT®(y, z) egs. (6) and (7) become
yI0(y,2) = KOy, 2)(ayR(2) + I (y,2) - 1(0,2)), (8)
1% (y,z) = K?(y,2)(AR(2) + uR (2)), 9)
where
I(y,2) = TO(y,2) + AP(,2) = > Yy M;,
i=0 j=0
o0 HO' .
R(z) = S— E—
0-F
Note that
(a+ N R(z) + pzR'(z) = I1(0,z), (10)

and thus from (8), (9) and (10) we have

9y, 2)(y — KV (,z2)) =pR ()KD (3, 2)(KP (3, 2) - 2)
~ R@KO @, 2)(e(1-y) + X1 -KD(y,2)). (1)
The key to solve this equation is the following lemma:

LEMMA

If o + p<1 then, for each fixed z with |z| <1, the function f(y,2) = y— K1) (y, z)
has a unique root y = A(z) in the unit disk |y| <1. The function A(z), |z| <1, has the
following propert1es
) K1) = A50/(1 — o).
2) K1) = )\2,32 /(1=
3) z=K®@(h(z),z)ifandonlyifz = 1.

Proof of this lemma is standard and we omit it (see [1]).

Note that h(z) is the generating function of the number of non-priority custo-
mers arriving in a classic M»/G»/1 priority queue during a busy cycle of priority
customers. In other words, A(z) = p()\ — Az), where ¢(s) is the Laplace-Stieltjes
transform of the busy period in an M/G/1 queue with arrival rate o and service
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time By (x). Thus the function A(z) is analytical in the open disk |z| <1 and is contin-
uousin the closed disk |z| < 1.
Replacing y = h(z) in (11) we get

(K@ (h(z),z) - 2)R (2) = (a(1 — b(z)) + A1 — K@ (h(z),2))R(z).  (12)

As we have noted in the lemma, the coefficient K@ (k(z), z) — z never vanishes
for z # 1 and besides

o1 = h(z)) + M1 = KO(h(z),2)) _ A +p)

R ClTENs Era e
Thus, the function
a(l —h(z M1 — KD(h(z), z
i) - 0K KO .) ”

is analytical in the open disk |z| <1 and is continuous in the closed disk |z|<1.
Therefore, for |z| < 1eq. (12) can be solved as follows:

1 {?a(l —h(w) + X1 — KD (h(u),
ool [ LG o)

Using (2) we get the final formula for R(z). Now (3) and (4) follow from (11)
and (9), respectively. 0

4. Joint distribution of the channel state and the queue length in the steady
state

Let
Puy = P(A(1) = 0,C(1) = i, N(1) =)

be the probability that at time ¢ the channel is free; there are i customers in the prior-
ity queue and j customers in orbit.
Obviously, Py; = 0ifi> 1. Let

Pry(x) dx = P(A(t) =k, C(t) =i, N(t) = j,x<&(t)<x+dx), k=1,2,

be the probability that at time ¢ the channel is occupied by a customer of type k,
ke{1,2}; elapsed service time is between x and x + dx, there are i customers in
priority queue and j customers in the orbit, and '

Py = [ Paglo) dx = PUAD) =k, C0) = ,N() =)

Introduce also the corresponding partial generating functions:
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00

P()(Z) = Z ZjPooj s

j=0

o« o0
Puy,zx) = ¥ Y JPy(x), k=12,

=0 =0

o0 o0 o0
Pi(,2) =_/0 P(y,z;x) dx=}:y’Zz’Pkij, k=1,2.

=0 j=0

THEOREM 3

In steady state the joint distribution of the channel state, the length of the prior-
ity queue and the number of sources of repeated calls has partial generating func-
tions:

¢ a1 = h(w)) 4 AL — KO (h(a), 4
Po(z)z(l—a—p)exp{i—/ L h(IQZ;th/\(S),u)K—u(h( ) 4)) du}, (15)

Py(y,z;x) = Py(2)
o (o= ah(z) + 2 = () (T(,2) ~ 2) + (@ = ay + A = AT(,2))(z — O(2))
(Q(2) - 2)(y — KD(3,2))
x (1 —B (x))e—(a(l—y)+)\(l—z))x, (16)

a——ah(z)+)\—-)\z
Q(z) -z
where T(y,z) = K@ (y,z) and Q(z) = K@ (h(z), z). If in the cases A(f) e {1,2} we
neglect the elapsed service time £(z) then for the corresponding generating func-
tions we get
Pi(y,2) = Po(2)
o (o= 0h(z) + 2~ 20@)(T(y,2) = 2) + (@~ oy + A = AT(y,2))(z — O(2))
(Q(2) — 2)(y — KD(y,2))

Py(y,7;x) = Po(2) (1= By(x))e@lX=ax - (17)

1 _K(l)(y7z)
a(l-y)+x1-2)’

a—ah(z)+A-Xxz 1-T(y,2)

Py(y,z) = Po(z) 0() -z a(l-y)+A1-z)

Proof
In a general way we obtain the equations of statistical equilibrium:
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0

oy Dei(%) = = (@ + A+ be(x)) Prj (%) + @Pyj1, j(x)(1 = 6)

+ AP i—1(x)(1 = 8p), i=20;j=0;k=1,2,

2 00
Py;(0) = aPogjbi + Z/o Priv1,j(x)be(x) dx, i=0;j=0,
k=1

Pay(0 ifi=l,
2(0) = APgoj + (j + 1)pPog,jp1  if i=0,

2 0o
(a+ X+ ju)Py; = Z/o Proj(x)br(x) dx,
k=1

where 6 is Kronecker’s function.
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(18)

(19)

(20)

(21)

For the generating functions Py(z), P1(y,z;x) and Py(y,z;x), egs. (18)—~(21)

become
(,%Pk(y,z;x) =—(a(l —y) + A1 = 2) + be(x)) Pe(y,z;x), k=1,2,
2 )
P00 = Y [ (Pely, %) = Pu0,23)belx) dx+ ayPo(a),
k=1

Py(y,2;0) = APo(z) + pPy(2),

2 00
(a+ NPol2) + pzPhz) = 3 /0 Pe(0, 7 x)bi(x) dx.
k=1

From (22) we find that P, (y, z; x) and P (y, z; x) depend upon x as follows:

P(y,7;3) = Pu(y, 5,0)(1 - By(x))e~ (0 P0-,
With the help of (26), from egs. (23) and (25) we have

yP1(y,2;0) = ZPk()’7Z 0)K® (y,2) — (a(1 - y) + \)Po(z) — pzPy(2) .

Eliminating from (24) and (27) the function P;(y, z; 0) we get
pPy(2) (KD (y,2) — 2) = Po(2)(e(1 — y) + A(1 — KO (y,2)))
+ Pl(y,Z; 0)(y - K(l)(y7z)) .

(22)

(23)
(24)

(25)

(26)

(27)

(28)

Equation (28) has the same structure as eq. (11) which appeared in the analysis
of the embedded Markov chain. Then it can be solved by the same approach.
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Namely, if we put y = A(z) in (28) we obtain the following differential equation
for Py(z):

W(KO(h(),2) = 2)Py(z) = (o1 = h(z)) + A1 = KP(h(2), 2))Po(c) .

The above expression is identical to eq. (12) for the generating function R(z).
Thus

Py(z)/R(z) = Constant .

Obviously Py(1) = 1 — o — p. Indeed, 1 — Py(1) is the probability that the chan-
nel is occupied, i.e. carried traffic. Since customers cannot be lost, in the steady
state carried traffic is equal to the offered traffic o + p. Thus, Const. = oo+ A and
(15) follows from (5).

Now from (28) we can find P;(y, z; 0) and thus from (26) P;(x, y; z). This implies
formula (16). Similarly, from (24) we find P;(y, z;0) and thus from (26) we get

an. 0

With the help of generating functions Py(z), P1(y, z) and P,(y, z) we can get var-
ious performance characteristics of the system:
a) probability that the channel is occupied by a priority customer (carried
priority traffic):
P, =o0;

b) probability that the channel is occupied by a non- priority customer (carried
non-priority traffic):

, Py =p;
¢) meannumber of customers in the priority queue

a(ofy’ +267) |
21-0) '’

d) mean number of customers in the non-priority queue

Magd) +287)  Mo+p)
(I1-0)1-0-p) p(l—0c-p)

The mean waiting time for each group of customers can be obtained from
E[C(t)] and E[N(#)] via Little’s formula.

It should be noted that E[C(?)] and E[N(#)] can be calculated almost automati-
cally with the help of the property of stochastic decomposition, which we will dis-
cuss in the next section.

For the special case B;(x) = B,(x), replacing 4(z) = K® (h(2),z), k = 1,2, we
find that our results agree with all the results given in Choi and Park [1].

E[C()] =

EN()] =
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5. Stochastic decomposition

Introduce the random vector (4,,C,,N,), where 4,€{0,1,2}; C,eZ,;
N,eZ., with the help of the generating functions Px(y,z) = E[y%,z"; 4, = k],
ke{l1,2} and Po(z) = E[z"+; A, = 0] (note that C, =0 if 4, = 0). This vector
represents the number of customers in priority and non-priority queues and the
type of customer in service at the stationary regime.

Let (Ao, Coo, Noo) be the corresponding vector for the classic M5/ G»/1 priority
queue with the head-of-the-line priority discipline.

Introduce also a random variable R, with the help of the generating function

ol - — K@ (h(u),u
)= B8 = xp{L [ MDA —E0h0.0) )

In fact, R, represents the number of customers in orbit given that the server is
free.

Then from theorem 3 and well-known results for the classic M»/G,/1 priority
queue [6], we have the following result about stochastic decomposition of the vec-
tor (Alh Cﬂ’ N#)'

THEOREM 4
The vector (4, C,, N,,) can be represented as a sum of two independent random
vectors. One of them is the vector (44, Cx, Coo) and the second is (0,0, R,,):

(Am Cu,N,u) = (Aoo; Coo; Noo) + (0,0, Rﬂ) . (30)

This result is extremely useful for analysis of the system under consideration.
For example, eq. (30) implies that

E[Cu] = E[COO] 3

E[N,] = E[No] + E[R,] .

The values of E[Cy] and E[N are well-known from the classic theory of prior-
ity queues, and E[R,] can be found without difficulty from (29) and (13), so that

Ao+ p)
ER)|=————.
(R p(l-o—p)
It should be pointed out that similar results about stochastic decomposition
were establishes for other retrial queues (see [9] and [10]).

6. Limit theorems for high and low retrial intensities and heavy traffic

Although the performance characteristics of the system are available in explicit
form, they are, however, cumbersome: the above formulas include integrals of
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transforms, solutions of functional equations, etc. However, in some domains of
the system parameters we can approximate the steady state distribution by classic
distributions such as Gaussian or Gamma distributions. With this goal, in this sec-
tion we investigate the asymptotic behaviour of the number of customers in the sys-
tem under limit values of various parameters.

In real situations, subscribers who get a busy signal almost immediately repeat
their calls. Therefore, an investigation of the asymptotic behaviour of system char-
acteristics under high retrial intensity is of special interest in practice.

In general, as p— oo, the stationary distribution of a retrial queue converges to
a limit, which is usually the stationary distribution of a certain limit system. Intui-
tively, in our case the limit system is the classical M,/ G, /1 investigated by Jaiswal
[6].

This heuristic argument is rigorously established with the help of the stochastic
decomposition given in theorem 4. As expected, the marginal distribution of the
number of priority customers in queue is independent of parameter u. Moreover,
the distribution of customers in orbit depends on p through R,; but
lim, - o R(z) = 1, so the limit system for our retrial priority system is the M>/G,/1
queue with head-of-the-line priority discipline.

The following result about the rate of convergence of the distribution Py;;(1) of
the vector (4,, C,, N,) to the corresponding distribution Py;;(00) associated with
the limit system with the head-of-the-line priority discipline is essentially more
interesting.

THEOREM 5
As p—>oo the distance D= Y2432 Y% Puy(k) — Piy(o0)| = O(1/p).
Moreover, the following inequalities hold:

2(1 = o — p)(1 = Ro(w)) <D <2(1 = Ro(k)) , (31)
where
La(l - @ (h(u),u
ool 2 ) o
Proof

The proof is based on the stochastic decomposition property. Namely, theorem
4 implies that Py(u) is a convolution of the distribution Pyj(co) and R, (u)
= P(R, = m),i.e.

J
Pry(p) = ZPkim(OO)Rj—m(M) : (33)

m=0

Thus,
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j—1
Pry(p) — Piig(00) = Pi(00) Ro() — Paij(00) + (1 = 60) Y _ Prim(00) Ri—m(ps) -
m=0
Therefore, using (33) we get
j~1
|Picj(1) — Picj(00)] < Piii(00) (1 = Ro(t)) + (1 — 60) > Preim(00) Rjm(p2)
m=0

= Prij(00)(1 — Ro(1)) + Prij(1) — Prij(00) Ro (1)
= Pyij(00)(1 — 2Ro (1)) + Pryi(pe) -

Hence, summing over all the states we obtain
D<(1-2Ro()) Y Piy(o0) + > Pry(u). (34)
k!i’j k’i’j
But both Py;;(00) and Py;;(p) are probability distributions. Thus both sums on
the right-hand side of (34) are equal to 1, and the upper inequality in (31) follows.
To get estimation from below we use the obvious inequality |a — b|>a — b, so
that

D> Z |Prio(12) — Prio(00)| + Z(Pky(ﬂ — Py;(c0))

ki j=1

= (1= Ro(1)) Y Puio(00) + 1= Pun(s) =1+ Pro(00)
v ki i i

=2(1 = Ro(1) 3 Po(o0) = 2(1 - Ro(u) SYacy )-(C;;(éhf)x;r :
ki

>2(1 = Ro(w))(1 =0~ p).

Note that Ry(x) can be obtained from eq. (29) by putting z = 0. 0O

In the case of 11 — 0 one can prove that an adequate transformation of N(¢) leads
to a Gaussian distribution. This statement is established in the following:

THEOREM 6

If the M,/ G,/ 1 retrlal queue with head-of-the-line priority discipline is in the
steady state and [5’ <00, k = 1,2; then as y —0 the number N(¢) of customers in
orbit is asymptotlcally Gaussian with mean A(¢ + p)/u(1 — o — p) and variance
/s (B +M657)/2(1 = 0)(1 = o = p)* + Mo +p)/1 — 0 — p).

Proof
Let the variable be
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N*(¢ =,u1/2(N ) P
® (¥ —o-p)
The characteristic function E[e"Y] can be expressed in terms of Py(z), Pi(1,z)

and P,(1, z) as follows:
itN*y _ itpl/2 _ itA(o + p)

B = He ") exp{ DL
where H(z) = Po(z) + P1(1,z) + Ps(1,z). From now on we denote w = ",
Hence, from theorem 3, we have
. 1= h(w)) + A(1 —w)
E itN*] 1—0— a(

e =0 =0 = D@ ), w) — )
1/“’ itA(o + p) }
xexps— | glu)duy— ——-—"-7>, 35
i s - (33)

where the function g(u) is given by formula (14).
If . — 0 then w — 1, so from (13) we get
. a(l —h(w)) + A1 —w)
1—0-— —1.
O IR 59

We turn now to the calculation of the exponent on the right-hand side of (35).
Let us transform the argument of the exponential function as follows:

1/1Wg(u) i M_l/lw@(u)_l*(%}_%) du

p T (—o—put? p
Mo+ p)(w =1 —it'/?)
PRI ()

The second term on the right-hand side of (37) has the limit equal to

Mo+ p)f
it (38)

To calculate the limit of the first term in (38), it is convenient to introduce the

76 = [ (e A (39)

2)2(a8Y 2
10)=0, f0)= -

function

Itis easy to see that

Thus, as 4 — 0 we have
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Fu) = - 0 N)

4(1-o)(1 -0 —p)
and therefore, from (36), (38) and (40) it follows that

2 2 (1) )
lim Efe™] = expd - = (20 M), Mots)
no 2\2(1-a)(l—0—p? 1-0-p

5 +o(u), (40)

and this completes the proof of the theorem. |

It should be noted that if o = 0 then theorem 2 agrees with a known result for
the M /G/1 retrial queue (see [4]).

The case of heavy traffic is more complicated. We assume that heavy traffic
means that \ = (1 — o)/ ﬂgz) — 0. Notein Py(y,1) + P5(y, 1) that the priority queue
size converges to a proper distribution, so only the orbit limit behaviour is mathe-
matically interesting. It can be checked that the next theorem agrees with the corre-
sponding result obtained by Falin [2] for the M /G/1 retrial queue.

THEOREM 7
If the M,/G,/1 retrial queue with head-of-the-line priority discipline is in the
steady state and ﬂg‘) <00,k =1,2; wehave

lim  Efe™ 0PN 0)] = (1 + as)™?,
,\—r(l—a')/ﬁgz)—o

where

L= )BP + sl g? 2(1 - 0)%?

= ) b
260 w((1 - 0)8 + s %)

that is, the scaled random variable N* gt) = (1 — o0 — p)N(?) converges weakly to a
gamma distributionas A= (1 — o)/ ﬂ? - 0.

. b=1+

Proof

The Laplace-Stieltjes transform E[e~*"' ()] of the random variable N*(¢)
= (1 — o — p)N(t) can be obtained from H(z) = Py(z) + P1(1,z) + P»(1, z) by put-
ting z = e~*(1-9-#) 50 that

a(l — h(e=1=77))) 4 A(1 — e=s(1=o—0))
MK ® (h(e-0—0-7), ¢~0-0-7)) — g-1-7-7))

| e
X exp{— / g(u) du} , 41)
L)1

where g(u) is given by (14).

EeV U =(1-0-p)
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s(1

If after some algebra we expand K@ (h(e=*(1-7-7)), e=5(1=9-2)) into a power ser-

iesintermsof 1 — e~*(1-99), we have

@ (h(e—s1=0=p) a=s(—0-p)y — 1 — _P__ (1 _ o—s(1-0—p)
K (h(e ),€ )=1 1 (I-e )

— g
)\2 (2) 2
+( B, by

~s(l~o-p))2 _ a=S(1~0-p))2
—e +o((l—e ). (42
R ))( P +o(( ?). @)
With the help of (42), it is possible to calculate the limit of the first factor on the
right-hand of (41). Itisequalto (1 + as)”!
To find the limit of the exponential term in eq. (41), we must investigate

e~{1-0-p)

lim / g(u) du. (43)
A= (1-0)/87 J1

By making the change of variable v = (1 — u)/(1 — e~*(1=-#)), we put the inte-
gral (43) in the form

o1 — h(1 = vt)) + A1 = K@ (h(1 — v1),1 - w)
/o 1 — vt — KO (h(1 —v1),1 — vt) v (44)

wheret =1 — e—(1=7-0),
Under the assumptions of the theorem it can be seen that

1 1
A )8( ) )\2 ﬂé )

h(l—re)=1—-1_0 e+2(1_0)3

r262+€20(1),

(2) (1)
2 _ ey —1__P XB; aApB; 2
K¥(h(1 —re),1—re) =1 A (2(1 —a)2+2(1 e e + (1),

uniformly with respect tore[0, 1]as e —0.
In particular, forr=vande=1- ¢—*(1-0-r) we obtain that the integrand in
(44) converges uniformly with respect tov,as A= (1 — o)/ ﬂgz) , to the function

-1
_S(l“’)(1+(1‘) '+ o)) ) (45)

s 28’

Although the basic reasoning used to get (45) is parallel to the case o = 0, it is,
in comparison, rather more cumbersome. Therefore, some intermediate steps to
get (45) have been omitted.

Hence, by solving integral (44) we get that the limit (43) is equal to (1 + as)
This completes the proof. O
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