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We consider an M /M /1 retrial queueing system in which the retrial time has a general distri-
bution and only the customer at the head of the queue is allowed to retry for service. We find
a necessary and sufficient condition for ergodicity and, when this is satisfied, the generating
function of the distribution of the number of customers in the queue and the Laplace transform
of the waiting time distribution under steady-state conditions. The results agree with known
results for special cases.
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1. Introduction

We consider an M/M/1 retrial queueing system with exogenous Poisson arri-
vals occurring at rate A and customer service times which are independent and
exponentially distributed with mean 1/u. An arrival obtains service immediately if
the server is idle and joins the queue (in accordance with a first- come, first-served
discipline) if the server is busy. The control policy for access to the server from the
retrial group is that only the customer at the head of the queue can retry for ser-
vice. This is tried for after a random time. If at the instant of retrial the customer
concerned finds the server busy, he returns to the head of the queue and repeats this
procedure until he succeeds. We assume that the retrial times (the time intervals
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between two consecutive retrials made by a customer) are independent and identi-
cally distributed with cumulative distribution function S(-), density function R()
and meanr.

Fayolle [7] has investigated, as a telephone exchange model, an M /M /1 retrial
queue with exponential retrial times and the same control policy except that retrial
customers who find the server busy join the tail of the queue instead of the head.
He found the queue size and sojourn time distributions. We note that as the queue
size distribution is independent of queue discipline, his expression for the queue size
distribution should agree with ours for the case of exponential retrial times. Farah-
mand [6] has investigated and M/G/1 retrial queue with exponential retrial times
and the same control policy and obtained the queue length distribution. See also
Choi and Park [1] who use a supplementary variable method. Falin [5] and Yang
and Templeton [12] give comprehensive reviews of the retrial literature.

An examination of the literature reveals the remarkable fact that even retrial sys-
tems with all exponential components can be very complicated. Many have not
been solved at all and those that have been do not always possess generating func-
tions for the equilibrium distribution of state which are such that the component
probabilities can be easily extracted. For example, a direct treatment of the classi-
cal retrial problem considered by Cohen [3] seems to necessitate the use of extended
continued fractions (see Hanschke [8] and Pearce [10]). The literature on non-expo-
nential retrial times is very sparse. Approximate methods have been used by Pour-
babai [11] on the G/M /S /0 retrial queue and by Yang [13] on the M/G/1 retrial
queue. To the best of the authors’ knowledge the present work is the first giving
exact analytic results for a retrial problem with generally distributed retrial times.

In section 2 we employ an imbedded Markov chain to derive a necessary and suf-
ficient condition for ergodicity of the system. In section 3 we use a supplementary
variable approach to find the generating function of the number of customers in the
queue. This result is shown to coincide with a known one [7] in the case when retrial
times are exponentially distributed. Section 4 contains a treatment of the queue
length problem useful for algorithmic calculation. In section 5, we find the Laplace
transform of the waiting time distribution. Finally, in section 6, we outline a gener-
ating function-free treatment of the waiting time.

2. Ergodicity

Let N(f) represent the number of customers in the queue at time z. We write
£(¢) = 1 or 0 according as the server is busy or free at time 7. For N(¢) >0 we denote
by R(¢) the residual amount of the present retrial lifetime of the customer at the
head of the queue.

The Markov process Y () = (N(z), R(£), £(¢)) is clearly regular, having bounded
transition rates, and so almost surely only finitely many transitions of state occur
in any finite time. We utilize an associated discrete-time Markov chain (X;) in
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which the continuous-time process is observed just after the completion of each
retrial. The state of (X,) at each such time is the corresponding retrial queue size.
As the underlying process is regular, it will be ergodic if and only if the Markov
chain is ergodic. We shall derive the following result.

THEOREM 1
A necessary and sufficient condition for the ergodicity of the retrial system is
that

oo 2
_ ~(\u)x K 2
[1 /0 € dR(x)])‘+“>)\ r.

Proof

First we consider the one-step transition probabilities (P;;) for (X;). For
j=i>0 and ke{0,1}, let fi; ;(f) represent the probability that £(f) =k and
N(t) =j, conditional on £(0) = 1, N(0) = i and a retrial lifetime having begun at
time 0 but not having finished by time ¢. Then

Py ;= /ooo[ﬁl,i,j(x) + Boy, j+1(%)] dR(x) (j=i>0),
P = /0 ” Boii(x) dR(x) (i>0),
Poy= [ )+ Bosa(9] 4R (>0),

Poo = /0 " o (x) dR(x).
Foreachm >0,
Brc1+mnm(X) = Bria(x) = cga(x), say,
so the transition probabilities thus have the form
Poj=h,; (j20),

fG=-i+1) (jzi—-120),
P,"j = {0 (J<1-— 1)’ (21)

where
O = [ aor(x) dr(w),

0= "o,/ (%) + a0 s ()] dR(x)  (j>0).

The structure exhibited by (2.1) is just that of the transition probabilities in the stan-
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dard M/G/1 system. A necessary and sufficient condition for ergodicity may be
derived exactly as for that system to be
F(1)<1, (2.2)

where
o0 . o0
FQ) =) f0)7 = [ Uile®) + Az 0] 45 () (HI<D), (23
=0
the functions Ay being defined by

o]
Ao(z,x) == Zao,ﬂl(x)z] (lz]<1),
7=0

Ai(z,x) = ial,j(x)zj (lz21<1).
=1

The quantities oy () are given by the forward differential equations
Gy 1) = —Aa0 (1) + p1at) (1),
o (1) = —(A + a1 a(?) + Aaoa(t) + M1 = 6u 1)1 n-1(f)  (n>0),

subject to the initial conditions ag,(0) =0 and a;,(0) = 6,;. These equations
may be cast in terms of the Laplace transforms

o ,(8) = /0 Y e tap(f) dt (Rs0)

as
(5+ X (s) = paius) (n>0),
(54 At 107 (5) — 81 = Apn(s) + M1 = 6p1)aripy(s) (00,
Finally, if A} (z, s) represents the Laplace transform of 4x(z, £), we have
25+ N Ay(z,5) = pd}(z,5),
[s + M1 = 2) + pldi(z,5) = z + AzA4}(z, 5) . (2.4)
On substituting z = 1 in these equations, we derive

__k
s(s+A+p)’
s+ A
sEFX+p)

Also, if A} (1, s) denotes 8/dzA;(z, 5)|,.,, we have on differentiation of (2.4) that

Ap(1,s) =

Ai(1,5) =
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(s + N [A5(1,8) + 45 (1,5)] = pA7 (L,5),
(s WY (1) = M(L,5) = 1+ A45(1,) + 451, 9)],
whence we find

_ (s+ XN)[A45(1,5) + 1]

*/
A (1,) s(s+ A+ p)

and thus

(s+X) ) AY(1,8) = (s+ X+ m)A7(1,9) — (s + N)A45(1,5)

k=0,1
_ s+’
sS(s+A+p)’
so that on inverting the transform we obtain
A A Nt 2
o k=ZO,l A Dl =57 (A +Mu)2 e Jl: p)? .
From (2.3), condition (2.2) thus reads
A A pY u?

+ + r+ /e‘("+")"de <1,
Atp o A+p)? At +p)te ()

which on simplifications gives theorem 1. O

3. Queue size distribution

Let the supplementary variable R(¢) denote the remaining retrial time of the cus-
tomer at the head of the queue when the queue is not empty at time z. We define

pO(t) = P(N(t) = ng(t) = 1),

qO(t) = P(N(t) = 03 é'(t) = 0) )
pi(t,x)dx = P(N(£) = i, R(t) e [x,x + dx),£(t) = 1), i=>1,
gi(t,x)dx = P(N(f) = i, R(t) e [x,x + dx),£(t) = 0), i>1.

By considering transitions of the process between times ¢ and ¢ + At and letting
At— 0, wederive (asin[1,9]) the system of forward equations

Sp0() = =0+ W) + M) + a1 (5,0), (3.12)
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<§; B a%)pl(t, x) =~ (A+ p)p1(t, x) + Mr(x)po(2)

+ r(x)pl (tv 0) + )‘ql(t> x) + r(x)qZ(t’ 0) )

(% - %)Pi(t, x) == (A + wpi(t, %) + Api—1(2, x) + r(x)pi(1,0)
+ Agi(t, x) + r(x)gi1 (£,0), i>2,

£ 00(0) = =2a0(8) + po(t)

8 0 .
(’a—t— a‘)%‘(h x) = =Agi(t, x) + ppi(t, x), i>1,

together with the normalizing equation

po(t) + qo(t) + i/ow[p,-(t, x)+qi(t,x)] dx = 1.
i=1

(3.1b)

(3.1c)

(3.1d)

(3.1e)

Since we are interested in the steady-state behaviour of the system, let us assume
that the condition for the system to be stable as t— oo is satisfied. We write
po = lim, o po(2), pi(x) = lim;—  p;(2, x) and similarly for the ¢’s and derive from

the forward equations above that
(A + p)po = Ago + 1(0),

P10 == (A W (x) + M) + (<) 0)
+Aq1(x) + r(x)42(0),

- Ed; pi(x) = — (A + p)pi(x) + Api—1(x) + r(x)p:i(0)

+ Agi(x) + r(x)gi1(0), i>2,
Ago = upo,

—%Qi(x) = —Agi(x) + ppi(x), i=1.

The normalizing equation becomes

P0+610+f:/0m[pi(x)+qi(x)] dx=1.

i=1

From (3.2a) and (3.2d) we obtain that

(3.2a)

(3.2b)

(3.2c)

(3.2d)

(3.2e)
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Apo = 41(0).
With notation along the lines of the previous section, we employ p;(6) for i>1 to
denote the Laplace transform of p; (with #>0) and similarly for g} (6). The quan-
tity
pi(0)=P(N=i¢=1)
is then the steady-state probability that there are i customers in the queue and the

server is busy.
For zsatisfying —1 <z<1, define the generating functions

P2 =507, PO:)=3 07,
i=1 i=1

and corresponding quantities 0*(6, z), Q(0, z). We observe that P*(0, z) + 0*(0, z)
+po + qo is the generating function for the distribution of the number of customers
in the retrial group at an arbitrary time point in the steady state.

On taking Laplace transforms and forming generating functions from (3.1b, c,
¢) we derive the basic equations

(6- X)Q"(6,2) + uP*(6,2) = Q(0,2), (3.3)

AQ¥(6,2) + (0 — A— u+A2)P*(6,2) =£(6,2), (3.4)

where
£(6,2) = P(0,2) + r*(e){A(l — 2)po— P(0,2) w} .

We wish to solve these equations for P* and Q*. Let 6,(z), 0»(z) be, respectively,
the greater and lesser zeros of the quadratic polynomial in 6

D@,z) = (0= N0 —A— p+Az) — M.

We can easily check that both zeros are nonnegative for —1<z<1 and that
61(1) = A+ p and 6;(1) = 0. For convenience we henceforth omit the argument z
in 6;(z) (i = 1,2) except where it is required to avoid ambiguity.

By applying Cramér’s rule to (3.3) and (3.4) we have

D(8,2)Q7(6,2) = Q(0,2)(0 — A — p+ Az) — uf (6, 2), (3.5)
D(6,z)P*(6,z) = (6 — N\)f (8,2) — AQ(0,2) . (3.6)
Letting § = 0in (3.5) and (3.6) yields
0(0,2) + g0 = A~*(1/z ~ 1) Q(0,2), (3-7)
P*(0,2) +po = (A2)710(0,2) . (3.8)

Since P*(, z) has a finite value for any §>0 and —1<z< 1 and D(, z) vanishes at
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6; (i = 1,2), the right-hand sides of (3.5) and (3.6) must vanish at § = 6;,6,. Thus
we have

A (Ze")} 000,2)

(6; — M[1 —r*(6)]P(0,z) — [)\ + (6; —

= (6 — Mr*(0:)(z — 1)po
fori = 1,2. On applying Cramér’s rule to these two equations we have
P(0,2) = Apo(z — 1)K(2) T [A(B2 = Nr*(62) — (61 — N (81)],  (39)

0(0,2) = Apo(z — DK(2) 7 (61 = N0 — NI (62) =" (61)],  (3.10)
where
1= X1 =r*(61)) —[A+ 61— Nr(61)/7]
@2 =N(A=7(02) —[A+ (62— Nr(62)/2]
Letting z— 1in (3.10) yields
00,1) = — ML=r" O+ W)po

e 4

K(z) =

and letting z— 1in (3.7) and (3.8) gives
0'(0,1) + g0 = A(—2Q(0,1) and P*(0,1) +po=27"0Q(0,1).
Since P*(0,1) + Q*(0,1) + po + go = 1and po = Aqo/p, we thushave

(-r ) 2 - v

=0 —r*(/\+M)) ’
(1= POt ) Ee = 3o
_ Atp
DT O+ W) 4D

As we saw in section 2, the positivity of the numerators is a necessary and sufficient
condition for system stability.
From (3.10) we derive
Q(O, Z) — A)u’(lz — 1)[7‘ (31) —r (02)]p02 - , (312)
Yic12(=1)[26:(1 — 7*(6:)) + (Az + p)r*(6:)]
where we have used (8; — X\)(62 — \) = —Ap. From (3.9) and (3.10), P(0, z) is now
known from

)\ 927‘* (92) 91 rt (91 )]

P(0,2) = 0(0,2) I: ulr(62) — r<(61)]
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so we have f(0, z) from its definition in terms of P(0,z), 0(0,z) and py. Addition
of (3.5) and (3.6) gives

(9 — A= “)[Q(Oa Z) +f(0’ Z)] — }‘(1 - Z)Q(O’ Z)
@—N0@-A—p+x3) - '

We thus have obtained the following result.

P'(8,2) + Q°(0,2) = (3.13)

THEOREM 2

(a) The generating functions for the distributions of the numbers of customers in
the retrial queue when the server is idle or busy are given, respectively, by the
right-hand sides of (3.7) and (3.8), where Q(0, z) is given by (3.12);

(b) the joint distribution of the number of customers in the queue and the remain-
ing retrial time of the customer at the head of the queue is given through its
transform P*(6,z) + Q*(8,z) by (3.13).

Exponential retrial times
When retrial times have an exponential distribution with mean r, our model
becomes that of Fayolle [7] with a different service discipline but the same queue
size distribution. We verify that our result reduces to the known one.
Substitution of 7*(8) = (1/r)/(6 + 1/r) into (3.11) yields
qdo = 1- (1 +/\7)P,
po=p[1 = (1+Ar)gl,
where p = A/p. Also 816, = A2(1 —z) and 6;(6; — X) — 62(6> — A) = (A + p — A2)
x (01 — 6), sothat
__ E=D:-6) [A
2(01 + 1/7‘)(02 + l/r) r
and the term following K (z) " in (3.10) is equal to
)\u 0y — 91

r (0 +1/n)(0+1/r)
Substitution of the values into (3.10) gives

000,2) =° [1— (14 X))z

r 1—(1+Ar)pz
Thus from theorem 2 we have
PP _ (1= p2)[1 = (1+ 7))
E(ZN,g—O)—Q(O,Z)'l-qO— 1—(1+)\r)pz H
1= (1+x)p
_pl—(1+)\r)pz’

K(z)

A+ p—22) = N2z +p)

E(ZV;¢ =1) = P*(0,2) + po

which is proposition 1 of Fayolle[7].
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4, Determination of the queue size probabilities

In this section we derive, under the stability assumption, formulae suitable for
algorithmic calculation of the quantities p;(x), ¢;(x) (i=>1). Our derivation reveals
some symmetries between the p- and g-quantities less apparent in the formulation
of the previous section, and the equations are rendered more compact if we vary the
notation of section 3 and for i >1 set

i(x) fork=0,
e, (%) = { Y
pi(x) fork=1,
and define
qdo fork=0 s
Lo =
T \pe fork=1.

The analysis is based on the imbedded Markov chain utilized in section 2. If we
denote the equilibrium distribution on the chain by (¢;)g , then following the stan-
-dard theory of the M/G/1 queue verbatim we derive the generating function

_ - P 2 F)
2¢ =1-FOIE—R2

An algorithmic procedure for the calculation of the probabilities ¢; is given by
Cinlar as theorem 5.20in[2]. Lety; = 1 — 3Y,_, f;. Then

¢0 =1- F,(l) )
é1/%0 = yo/fo

and foranyj>1

¢]/¢0 Zf—l—l ZJ’qJ’ez Ve s

1_

where the inner summation is over all i-tuples of positive integers with
at+e+...e=j—1.

For k = 1,2, let v(t) be the probability that £(¢) = k and no retrial lifetime has
begun since time 0, given a retrial lifetime ended at time 0 and emptied the retrial
queue. Then

Yo(8) = Mo(t) + pm (),
Y () = —(A+ wn (0 + Xy(?)

with initial conditions 4. (0) = &,1.
In terms of Laplace transforms, these forward equations may be written as
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(s + N(s) = p(s),
(s+ A+ p)7i(s) =1+ Xyp(s),

sothat
.y [
70(S)_S(S+2A+y,)—|—)\2’
“(s) = s+ A
M = ro+p)+ 2

The probability density for an empty period of the retrial queue having length ¢ is
Av1(2), so that the mean length of empty periods is

A / t(2) dt = —A7’(0) = /X2
0

Hence the mean time between the ends of successive busy periods for the retrial
queue is (po +qo)_1 p/X2. Such time points occur in a renewal stream at rate
(po + qo) A%/ . Chain points at which the state is j will occur in a renewal stream.
The rate for these will be

w; = (po + q)(X/w)dj/d0  (j=0),

which is an algorithmically calculable quantity since py + go is given from section
3by
A+ p)XNr
pl—r(+u)]
We determine m j(x) by use of the theorem of total probability, conditioning

on the elapsed time since the last event epoch of the imbedded chain and the state of
the chain at that epoch. By renewal theory we have

po+go=1-

J 00
T = 3w, / B, s (0)r(t + x) dt
I=1

0 00
to [ mndr [ B0 @t (>0
Since
o]
/(; n{(T)A dr = )\'yf(O) =1,
this equation simplifies to
J )
i, j(X) = Z Vi /0 ok, j-1+1(Hr(t + x) dt
I=1

+ /ooo o, j(Or(t+x)dt (j>0).

It remains to determine the quantities o, ;(f). From (2.4) we have



286 B.D. Choietal. / An M/ M/1retrial queue

. _ U
A5(z5) = (s+N[s+A1—2)+p] -’
. (s +)
Ao = A ) T
whence we derive
N RN -
W) =m0
of 5(s) = alCh.2)s (7>0) -
LY T s+ oA+ )+ N ’

These transforms can be inver;ed by use of formula (5.2.17) of Erdélyi et al.,
which gives > _| Ans/~™(s + a)~ as the Laplace transform of

j-1 m .
—a r j—m—1+n
€ ! E ‘ ﬁ EO ( n )(—1)")\m+1_,,a", (42)
m= n=

where we interpret (g) = 1. If we make the factorization
SE+H2+p) + X = (s+v)(s+v),
then vy, v, are clearly real and nonnegative. From (4.2), (s + )\)j“1 /(s + v Y is the

Laplace transform of
Jj=1 m /.
Ce N A —0)]” -1
¢ Z m! m )’

m=0
Since (s + v2) ™ is the Laplace transform of
e /(- 1)1,
we may invert the first relation of (4.1) by the convolution theorem as
t j—1 j-1 m /.
() = —va(t—u) ()‘(t - u))l —vu ((A — Ul)u) j—1 i~0
a0, (0) = [ & e () w60,

Similarly

o _ ! —vp(t—u) (/\(t_u))j—z — ()‘(t_u))j—l
0= e [A I G

oo § (O — o))" (f - 1) du (j>0)

m=0

and we are finished.
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5. Waiting time distribution

Let T be the random variable representing the waiting time of a tagged customer
in the queue. By conditioning the state of the system seen by such a customer at
his external arrival time, we have

E@™T) =Pt =0)+E(E*T|N =0, =1)py
+i/°°E(e-xT|N=n,R=x,g= Dpa(x) dx.  (5.1)
n=170

We observe that E(e7|N =n,R = x,£ = 1) (for n>1) is the Laplace transform
of the waiting time in the queue of the arriving tagged customer when there are »
customers in the retrial group, the remaining retrial time of the customer at the
head of the queue is x and the server is busy. This transform is determined by mod-
ifying the original time-dependent M/M/1 retrial queue differential-difference
equations (3.1) with initial conditions N(0) =r+ 1, R(0) = x,£(0) = 1 and the
input policy modified so that external arrivals who find the server busy are lost.
With these changes g; (¢, 0) will be the required probability density function of the
conditional waiting time and fo” e™'q1(2,0) dt (later denoted by wi , (s, x)) will be
E(e™T|N = n,R = x,£ = 1). The main object of the following argument is to find

Je*q1(2,0) dt.
With the new input policy, egs. (3.1b, ¢, €) become

o 0
(’a‘i - a—y>pn+1(t, Y) = —pPns1(,Y) + r(V)Prr1(2,0) + Agnya (8, ), (5.2a)

(% - (%)pi(t,y) = — up;(t,y) + r(y)pi(t,0)

+Agi(t,y) +r(0)gin (1,0), 1<i<n,  (5.2b)

8 0
—_—— s —_ . . < '< , .
(Bt ay) qi(t,y) = =Aqi(t,y) + ppi(t,y), 1<isn+1 (5.2¢)
with the initial conditions
Pi(0,y) = 6x(y)bins1 and g;(0,y) =0. (5.3)

We solve these differential-difference equations via the transforms

n+l

P*(s,0,z) = ZZi/ / exp(—st — 6y)p;(t,y) dt dy,
‘ =1 J0 JO

ntl

06,2 =>7 [ [ expl-st—talt.p) dr b,
=1 Y0 JO
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n+l

o0
Us2) =Y 7 [ exp(-stipi(t0) dr,
=1 J0

n+l

V(s,z) = Zzi /ooo exp(—st)qi(t,0) dt.

i=1
First, forming transforms on (5.2) gives
(6 —s— p)P*(s,0,2z) + X\Q*(s,6,z) =f(s,0,2),
pP*(s,0,2) + (0 — s — N)Q*(s,0,2) = V(s,2), (5.4
where
f(s,6,2) = U(s,z) + r*(6) W1 (5, x) — U(s,z) — V(s,2) /2] — e 2!

and we set

[s,¢]
w9 = [ a0 dr.

An application of Cramér’s rule to (5.4) provides
G(ea S)P*(S7 01 Z) =f(sa 9’ Z)(a -85 )‘) - )\V(S,Z) >
G(ea S)Q*(Sa 6‘) Z) = (9 -5 ”’) V(S) Z) - l—l'f(sa 0: Z) ) (55)

where G(6,s) = (0 —s)(6 —s— X — p). Since G(f,5s) =0 at §=s and =5+ A
+u, the right-hand sides in (5.5) must also vanish there, whence we have

U(s,2) + r* ()W (5, x) — U(s,z) = V(s,2)/2) —e 2" + V(s,2) =0,
BU(5,2) = AV (,2) + r* (s + A+ )W (5,%) = U5, 2) = V(s,2)/7]
— #e—(s+)\+u)xzn+l =0.
An application of Cramér’s rule to these two relations gives
U(s,z) = L(s,z)/M(s, z)
where
e — P (W (5,%) 1-r(s)/z

L(s,z) = )
(52) pe=(HIHmxHL _yr (5, )0 (s + A+ —A— prt(s+ A+ pz )

M(s,z) = -A— p+r () +p/zl + wr (s + A+ )1 - 271,
We observe that M (s, z) = Owhen

Z=Z(S) — u[r*(s)——r*(s+)\+p,)]
A p—Art(s) —pr(s + A+ p)

and |z(s)| <1fors>0. Hence L(s, z) = 0 atz = z(s) too, that s,
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e_sx[)\ N ur* (s g 'u,)/Z(S)] + ﬂe—(s+)\+#)x[1 —r* (s)/Z(S)] z(s)n+1
Art(s) + pr(s + A + p) |

W:H_l(sa x) =
Finally, since
EETIN=06=1)= [ wi(sx)r(x) d,

0

E€eTIN=nR=x¢(=1)= Wpi1(8,%),
we have from (5.1) that

E(e™T =qo + 0*(0,1) + poz(s)
+ [[A + pr* (s + A+ ) /2(s)] P* (s, 2(s)) + p[1 — r*(s5)/2(s)]
X P*(s+ A+ p, 2(s)z()] /M (s) + pr* (s + A+ )] (5.6)

Thus we have obtained the following.

THEOREM 3
The Laplace transform of the steady-state distribution of the waiting time in
the queue is given by (5.6).

6. Algorithmic determination of waiting times

The determination of the distribution of the waiting time in the equilibrium
regime may also be determined in the spirit of section 4 without the use of the gener-
ating function of the queue length distribution.

For n>0, let Vi »(x, f) be the probability density for the waiting time of an arriv-
ing customer being ¢, given that the customer finds ¢ =k, N =n and R = x. We
define Vi o(x, t) to be the corresponding quantity for a customer at the head of the
retrial queue when R = x. The unconditional waiting time of a customer arriving in
the steady state then has the density function

w(t) = qod(£) + po /0 Vio(x, Or(x) dx + /0 S Vin(n ) dx. (61)
n=1

In this formula only the quantities 77 , remain to be determined. We outline briefly
below how this can be done.
The backward Kolmogorov differential equations governing Von, V1,5 are

o 0
(—a—; + -a—t) Vo,,,(x, t) =) Vo,,,(x, t) + )\Vl,,,(x, t) R (6.2)

8 8
(a + 5;) Vip(x, ) = —pViu(x,t) + pVonu(x, 1), (6.3)
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subject to boundary conditions
o0
Vou(0, ) = / Vins (5, 0r(%) dx  (n>0),
0

VO’()(O, t) = 6([) ,

Via(0,2) = /Ooo Via(x,t)r(x) dx (n=0),

and initial conditions

VO,n(x7 0) = 6(x)6n,0 )
Vl,,,(x, 0) =0.

From (6.2) and (6.3)
a 4 g a4
(‘é}‘*‘a)(a'f‘a-l'#‘l')\)Vl,n(x,t)—Oa
so that
——a—+£+ + A Via(x,8) = (A + p)ha(t —x), sa
9x ' ot 24 1\, I} = )i ) Y,

for h, some differentiable function. Also by (6.3)
AVia(x,8) + pVou(x,8) = (A4 p)ha(t — x) .
Put
Vip(x,1) = Za(y, %),
where y = ¢t — x. Thenby (6.4)

0
a—xZn(y, x) + A+ 1) Zu(y,x) = A+ wha(y)
whence

Zu(y, %) = ha(¥) + pgn(y)e” 4%,

(6.4)

(6.5)

(6.6)

where g, is an arbitrary function of integration. From (6.5) and (6.6) we thus have

the parametric solution

Vl,n(x, t) = hn(t - x) + p,gn(t _ x)e—()\+/.t)x,

Von(x,t) = hu(t — x) — Aga(t — x)e—-(,\+p)x ,

(6.7)

From the initial conditions, we see that each g, and 4, has nonnegative support.

Finally, the boundary conditions yield
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hy(s) — Agy(s) = By ()1 (8) + pgu_ ()" (s + A+ ) (n>0),
hy(s) = Aggls) =1,

ho(s) + pgn(s) = oy () (s) + pg, () (s + A+ p)  (n20),

whence

ey 1—r(s) 1", A 1=r@E 1™
O R s v A e vl IR

(0 == i 1 O]

1—r(+A+p)| 1-rE+r+p
A 1—r*(s) -l

1-= =0).
X[ ul—r*(S+>\+u)] (=0)

An explicit expression for w may now be found by substitution from (6.7) into
6.1).1f

on(X) = T1p (x)e~O+H*

then we derive

w(t) = qob(t) + po(ho *7)(1) + i(m,n * h)(2) + l‘i(a'n * gn) (1) -
n=1 n=1
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