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In this paper  we give a comple te  g e o m e t r i c a l  theory  for  the study of the exact  lower  bound 
of the density of n -d imens iona l  l a t t i ces .  For  a r b i t r a r y  (r, R ) - sys t ems  we prove  an analog 
of well  known t h e o r e m s  due to Rogers  f rom the theory  of packings,  and a lso  f rom this  s ame  
theory ,  an analog of a t heo rem  due to Coxeter ,  Few, and R o g e r s .  Severa l  specia l  examples  
a re  t r ea ted .  

1 ~ There  a re  two bas ic  e x t r e m a l  p rob l ems  of the g e o m e t r y  of posi t ive quadra t ic  f o r m s  that  a re  
r a t h e r  widely known. The f i r s t  of these  is  the c l a s s i ca l  p rob lem of the denses t  lat t ice packing of n -d imen-  
sional b a i l s  while the second of these  is  the p rob lem,  posed in the l as t  ten y e a r s ,  concerning the l eas t  
dense la t t ice  cover ings  of space  by equal ba l l s .  

Considerable  p r o g r e s s ,  achieved recen t ly  in the solution of these  p r o b l e m s , *  has  made i t  poss ible  to 
a r r i v e  at a solution of st i l l  other e x t r e m a l  p rob lems ,  for example ,  the p rob lem concerning a many-d imen-  
sional l - funct ion (see [8, 7]). The p re sen t  paper  is devoted to one of such p rob l ems ,  namely ,  the problem 
concerning the densi ty of an (r, R) - sys tem,  and is  a detai led exposi t ion of a por t ion of the r e s u l t s  announced 
by the author in [6]. We make  subs tant ia l  use he re  of the methods  and cons t ruc t ions  employed in [5-7]; we 
a s sume ,  t he re fo re ,  that  the r e a d e r  has  knowledge of these  pape r s .  

2~ A: se t  ~ ~ E ~ is  said to be a uniformly d i sc re t e  s y s t e m  or an (r, R) - sys tem [9] if  numbers  r and 
R ex is t  sati:sfying the following two conditions: 

1. In the open bal l  of rad ius  r ,  c i r cumsc r ib ing  an a r b i t r a r y  point of the se t  $, there  a re  no other 
points of this se t .  

2. I n a n  a r b i t r a r y  (closed) ball  of radius  R there  is  n e c e s s a r i l y  a point of the se t  $. 

An a r b i t r a r y  n-d imens iona l  la t t ice  s e r v e s  as an example  of a uniformly d i sc re t e  s y s t e m .  In par t i cu-  
l a r ,  the lat t ice cons t ruc ted  on a cube of edge equal to two is an (r, R ) - s y s t e m  for  a r b i t r a r y  posi t ive r _<1 
and R -> ~-n. 

We consider  an a r b i t r a r y  uni formly  d i sc re t e  sys t em ~ ~ E" and we find numbers  r *  and R* ,  which 
a re ,  r e spec t ive ly ,  upper  and lower  bounds of numbers  r and R for  which the s y s t e m  ~ is an (r, R) - sys tem.  
It  is obvious that the s y s t e m  ~ is  a lso  an ( r* ,  R * ) - s y s t e m .  We r e m a r k  that  for  a la t t ice  the number  R* is 
the rad ius  Of the cover ing  and the number  r *  is the length of the min imal  vec tor  (twice the rad ius  of the 
cor responding  packing). 

We denote the ra t io  R * / r *  by ~ (~) and call  it the densi ty of the s y s t e m .  

We denote by ~(n) the g r e a t e s t  lower  bound of the r a t io  R * / r *  over  all  uniformly d i sc re t e  s y s t e m s  
of the space  E n, and we denote by ~r (n )  the g r e a t e s t  lower  bound of the r a t io  R * / r *  over  all la t t ice (r, R)- 
s y s t e m s ,  i .e . ,  over  all l a t t i ces  of the space  E n. 

*See the book [1] and the s u rvey  [2], and a lso  the paper s  [3-7] not included in the survey ,  in which, in pa r -  
t i cu la r ,  a m o r e  detai led bibl iography is  g iven of the m o s t  r e c e n t  pape r s .  
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The fundamental problem in the theory of the density of n-dimensional  (r, R)--systems consis ts  in 
finding the number u(n) and determining the (r, R)-system (if it exists) which gives r i se  to this number.  
The fundamental problem in the theory of the densest  n-dimensional  lattice (r, R)-systems consists  in find- 
ing the number ~F (n) and determining a lattice real iz ing this number.  

It is obvious that ~F (n) _> u(n); however,  examples of nonlattice (r, R)-sys tems denser  than lattice 
sys tems  are  n0tknownto the author. Closely re la ted questions have been studied by A. N. Kolmogorov, 
A. G. Vitushkin, and other authors (see A. G. Vitushkin's book [10]) in connection with a study of the con- 
cept "to within ~." 

To some extent the simple resu l t s  of Sec. 3 ~ concerned with es t imates  of the number 3<(n), are  left 
"hanging in a i r . "  The t r ivial  resu l t  concerning the fact  that the densest  two-dimensional  lattice (r, R)-sys- 
tern is the latt ice F~ constructed on a r ight  tr iangle (since it gives the maximum number r*  and the mini-  
mum number R* for a fixed discriminant} is well known. However there are  no resu l t s  even for three-  
dimensional latt ice (r, R)-systemso As will be clarif ied (Sec. 3~ this may be explained by the inherent  
difficulty of the problem, which, to some extent, turns out to be solved only after  the polyhedra p (m) (see 
[6]) and the surface p ( r ) ( s e e  [5]) have been constructed.  

3 ~ Bounds for the Number ~(n); 

THEOREM 1. The inequality ~(n} < 1 is valid. 

This inequality is proved by the following widely known (see, for example, [10]) reasoning showing the 
existence of (1, 1)-systems.  We choose an a rb i t r a ry  point of the space E n and we const ruct  a ball Um with 
center  at this point and with radius m > 0. In this ball we locate a number of points in order  that the resu l t -  
ing sys tem in the ball Um will sat isfy the condition 1) in the definition of a (1, 1}-system. If the system 
does not satisfy condition 2) in the definition of a (1, 1)-system, we can then find a point in the ball which is 
at a distance of at least  one f rom all the points of the sys tem.  Adjoining this point to the initial system,  we 
again obtain a sys tem satisfying the condition 1). Repeating this construct ion a finite number of t imes, we 
ar r ive  at a sys tem satisfying both of the (1, 1)-conditions in the ball considered.  Going over now to a ball 
with the same center  but with a radius of m + 1, we repeat  the foregoing reasoning.  Since such balls ex- 
haust  the space E n, we const ruct  in this way a (1, 1)-system in the whole space.  

LEMMA.  The length of the smal les t  edge of an a rb i t r a ry  n-dimensional  simplex imbedded in the n- 
dimensional ball UROf radius R cannot be l a rge r  than r  1)/nR. This la t ter  value is attained only on a 
regu la r  simplex inscr ibed in this ball. 

Proof.  We note, f i r s t  of all, that for any simplex S, imbedded in the ball U R, we can find a simplex 
inscr ibed in this ball and having an edge not less than the corresponding edge of the simplex S. In fact, 
let A be one of those ver t ices  of the simplex S which does not lie on the surface of the ball U R, then, mov- 
ing it along the extension of the altitude dropped onto the opposite face S A, away from the face S A, we in- 
c r ease  all the edges emanating from the ver tex A. We can per form this operation with all s implexes ob-  
tained in success ion  this way, continuing the process  so long as we have not a r r ived  at an inscr ibed simplex 
possess ing the proper t ies  we requi re .  

We assume now that our l emma is t rue for  n -1  and we prove it for n. Thus, let S be a simplex in- 
scr ibed in the ball U R and having edges not less  than d2(n+l ) /nR.  We take an a rb i t r a ry  ver tex A of the 
simplex S and we c i r cumscr ibe  about it a ball of radius ~/2(n+ 1)/nR; all other ver t ices  of the simplex S 
lie in the smal le r  of the two spherical  caps of the ball U R into which U R is divided by the new ball. But 
this cap can be imbedded in a ball of radius ~ (n2-1}/n2R, and, by the same token, the face S A, opposite the 
vertex A, is imbedded in an (n-1)-dimensional  ball of radius q~(n2-1)/n2R. Since, however,  all the edges of 
the simplex S A are  not less  than d2(n+l ) /nR,  the simplex must  be regular  and inscr ibed in an (n-1)-dimen- 
sional ball of radius 4 (n2-1)/n2R. Since the vertex A was a rb i t ra ry ,  all the faces of our simplex are regu-  
lar;  i.eo, the simplex is i tself  regular .  Thus our l emma is completely proved. 

THEOREM 2. The number ~(n) cannot be less  than the ra t io  of the radius of the ball, c i rcumscr ibed  
about a regula r  n--dimensional simplex, to the edge of the simplex, i .e. ,  

(n) >~ V hi2 (n ~- i) .  

Proof.  We take an a rb i t r a ry  (r, R)-system $ C E ~ and we show that, of necessi ty,  we can find a pair  
of points in it separa ted  by a distance not g rea te r  than ~/2(n+ 1)/nR, i .e. ,  such that r < q2(n+ 1)/hR. Actually, 
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we se l ec t  an a r b i t r a r y  body L f r o m  the decomposi t ion  ~L}, cor responding  to the s y s t e m  $ (see [9], 1-4).  
This body L is ,  by definition, insc r ibed  in an empty  (devoid of points of the sy s t em $) bal l  of some rad ius  
R ' ;  however ,  according  to the definition of an (r, R) - sys tem,  the empty  ball  cannot have a radius  l a r g e r  than 
R, i .e . ,  R'  <- R. Thus our body L can be imbedded in a ball  of rad ius  R .  Since the body L is a convex finite 
n--dimensional polyhedron,  a s implex,  imbedded in the body L, can be found whose v e r t i c e s  a r e  among the 
v e r t i c e s  of  the body L. Thus we have found a s implex  S, imbedded in a ball  of rad ius  R, whose ve r t i c e s  
a re  points of the s y s t e m  $. By vi r tue  of the prev ious  l e m m a  the s implex  S has  at  l ea s t  one edge of length 
not g r e a t e r  than 42(n+ 1)/n_R. Thus we have found the requ i red  pa i r  of points and the proof  of the theorem 
is complete .  

We r e m a r k  that  Theorem 2 is  the analog of a t heo rem of Rogers  (see [1], Chap. 7) in the theory of 
packing and of a theorem of Coxeter ,  Few, and Rogers  (see [1], Cha p. 8) in the theory of cover ings .  Al- 
though our i theorem is  eas i ly  der ivable  f r o m  these  t h e o r e m s ,  we p r e f e r  to give an independent proof  of i t  
s ince it is the s imp le s t  of all three  of these  t h e o r e m s .  

COROLLARY. The lat t ice cons t ruc ted  on a r ight  t r iangle  is a unique two-d imens iona l  (r, R) - sys tem 
for  which the value u(2) = ~ is at tained.  

This ;follows f rom Theorem 2 and the uniqueness of the decomposi t ion  of the plane into r ight  t r i ang les  
(to within siimilarity), and a lso  f rom the biunique cor respondence  [9] be tween the decomposi t ions  ~L} and 
(r, R)-sys tem s. 

4~ A Genera l ly  Exac t  Theory  of the Densi ty  of Lat t ice  (r, R) -Sys tems .  The d i scuss ion  to follow will 
i 

be conducted not in the space  of an (r, R)--system but in the space  E N, where  N = n(n+ 1)/2, the space  of the 
coefficient  s of quadra t ic  f o r m s  in n va r i ab l e s  [6, 8, 9]. To posi t ive quadra t ic  f o r m s  in this space  there  
cor respon~  points of some  convex conical  set ,  the cone of posi t ivi ty  being denoted by K~ We denote by 
the group ~f (affine) t r an s fo rm a t i ons  of the cone K into i tself ,  genera ted  by all the in tegra l  unimodular  
t r an s fo rma t ions  of the va r i ab l e s  in the quadra t ic  fo rms  cons idered .  We also employ he re  the theory  of 
lat t ice typels (paral le lohedra)  [11], the in format ion  needed f rom which is  p resen ted ,  for  example ,  in [3] and 
[5]. 

T__HE(bREM 3. Let  A denote some n--dimensional la t t ice- type domain,  c losed re la t ive  to the cone K. 
Points,  to Which there  co r r e spond  la t t ices  with the s m a l l e s t  poss ib le  value,  for  a given type, of the number  
R * / r * ,  fi l l lup a convex cone Q of the space  E N (with ve r t ex  at the coordinate  origin).  

Proof .  We consider  the bounded body W(A) const ructed in [9] and the polyhedron M(m) cons t ruc ted  
in [6] (see ~lso [7]). Both of these bodies a r e  convex. For  some value of the p a r a m e t e r  m these  bodies do 
not in te r sec t ,  but s ince on each r ay  belonging to the domain A and issuing f rom the coordinate  origin,  points 
can be found belonging to both the polyhedron M(m) for  a r b i t r a r y  m and the body W(A), i t  follows that  there  
exis ts  a va~ue of the p a r a m e t e r  m for  which the in te r sec t ion  W(A) N M(m) is not empty .  Consequently,  as  
can be eas i ly  seen, we can, in fact ,  by v i r tue  of the c losure  of these bodies ,  find a s m a l l e s t  such m 0. Ac- 
cording to the g e o m e t r i c  meaning of the su r f aces  of our two bodies  the in t e r sec t ion  QT = W(A) ;~ M(m 0) con- 
s i s t s  of poilnts cor responding  to la t t i ces  of our type, having a cover ing  radius  equal to one and a min imal  
vec tor  {of l[ength J-m-i), the s m a l l e s t  poss ib le  for  such la t t i ces .  We r e m a r k  that  the se t  QT has no points on 
the surfacej of the cone K, since no such points ex is t  in the polyhedron M(m0). Noting that,  as  the i n t e r s e c -  
t ion of convex bodies,  the se t  Q~ is convex and that the requ i red  set  Q is a cone with ve r t ex  at  the coordi -  
nate or igin  i cons t ruc ted  on QT, we have proved our theorem comple te ly  since the absence  of other  (weakly) 
e x t r e m a l  points is obvious by vir tue  of the convexity of the bodies  W(A) and M(m0)~ 

We r e m a r k  that  in our theory  Theorem 3 is  the analog of a t heo rem of Barnes  and Dickson [3]. 

THEOREM 4. We denote by ( ~  the subgroup of those t r an s fo rma t ions  of the group | which t r a n s -  
form the dqmain A into i t se l f .  Then among the points of the se t  Q we can find points i ava r i an t  r e l a t ive  to 
the group ~ .  

Proof~ We consider  an a r b i t r a r y  point f E  Q and its  images  g/ under all the t r an s fo rma t ions  9 f rom 
the gro-~p ~ .  We also consider  the eent ro id  fw of this sy s t em of points.  Since the se t  Q is  convex, the 
point fY belbngs to the se t  Q. Since for  each t r a n s f o r m a t i o n  g ~ r the points gf m e r e l y  change p laces ,  

jl r 
we have ~]! = f for  an a r b i t r a r y  t r a n s f o r m a t i o n  g ~ ~ .  Thus the theorem is  comple te ly  proved.  

We r q m a r k  that  this t heo rem also is  an analog of a t heo rem of Barnes  and Dickson [3] in the theory  
of cover ing s . 
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5 ~ Examples .  Pa r t i a l  Resul t s .  Suppose now that  the domain A is  not an a r b i t r a r y  type domain,  but 
a pr incipal  domain of the f i r s t  type [11, 9]. The group ~ for  this domain  is such [11, 3] that  there  is  only 
one absolute ly  fixed line ~f  re la t ive  to the t r ans fo rma t ions  of this group, where  by f we mean  the pr incipal  
fo rm of the f i r s t  type 

nx~ § nx~ §  § nx~ - -  2xlx2 --  2xlx3 . . . . .  2x~_lx,, 

It  follows f rom this that  the s m a l l e s t  value of the ra t io  R * / r *  for  la t t ices  of the f i r s t  type is at tained on the 
la t t ice  F~ with the m e t r i c  fo rm f ;  this ra t io  can be eas i ly  calculated and is equal to 

V-'(n + 2)/12. 

We can make  var ious  conclusions f rom this equation. 

a) For  an n-d imens iona l  la t t ice  we have 

Xr (n) ~< 1/-~ § 2)/12, 

which for  n > 10 is poore r  than the avai lable e s t ima te  for  an a r b i t r a r y  sy s t em.  

b) For  an a r b i t r a r y  (r, R) -sys tem,  since zr(n)-> z(n), we have 

•  for n-~< i0. 

c) For  n = 2, 3 we have zF(n)  = ~/(n+ 2)/12, and, s ince there  is  only one la t t ice  type for  these  d imen-  
s ions,  the re  a re  no local ly  ex t r em a l  values  of the number  R * / r *  in these d imens ions .  

6 ~ As may  read i ly  be seen,  when n = 2 the cone Q degenera tes  to a point. It  would be of i n t e re s t  to 
c lar i fy  the fo rm of the cones Q for  n > 2. It  would also be in te res t ing  to find all numbers  z(n) and zF(n) ,  
which it  is en t i r e ly  possible  to do for  the number  z F  (4). We note that  when n = 4 a la t t ice  of centered  
cubes yields  the s a m e  bound ~ - ~  for  the number  zY (4) as does the lat t ice F]. 
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