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It is shown that finite size effects stabilize a variety of phases in superfluid “He
which do not occur in the bulk liquid. These phases are formed at temperatures
at which the coherence length is comparable with the smallest linear dimension
of the system. Right circular cylindrical geometries are considered explicitly.

1. INTRODUCTION

The chief purpose of this paper is to point out the variety of phases
which should be induced in superfluid *He by confining it in certain restricted
geometries. Specifically we have examined the free energy and order param-
eter of a p-wave paired superfluid in a long cylindrical tube or pore. The
phases produced by finite size effects are found when the temperature of the
superfluid is sufficiently close to the bulk transition temperature 7; so that
the coherence length &(T) is of the same order of magnitude as the pore
radius R, that is, when

R~ UT) ~ &/ — T/T)*? 1

The zero-temperature coherence length &, is of order 124 A.* In 1-um-radius
pores, Eq. (1) implies that the phases will be observable within a few micro-
degrees of the bulk transition temperature. Of course, the smaller the pores,
the wider the temperature range over which the new phases will exist. More
precise estimates are given in Sections 2 and 3.

On cooling from the normal Fermi liquid, we believe the sequence of

.- . 2nd 2nd . . 1st
phase transitions is : normal —*> polar —— mixed axial —— transverse

axial —— BW. The order of each transition is shown above the arrow. The
names attached to the various phases are indicative of their properties. Thus
the polar phase is a phase with an order parameter very similar to that of the
bulk polar phase.? Other workers have also realized that the polar phase
should be stabilized by narrow pores.?
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The axial (or ABM) phases* ° exist in two forms, mixed axial and trans-
verse axial. The mixed axial phase is stable over a small temperature region
and changes at a first order transition to the transverse axial state. The chief
difference between the two axial phases lies in the fact that only the trans-
verse axial phase has a disgyration’ at the pore center. A disgyration is a
region in which the order parameter is reduced rather like in a vortex core
in superfluid “He.

On further cooling, the BW® or B phase will be produced from the
transverse axial phase at a first order transition. The BW state in a pore differs
from the bulk BW state mainly in having a disgyration at the pore center.
[Note that if the pressure is much greater than the polycritical point pressure,
the temperature will have to be much reduced before the BW state appears.
There the coherence length &(T) « R and finite size effects can be safely
neglected. The transition which takes place in these circumstances is best
regarded as just the usual A to B bulk liquid transition.]

The mechanism which produces the variety of phases is the competition
among terms in the free energy corresponding to bulk energies, surface
energies, and strain energies (which arise from spatial variations of the order
parameter). A surface free energy arises through the suppression of certain
of the components of the order parameters at a surface. Ambegaokar, de
Gennes, and Rainer’ (to be referred to as AGR) have shown that the boundary
conditions on the order parameter depend crucially on how *He quasi-
particles are scattered at a solid surface. It seems most likely that diffuse
scattering will prevail for ordinary glass surfaces,’ and so we have concen-
trated mainly on this case. The sequence of transitions outlined above was
for diffuse scattering boundary conditions. AGR suggested that at mica
surfaces, specular reflection of *He quasiparticles might be realized. The
sequence of transitions for specular reflection boundary conditions is given
in Section 5.

All the calculations in this paper are of mean-field character. Fluctua-
tions about the mean-field (or Ginzburg-Landau) solution are enhanced in
a pore since its geometry is essentially that of a one-dimensional system.
Fluctuations will round off the sharp transitions found by minimizing the
Ginzburg-Landau free-energy functional. Fortunately, this rounding-off
effect has been much studied in connection with superconductivity in thin
wires and so we shall just quote the result for the range of validity of mean-
field theory. For a one-dimensional system, mean-field theory fails only
within a temperature interval e, given by'°

&= (1 = T/T) ~ (keR)™*? @)
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where the Fermi wave number kg is of order 0.87 A~ for liquid *He. Since
the intervals over which the phases exist are of order (¢,/R)?, the fluctuation
rounding effects are small in comparison. Variations in pore diameter will
also be a source of rounding.

Another complication which we shall neglect throughout is the effect of
the dipole-dipole interactions between the *He nuclei. These will play a
crucial role in determining the NMR properties of the phases in the pores.'’
but their thermodynamic effects will only be appreciable in a reduced tem-
perature interval g; of

to=(1 — T/T) ~ NOYR[In (1.13hw/ks T)? & 2 x 1076 (3)

Since the reduced temperature intervals we are concerned with are of order
1077 or greater, it is clear that the dipole energy terms can be safely neg-
lected in discussions of the stability of the phases in the pores. (A reduced
temperature interval of 1072 corresponds to a temperature difference from
T. of about 1 uK.)

An experiment such as a flow or NMR experiment on superfluid *He
in narrow pores at temperatures close to the bulk transition temperature
should therefore reveal a number of “kinks” in any measured quantity as
the temperature is reduced, corresponding to the various phase transitions.
(Actually, we can only be sure of sharp “kinks” in thermodynamic quantities ;
fluctuation effects and hence rounding may be larger for transport coeffici-
ents.)!® The nature of these kinks and the temperatures at which they occur
will provide much information on coherence lengths, boundary conditions,
and the behavior of quasiparticle scattering off the surface of the pores. In
addition we expect a similar variety of phases in any restricted geometry
except that of slab geometry.!?

The mathematical formalism is outlined in Section 2. We have concen-
trated mainly on the procedure to be used, for to solve the equations com-
pletely would involve a huge numerical effort. This is probably sufficient
until the shape of the pores used in any particular experiment is known.
For example, if the pore diameters are less than 1 um, the pores are unlikely
to be fabricated with accurately circular cross sections. It is possible to make
much progress by using simple Ansétze for the order parameter, together with
a few numerical estimates. Such are given for the two axial states in Section
3and for the BW state in Section 4. In Section 5, specular scattering boundary
conditions are considered and the sequence of transitions appropriate to
them is worked out. We conclude in Section 6 with discussions of the effects
of magnetic fields and of metastability of the phases.
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2. FORMALISM AND CALCULATIONAL TECHNIQUES
2.1. Formalism

The order parameter for the triplet-paired superfluid, A,,, is most
conveniently expressed for p-wave pairing in the form

<au(k)av(~—k)> ~ A/w = i(()" d(k)o—y)uv (4)
dy(k) = 4,k (5)

where k; is a Cartesian component of the unit wave vector k:and 4 pils a
complex 3 x 3 matrix whose elements transform under a space rotation
like a vector with respect to the column index i, and under a spin rotation
like a vector with respect to the row index p. For discussions of the thermo-
dynamics of superfluid 3He in the vicinity of the phase transition, the Landau
expansion of the free energy F in powers of the order parameter is most
useful. Neglecting dipolar forces, the (bulk) free-energy density difference
between the normal and superfluid phases to fourth order in the order
parameter can be written as

fs= —3aTr AA" + L{B,|Tr AA|? + Bo[Tr AAT]> + B3 Tr[A" A(AT A)*]
+ By THAATY? + s THLAAT(AAT)])
= —4aTr AA" + 1Y BR, (6)

The coefficient a is of the form A(1 — T/T,), while the f; are “‘strong coupling”
coefficients whose values are not fully determined by the present experimental
data.

When the order parameter varies spatially, there are extra terms in the
free energy density, quadratic in the gradients,” which we shall refer to as the
“strain energy’ :

fs =3 Y (K, |divA > + Kyl curl A *} (7
p
where K; and Ky are two positive constants and A, is the vector with

components A,;. There are two coherence lengths associated with the con-
stants K; and Ky,

& = Ky/lal = 5¢§/t  (longitudinal) (8)
& = Kqflal = ¥/t (transverse) ©)

where t = (1 — T/T;) and &, is the zero-temperature coherence length.”
The total free energy F of the system is just the volume integral

F= j AV (fy + f3) (10)
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The boundary conditions on the superfluid order parameter are com-
plicated. AGR demonstraied that whatever the temperature and the nature
of the surface, the component of the order parameter normal to the surface
(A,), vanishes:

(A,)(surface) = 0 (19

The boundary conditions on the tangential components of the order param-
eter (A,), are, however, temperature and surface dependent. We shall treat
separately in Section 5 surfaces that scatter 3He quasiparticles specularly.
For surfaces that scatter *He quasiparticles diffusely, AGR showed that the
tangential components at a surface are reduced relative to their bulk values
by a factor £o/Ex(T). Since we are interested only in the temperature region
for which &(T) » &, L.e, near T, we can adopt the simpler boundary con-
dition (for diffuse reflection)

(A,)(surface) = 0 (12)

In this paper we study in detail the case of *He confined in a long
cylindrical pore of circular cross section. Its axis is taken to be the z axis.
We shall assume throughout that the order parameter 4 which makes F
a minimum and satisfies the boundary conditions does not depend on z.
This is because variation in z is never enjoined by the boundary conditions,
and if present would produce an increase in the strain energy fg without
any reduction in the bulk energy. The A, will therefore be taken to be
functions of two variables only, r and 6, namely the usual cylindrical polar
coordinates. The pore radius is denoted by R, so that the boundary conditions
(11) and (12) specialize to

AR, 0)=0 forall0 (13)

2.2. The Linearized Equations

The Euler-Lagrange procedure yields partial differential equations in
the A, which, when solved subject to the boundary conditions, give a
stationary expression for the free energy. Among these stationary solutions
will be the true absolute minimum, which gives the equilibrium state of the
superfluid. The Euler-Lagrange equations are

K7 V2A, + (K, — Ky) grad divA, + aA, — 1Y B(OR/OA) = 0 (14)

where, in our curvilinear (polar) coordinates, V2 is defined as (grad div —
curl curl). The last term in Eq. (14) is cubic in A,. Hence when the superfluid
first condenses, the only role of the cubic terms is to fix the overall normaliza-
tion of A, and the radial and angular dependences of the order parameter
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will be given by the solutions of the simpler linear equation
Ky VA, + (K, — Kp)graddivA, + aA, = 0 (15)

This equation, together with the boundary conditions (11) and (12), can
be regarded as an eigenvalue equation with a as the eigenvalue. The super-
fiuid cannot begin to condense until the quadratic part of F [ie. the part
which gives rise to Eq. (15)] can turn negative. Since the strain terms are
positive-definite, condensation in a finite geometry with diffuse boundary
conditions can only take place if the temperature is less than the bulk
superfluid transition temperature T, that is, for nonzero, positive values of
a. If we denote the smallest eigenvalue of (15) by a,, then the exact onset
temperature T; is given by

a, = A1 = T/T) (16)

For the cylindrical capillary a, can be obtained explicitly. Notice that in
Eq. (15) the different spin components—the components labeled by the
index p—are decoupled from one another, which means that we can solve
for each spin component separately and so ignore the subscript p in (15),
ie,set A, - A For K; > Ky, it turns out that the lowest eigenvalue corres-
ponds to an eigenfunction for which div A = 0. If one sets A = g(r, 0)2,
where 2 is a unit vector along the capillary axis, the divergence will vanish
identically. Then Eq. (15) reduces to

K;V?g+ag=90 (17)

In a cylindrical geometry subject to the boundary condition g(R,6) = 0,
Eq. (17) has solutions

gcosm()
‘;m(mmnr/R)ISian » m=0,1)2,,..; n:1’253w-- (18)

where a,,, is the nth zero of J,(x), not counting (for m > 1) the zero at x = 0.
The eigenvalues associated with the eigenfunctions in (18) are

a=E,, = K02 /R* {19)
The smallest eigenvalue corresponds to oy, ~ 2.40, and so superfluid
condensation will first take place when
a=a, =Ey,
or, using (9), when

R/ = 0y, (20)
or

(T. = T/T, = #&o/R)05, (20a)
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Equation (20) shows that finite size effects are appreciable only when the
coherence length becomes comparable to the smallest linear dimension of
the system ; in this case, the pore diameter. Equation (20a) indicates that the
transition temperature T, is depressed below the bulk value of T, by an
amount which varies as the inverse square of the pore radius.

We shall attach the name “polar” to solutions of the type A, = g(r,0)Z
The reason for this name is that in the bulk liquid, the polar phase has an
order parameter which can be written A, = 0, g2, where gis a temperature-
dependent (but position-independent) constant.?-® It seems likly that the
strong coupling coefficients ; have values which ensure that the polar phase
is not a stable bulk phase. Its stability in a cylindrical pore is a manifestation
of finite-size effects.

We shall now list the possible types of solutions of the linearized
equation (15). Nontrivial details are discussed in Appendix A. Writing A
in terms of cylindrical polar variables and components (f,(r, 0), filr,8),
g(r, 0)), there exist the solutions:

(1) “Polar type”:

cos mb

ranJm(amnr/R){ }, m:oﬁl’z’ = 1’2’3"_' (21)

sin mé
as in (18) with eigenvalues as in (19). The superscript * indicates the parity
under reflection of the y axis, (x = x,y — —y), as discussed further in
Appendix A.

(i) “Transverse type” f, = 0 and

Jolr) ~ J{ay,r/R), n=1723 ... (22)
which satisfies the boundary condition f(R)} = 0 and has eigenvalues
a=E;, = Kra1,/R? (23)

The lowest eigenvalue corresponds to o, ~ 3.83.
(iii) “Longitudinal type™: f, = 0 and

S~ Jyey,/R),  n=1,2,3,... (24)

which satisfies the boundary condition f(R) = 0 and has eigenvalues 3E, .

{iv) Mixed solutions. These are solutions of (15) for f, and f, which are
neither purely transverse nor purely longitudinal. They are described in
Appendix A. Define

2
) = LA gy o)

b
) 2s)
oor) = {22 100 1) 2=t}
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wherem = 1,2,..., 4 = (a/K;)"*R, B = (a/K,)'*R = A//3,a = (a/K;)"*r,
b = (a/K, ) *r = a/\/g, and J,,(x) = (d/dx)J .(x). Then there are two kinds
of mixed solutions labeled + and — to indicate their parities under reflection
of the y axis (see Appendix A):

S =vur)cosml,  fphe= —u,lr)sinmb (26)
for = V) sin mo0, [ g = Un(r) cos mo (27

The eigenvalue condition is
m2J, (A)J,(B) = ABJ, (A)J,(B) (28)

Denote by y,,, the nth solution of (28) for A. Thelowest eigenvalueisy ; =~ 3.36
and corresponds to a temperature Ty, given by

(T. = Tw)/ T = 3(¢0/R)*(3.36)* (29)

v, 1s the next smallest eigenvalue to the polar eigenvalue o, .
For m = 0, the two mixed solutions reduce to the transverse and
longitudinal solutions.

2.3. Sectors

Any solution of the nonlinear equation (14) can be expressed as a linear
superposition of solutions of the linear equation (15). However, there exist
solutions of the nonlinear equations whose expansion involves only a subset
(and not all) of the solutions of the linear equation. The problem is to deter-
mine which combinations will occur in any given phase. It will help to con-
sider first a.simple example (model) for the polar phase.

Let ¥,(r, 0) and ¥,(r, 6) be two solutions of the linear equation, Eq. (17),
with eigenvalues £, and g,, and suppose for the moment that it is adequate
to write

g(r,0) = cfy + ca¥rs, ¢y, real constants (30)

Then, in terms of ¢; and ¢, the free energy can be written as
F ~ {—(a—e)ct —(a — e)c3 + yact + p3cicy
+ 721} + 716163 + 70¢3} (31)

where the 7, depend on the strong coupling coefficients and on the explicit
form of the functions ¥ ,(r, 6) and ¥ ,(r, 8). For example, the coefficient y;
will be related to the “interference” integral

ys ~ de Vi, (32)
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Assume &, < &, so that initially the superfluid will condense into the state
;. We distinguish two cases.

(i) Odd—odd interference terms (like y5 or y,} nonzero.
+  We anticipate that for a just above g;, when |a — &,| < |a — &,], we
should have ¢3/c? nonzero (though small), i.e, that ¢ is nonzero even though
a < &,. That this is indeed so is easily demonstrated. If ¢, = 0,

F~ —{a—g)c? + vt (33)

and is minimized by ¢ = (a — &,)/2y,. To second order in ¢,, taking
la — &g} < la — &),

F x—(a— el + yact + v5cic, + (e — a3 (34)

which on calculating 6F/dc, to find the minimum gives

73¢3 + 20506, —a) =0 {35
$0
€ = —75¢ifles — a)
and
Cofer = —(3/2v)a — &)/(e; — a) (36)

which is small, as expected, and vanishes as a — ¢,.
{ii) Only even—even interference terms nonzero.
In this case, the free energy F can be put in the form

F~ —(a—e)cf — (a—e)c + 58, ¢t + Bracics + 1ot (37)

Depending on the relative values of 8,4, Bys, 822, €1, and &,, several possi-
bilities exist, and are speiled out in Appendix B. For our present purposes,
it is sufficient to notice that, if ¢ ever rises {from zero, it can do so only at a
further second- or first-order tramsition, which occurs at a temperature
lower than that where condensation into the v, state begins.

Hence it is essential to recognize the differences between combinations
of linear functions which have, or have not, odd-odd interference terms.
We shall divide the space spanned by the solutions of the linear equation
(15) subject to diffuse scattering boundary conditions into sectors, such that
functions all within one sector have no odd-odd interference terms with
any functions outside that sector, while there are odd-odd interference
terms within each sector. (See further remarks in Appendix C.) In other
words, the order parameter of any given phase in the pore is associated with
just one sector. Obviously, all functions in the same sector can combine
freely, and by adjusting the relative weight of each function in the sector,
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the shape of the order parameter adjusts itself to changing values of the
temperature.

One sector for the polar phase is made up of the functions Jo(oe,7/R).
Condensation starts with the n = 1 function of this sector and it would seem
reasonable to assume that the polar phase at all temperatures below T,
is expressible as

g(r7 0) = Z CnJO(aOnr/R) (38)

However, other polar sectors do exist ; they all cause g to vary with the polar
angle 0. An example is

gr,0) = 3 Y Cond p(Omar/R) sin m@ (39)

meven n

{Evidently, there are no odd—cdd interference terms between (38) and (39),
since all such vanish after integration over 8.] One might wonder whether
the larger sector of Eq. (39) might at a certain temperature give a lower free
energy than the sector of Eq. (38). Such questions cannot be answered firmly
without resort to detailed numerical work, but on physical grounds we
doubt whether admitting angular variation into g would lower the free
energy. In other words, in this nonlinear variational problem, intuition
trained on linear variational processes is unreliable; it no longer follows
automatically that every extra variational parameter leads to an improvement
in the trial function.

Assuming that the polar phase remains in the sector of Eq. (38), we
examined numerically its development as a function of temperature. Speci-
fically we took the first three coefficients in (38), ¢,, ¢,, ¢3, expressed the
free energy in terms of them, and varied them until the free energy was a
minimum. The results were as might have been expected. For values of the
temperature close to 7T;, the onset temperature for polar condensation, the
first term dominated g(r). As the temperature was reduced, the magnitudes of
¢, and c; increased, maintaining |c;| < |¢,|. We were able to conclude that
for temperatures in the range such that

24 < Rjér < 45

a three-parameter variational calculation was adequate for the polar phase.

On cooling, the polar phase dces not remain the most stable phase.
This is easily understood. For temperatures well below T;, the coherence
length will be small compared to the pore size and so finite size effects will
become unimportant. At such temperatures, bulk terms dominate, and the
liquid will have an order parameter very similar to either that of the axial
phase or the BW phase, depending upon pressure of the liquid in the pores.
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The details of the passage from the polar phase to these other phases is the
subject of the next two sections.

3. THE AXIAL PHASES

In the bulk liquid the A matrix of the axial phase, in a Cartesian basis
labeled by (x, y, z), is
0 i 1
A~10 0 0O (40}
0 00

This is a standard form, which may be pre- or post-multiplied by independent
real orthogonal matrices representing rotations in spin space and in con-
figuration space. When the liquid is confined to a pore, we look for an Ansatz
which is a minimal modification of (40), capable of satisfying the boundary
conditions yet remaining, locally, as similar as possible to the bulk form.
(Recall that to date even the bulk problem is too complicated for complete
solution from first principles; a fortiori we do not tackle the restricted-
geometry problem head on.) In constructing such an Ansatz for the cylinder,
we bear in mind that the cylinder axis (z direction) is physically distinguished
from the x and y directions, and that the strain energy introduces an explicit
and basic distinction between row and column (i.e., spin and space) indices of
A. Accordingly, we chose an Ansatz which maintains zero vectors in the
second and third rows of A4 (since there is no physical reason why restricted
geometry should induce spin rotations); and in the remaining vector of the
first row we maintain its x and y components (those in the cross-sectional
plane) as pure imaginary relative to the z component, ie., the polar com-
ponent. But we allow for the possibility that confinement will (i) rotate the
x and y components in their own plane (about the z axis) through an angle
depending on r and 0, and (ii) alter the relative normalization of the in-plane
and of the z components, also by a position-dependent amount. Thus, our

Ansatz is
ife iy g
A~{0 0 0, f, g real 4n
0 0 0
ie.,
A, = 6, ify8) = 5,00, 2) (“2)

(We expect, though we shall not pursue the argument quantitatively, that
for very large radius, [f| and g assume their bulk values, except in a surface
layer whose local structure is independent of the curvature, and except also
very near the axis, where there is a disgyration. There are obvious analogies
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in this imit between the behavior of f and the fixed-magnitude director in
nematic liquid crystals.)

The polar phase is a special case of the Ansatz withf = 0. The iree energy
in terms of f and g becomes

F= de (3K [(curlf)? + (grad g)*] + 3K, (divf)?

- jaf? + g%) + iBE* + ¢*) + 3pCE7g%)
with
B=py+ B+ Byt fat Bs, BC =By + Bs+ Bs— B — s (43)
In the original spin-fluctuation model,* 8 ~ (3 — &), C = (1 — §)/(3 — o),

which, on taking § = %, gives f ~ 2.75 and C = 0.27.
The Euler-Lagrange equations are

K, V% + ag — Bg* — BCr2g = 0, (44)
K; Vi + (K, — Kp) grad divf + af — pf2f — BCg*F =0 (45)

Because C is nonzero, the solutions for f and g are coupled. The polar
component g forms first (while f is still zero) and develops as the solution
to the equation

K; Vg + ag — g =0 (46)
The solution to (46), alone, for & « R, will be
g =a/f,  with frec energy F = —Vd?/4f (47)

for, in such a region, finite size effects will be negligible, V?g = 0, and g*
will take its bulk liquid value. By the same argument the solution of (44) and
(45) for &5 « R will be

g =f2=(/fH1 + O, with free energy F = —Va?/2p(1 + C) (48)

just as in the bulk axial phase. In view of the fact that in the bulk liquid it is
the axial phase which is stable and not the polar phase, which implies
C < 1, one concludes that the polar phase in the pore must disappear on
lowering the temperature sufficiently. There will be a temperature at which
it is possible to obtain a lower free energy than the polar free energy obtamed
from (46), by making f nonzero.

An upper bound on the temperature at which f first appears can be
found by dropping the cubic terms in (45), when the resulting linear differ-
ential equation is similar to Eq. (15), viz.

Ky VH + (K, — Ky)grad divf + of = 0 (49)

*See Ref 5. Somewhat different expressions were obtained in a later paper.’
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The lowest eigenfunction of (49) corresponds to the m = 1 mixed state
solution (26) and forms when

(T. = T)/T, = Y&o/R)*(3.36)* (50)

The exact temperature at which f condenses could be obtained by finding
the lowest eigenvalue of

Ky Vi + (K, — Kp)grad dive + af — BCgf = 0 (51)

In principle, one must first solve (46) for g, and substitute the solution into
(51). The resulting differential equation, though linear, would be quite
intractable, so we shall make the approximation of replacing g2 by a con-
stant, its bulk polar value, a?/B, which should give a lower “bound” on the
temperature at which f condenses, since g? in the pore is unlikely to much
exceed its bulk value over large regions of the pore. The resulting expression
for the onset temperature is

(T. = TY/T, = 3(&/R*(3.36)*(1 — C)* (52)

Notice that because C > 0, the effect of cross-coupling between Eqs. (44)
and (45) for f and g is to delay the condensation of f, or increase the stability
of the polar phase. We shall call the phase which develops from the polar
phase the mixed axial state (or phase), because it is initially dominated by the
m = 1 mixed solution. Its development as the temperature is lowered can
only be obtained from a study of (44) and (45). The angular variation of the
mixed solution for f will induce, via the cross-coupling term, only even muiti-
poles in g (that is, terms in cos m8 and sin mf with m even). f itself probably
remains in the sector consisting of just the f), solutions [see Eq. (26)],
since initially it condenses into just this sector. {The cubic term Sf%f in (45)
mixes different m values, but odd values of m remain in a separate sector to
the even values. A summary on the sectors is given in Appendix C.)

However, we believe that the mixed axial phase will probably be over-
taken at a first-order transition by the “transverse” state which has

f(r,0) = (0, fo(r),  g(r,0) = ;cnf oloto.r/R) (53)
where
Jolr) = Z by 1(1,7/R) (54)
The transverse state has no chance of forming until
(T, = T)/T, = &,/R)?a?,, oy~ 3.83 (55a)

as can be seen by the same type of argument which led to (50). The transverse
state is the one which AGR suggested would be the most stable state in a
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cylindrical pore. Because {f| — 0 at the center of the pore [J,(x) ~ x/2 as
x — 0] it has a disgyration there, in contrast to the mixed state, whose
disgyrations, if any, are at the surface.

The competition between the mixed and transverse states can be
illustrated in a mathematically very crude way by ignoring the polar
components, and retaining only the leading term for the mixed state (the
f1 eigenfunction) and the transverse state (the y, eigenfunction). This
leads to the model problem of Appendix B, where the relative stability of
two states labeled (x) and (y) is worked out [see also Eq. (37)]. Identifying (x)
with the mixed state and (y) with the transverse state, the parameters are
g, =336, ¢, =383, B,, ~ 144, f,, ~ 169, and §,, ~ 098. In this case
Bi1. B12, and B,, just involve overlap integrals, e.g.,

o~ de(Wl)“/“dV(wh)ZT

It is shown in Appendix B that if the parameters satisfy the inequality
B.2 > B, > B,,,then the transition from (x) to (y) (or mixed to transverse)
will take place at a first-order transition, at a temperature given by

a=a*= (52ﬂ1/2 — &y 5/22)/(.31/2 3%
that is, (55b)
(T. — T)/'T, = ¥&/R)*(6.04)

A more refined calculation, taking more functions in each sector and allowing
for cross-coupling to the polar components, would be needed to obtain an
accurate expression for the transition temperature.

The mechanism by which at lower temperatures the mixed axial phase
becomes less stable than the transverse axial phase is hard to describe in
physical terms but would seem to be connected with the small value of the
parameter f3,, in the model. It is shown in Appendix B that if the §;; had
satisfied, for example, the inequalities B, > ;2 > B, and (B;16,; —
$2,) > 0, then there would have been an intermediate phase lying between
the mixed and transverse phases, which would have formed and disappeared
at second-order transitions. Presumably in other restricted geometries, this
possibility, or other similar ones, might be realized. It is not obvious either
that a more refined calculation for a pore might not show the existence of,
say, the intermediate phase, but we would doubt it, mainly because of the
generous margin by which the f;; of the model satisfy the inequality governing
the existence of a first-order transition.
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4. THE BW PHASE

In the bulk liquid the standard form of the A matrix of the BW phase is
[1 00

A={0 1 0 (56)

0 0 1

To construct a corresponding Ansatz for the pore, we follow the same line
of reasoning as at the beginning of Section 3 ; in particular, we now maintain
the three rows of 4 as mutually orthogonal real vectors. Thus one is led at
once to the Ansatz

i Sy 0

A=jh, h, 0O}, f,h, g real (57)
0 0 ¢

foh= fih,+ f,h, =0 (58)

We shall see presently that (58) is an extremely strong constraint which
practically determines our choice of f and h.
The free energy in terms of f, h, and g becomes

F= jd V {3K[(curlf)? + (curlh)? + (grad g)?]

+ 4K [(divf)? + (div h)?]

— 3alf? + b + %) + B0 + h* + g% + FBCE%7 + b + £7h%))
(59)

B=pB+ B+ Bs+ Ba+ Bs, BC = (B, + By) (60)

B has the same form as for the axial Ansatz but ', in terms of spin-fluctuation
model parameters, is (1 + 8)/(3 — 8) ~ 0.45 at § = %, which is greater than
C for the axial Ansatz.

We shall be driven by the complexity of (59) to assume that the BW
state lies in the sectors

glr,0) = Z a,J o(0toat/R)

f(r, 0) = (0, f(r), i.e., fis purely transverse 61

where

hir, 0) = (h(r), 0), 1e., b is purely longitudinal
where

Solry = Z b,,Ji(ocl,,r/R), h(r) = Z ¢, J (o, 7/R) (62)



504 G. Barton and M. A. Moore

Notice that (61) and (62) imply that there is a disgyration at the center of the
pore for the BW state, since, as r — 0, [f] — 0 and |h| — 0. At this disgyration,
the BW phase locally resembles the polar phase.

When outlining the sequence of transitions in Section 1, we indicated
that the axial phases would always be formed before the first-order transition
to the BW phase takes place. This will certainly be true if the pressure on the
superfluid is greater than the pressure at the polycritical point (PCP), for
then the transition will resemble the bulk A to B transition. Finite size effects
will modify the AB transition more strongly near the PCP, and Privorotskii'?
has worked out their effects on the shape of the AB phase boundary in its
vicinity. Well below the PCP the situation is uncertain, and one might
envisage transitions from, say, the mixed axial phase direct to the BW phase,
omitting the transverse axial phase. However, detailed analysis is impossible
without values for f and C’, and at low pressures nothing is known about
them.

5. SPECULAR BOUNDARY CONDITIONS

So far, all the discussion has been for boundary conditions on the order
parameter appropriate to diffuse scattering of *He quasiparticles at a
solid surface. For the case of specular reflection, the boundary condition
on the component of the order parameter normal to the surface remains as
before”:

(A,)L =0 (63)
but that on the tangential components is radically altered. The strain terms
Fsin the free energy are

Fg = %JdV{KL divA*divA, + Kycurl A¥ - curl A} (64)

which, using Gauss’ theorem, can be rewritten as

Fg = _%de {K (A¥-V)divA, + KrA} - curl curl A}

+ 1K, f dS- Axdiv A, + 1Ky f dS-A¥ x curl A, (63)

The longitudinal surface term in (65) is automatically zero because of the
boundary condition (63) on the components of the order parameter normal
to the surface.

In the Euler-Lagrange minimization procedure, both bulk and surface
terms must be minimized. On varying A} in the transverse surface term in
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(65), one has
JdS <0A%X xXcurlA, =0 {66)

But A* and JA} are constrained on the surface by (A,), = (A})L =0, so
both 6A¥ and A} lie in the tangent plane. Thus for a plane surface lying
parallel to the xy plane, (66) becomes

fd&{@prmﬂAgf—wAﬁwmﬂAgQ==0 (67)

which implies
(curtA)), = (curlA)), = 0
or

0A,, 04, o4

0A
— px rz . 68\
Oy 0z 0z ox 0 (68)

But, on the surface, 4, is zero, hence 04,,/0y = 0 = 04,,/0x on the surface.
Hence, from (68) we have

0A,,/0z = 0 = 0A,,/0z at the surface (69)

Equations (69) are the appropriate boundary conditions on the tangential
Cartesian components of the order parameter for the case of specular
reflection from a plane surface.

The boundary conditions (63) and (69) give results in agreement with
those produced by a full microscopic calculation by AGR.” It is important
to realize that as far as pure phenomenology goes, other surface terms could
be added to (65).1% Such terms, if present, could completely alter the boundary
condition (69) and produce results at variance with the microscopic calcula-
tion. We feel that the agreement with the microscopic calculation justifies
the neglect of such further surface terms. (It must be remembered also that
surface terms are defined uniquely only once a particular form has been
adopted for the bulk free-energy density. In other words, the introduction
of a total divergence in fact modifies the surface energy.)

For a cylindrical surface, (66} gives the condition

(curlA,)y = (curl A ), = 0 (70)
But

(curl A)), = 0A,,/0z — 0A,./0r
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and since 4,,/0z = 0 at the surfacesince A,, = Oatr = Rfrom(63), we must
have

0A,,/0r =0 at r=R (71
Also,
10 104,
(Curl Ap)z = ;—é;(rApg) - ; a0

and since d4,,/36 = 0 at r = R from (63), we have
(6/0r)(rd,e) = 0 at r=R (72)

Equations (63), (71), and (72} are the appropriate boundary conditions if
*He quasiparticles are reflected specularly at a solid cylindrical surface.
We expect them to be valid only for the treatment of phenomena which vary
on a length scale greater than &,. For effects on the scale of &, the micro-
scopic approach will be necessary.

Specular boundary conditions result in some striking differences in
behavior. The formalism and the general approach of Section 2 still apply,
and the solutions of the linearized equations (15) with specular boundary
conditions are given in Appendix A. The first phase to condense {tom the
normal phase will be the polar phase, as before, but because of the changed
boundary conditions, 8g(R, 6)/0r = 0, (46) now admits the solution g* = a/B.
Notice that this phase will start to condense exactly at the bulk critical tem-
perature T, and appears as if it knew nothing of the presence of the walls.

As the temperature is lowered, the polar phase will become unstable
relative to an axial phase. The temperature at which f begins to be nonzero
can be determined exactly, for in (51) one can set g2 = a/f without approxi-
mation. The lowest eigenfunction of (51) with specular boundary conditions
is the transverse solution {see Appendix A)

fr=0,  fo~ Jolao:r/R) (73)
and appears at a temperature
(T. = T)/T. = {o/RP2H*0 - O)! (74)

Because of the form of the solutions to the linearized problem (Appendix
A), there is now no plausible reason to expect an analog to the transition
between the mixed axial and transverse axial phases as found in the case of
diffuse scattering boundary conditions, although such behavior cannot be
ruled out rigorously without extensive numerical caiculation. We believe
that the most likely development of the axial phase as the temperature is
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lowered 1s in the sectors

f(r.0) = (0, fi(r))

w (75)
g(n 0) = Z anJO(alnr/R)v Byip = 0
n=0
where
Jory = 3 buJo(0o.r/R) (76)
n=1
Note that (75) satisfies the boundary condition
ogr,0)/or =0 at r=R (77)
because
Jologn) = =Jyloy,) =0 (78)
and that (76) satisfies the boundary condition that
(0/0r)(rfe(r)) = 0 at r=R (79)

because AJy(Ad) + Jp{A) = —AJ(A) for any A, so A must be (xy,/R)
to satisfy (79).

On cooling further, the BW phase will form. Arguing by analogy with
the case of diffuse scattering boundary conditions, we believe the appropriate
Ansatz is as in (57), but with g given by (75), f given by (76), and h by

hr(r’ 6) = Z CnJIO(CXOnr/R)’ he =0 (80)

which is a superposition of longitudinal solutions.

To summarize, the sequence of transitions for specular reflection
boundary conditions will be normal 229, polar > axial —*>BW, where
the order of each transition between the phases has been indicated.

6. DISCUSSION

The only experiment to date {of which we are aware) in which there
might have been a chance of observing phases similar to those predicted
for restricted geometries is the experiment of Dundon et al.'® on superfluid
*He in sintered copper. Their sintered copper was made up of copper
“spheres” of diameter 1 um. Because of experimental difficulties, their
results were lacking in precision. However, they did find one interesting
feature, namely, metastability involving the A to B transition of a peculiar
kind, suggesting that finite size effects may enhance metastability. One would
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not expect metastability to be associated with any of the second-order
transitions at which components of the order parameter begin to grow
gradually. However, at a first-order transition such as that between the mixed
and transverse axial states, metastability effects may preserve the mixed
state over a larger temperature range than equilibrium considerations would
allow, and thereby make its detection easier.

In a sufficiently large magnetic field, the predicted sequence of phase
transitions will be changed. The first phase formed in the bulk liquid in a
field is the A, or y phase (in the notation of Ref. 6). It is a phase in which only
one spin component of the order parameter (A,) is nonzero, while A| =
Ay = 0. However, in a pore, the § phase, which also has only A, nonzero,
will form preferentially, for the same reasons that cause, in the zero-field
situation, the condensation of the polar phase before the axial phase. The
order parameter of the bulk § phase can be written as A ~ (0, 0, 1), where
a, a spin-space vector, is such that o] = 1,a? = 0. On lowering the tempera-
ture, a transition will have to take place to a y phase, for this is favored by
the bulk free energy over the f phase. The order parameter of the bulk y
phase can be expressed as A ~ «(0, i, 1), which suggests an Ansatz for the
vy phase in a pore of A = afif,, if,, g) [cf. Eq. (42) for the axial phase]. By
analogy with the behavior of the axial phase, we expect there to be two
v phases, mixed and transverse, with a second-order transition taking place
from B to mixed y, and a first-order transition from mixed y to transverse
7 ,

What happens on further cooling is complicated, depending on the
strength of the field and the radius of the pores. One would guess that an
axial phase and a BW phase would eventually be produced. We have not
studied the resulting crossover problems, but expect the behavior of super-
fluid 3He in pores and in a magnetic field to be of great interest and com-
plexity.

APPENDIX A. SOLUTION OF THE LINEARIZED EQUATIONS

We aim to obtain the complete set of solutions of the linearized Euler—
Lagrange equations (15), replacing the quantity a there by eigenvalues E
to be determined. For this purpose the spin index p can be ignored; A is a
two-dimensional vector independent of z and lying in the cross-sectional
plane. We use plane polar coordinates and components, so that A = (A4,(r, 8),
Aylr,0). We shall deal separately with diffuse and with mirror reflection,
since they lead to different boundary conditions at the walls (r = R), as
explained in the text. Readers who suspect that the resulting formalism is
unnecessarily complicated can convince themselves of the contrary by
consulting Chapter 13-of Morse and Feshbach.’
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Al. Diffuse Scattering

The boundary conditions are

AR, 6)=0 (Al
It turns out to be convenient to express A in terms of its “potentials’™:
A=grad¢ +curlV (A2)

Though the equations for ¢ and V decouple, the boundary conditions do not.
Since only the z component of V is relevant, we write

V = 2V(r,0) (A3)
and note
dp 10V 1d¢ oV
= Ay = —— — — A4
A, o  rco’ T 00 or (Ad)
The equations to be solved, subject to (A1), become
V2p + kip = 0, V2V + k2V =0 (A5)
where we have set, in terms of the eigenvalue E,
ki = E/Ky, Kk} =E/Kyp (A6)

For later use we define also
a=rwmr, A=wiR,  b=rxg=a./3 B=xR=A4./3 (AT
The (real) solutions of (A5) are
¢ = Ju(b)en ™ + cfem "]
. . (AB)
V = J(a)[d, ™ + dte ™8]

where m = 0,1,2,. ...
Using (A8) and (A4), the boundary condition (A1) eventually leads to

imJ {B) —AJ, (A\]c,
BJ,(B)  imJ,(4) ) (d) -
which yields the eigenvalue condition

m2J, (A)J,(B) = ABJ.(A)J,(B) (A10)

Here, J,(x) = dJ,(x)/dx.
For m = 0, the solutions for ¢ and V' decouple, giving

bo = NJo(b), Vo= MJya) (A1)

(A9)
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where N and M are mutually independent and arbitrary normalization
constants. But for m > 1, ¢ and ¥V do not decouple [essentially because J,,
and J,, do not vanish simultaneously, so that (A9) has no solutions with
¢y = 0ord, = 0form > 1], and from (A9) we obtain, after setting d,, = D,,
x exp (id,,),

¢, = D, AT, (A)/mJ (B)J,(b)sin (ml + §,,)

(A12)
V,, = D,J(a)cos (m0 + §,,)

where D,, and §,, are arbitrary but common to both expressions. The two
choices 8,, = 0and §,, = in give two mutually orthogonal though degenerate
solutions, both being needed to make a complete set. Choosing the normaliza-
tion for later convenience, we construct the solutions

G = [AJ,(A)/m)] (b) cos mb

. (A13)
Vi = —J(B)J,(a)sin m0
G = [AJ(A)/m)J] ,(b) sin mO (AL4)

V., = J.(B),(a)cos mb

The relative normalization of ¢ and Vin each set is fixed by the boundary
condition; but the two sets (A13) and (A14) are of course independent of
each other and the overall normalization of each is arbitrary.

The superscript indicates the parity of ¢, under reflection of the y axis,
ie., under the transformation (x » x, y —» —y, z = z), or {r »r, 0 — —0,
z — z). (Recall that Vis the z component of a vector V and has no intrinsic
sign change under this reflection.) From (A11), (A13), and (A 14) we construct
the corresponding solutions for A itself by appeal to (A4):

Ao, = Job) = —J(b), Age =0 (A15)
Ao, =0, Age = Jila) = —J{a)  (Al6)
AX = v,(r) cos m0, o = —u,(r) sin mf (A17)
Ay = V,(r) sin m0, App = Uy(r) cos mo (A18)

where u,(r) and v,(r) are given by Eq. (25) in Section 2. Note that Ay is
purely longitudinal, Ay is purely transverse, while for m > 1 the A, are
neither. Note also the special feature of the solutions with m = 1, that they
give nonsingular yet finite fields at the origin.

As r — 0, one finds, reconstructing the Cartesian components of A,

fe = (cos ) A, — (in0)Afy ~ HJ(A)A — Jy(B), A1, -0

while similarly
A =0,  Aj, ~ 3J(4)/A — Jy(B)]
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Finally, in Appendix C we shall need the parities of the solutions (A15)-
(A18) under separate reflections of the x and of the y axes.

It is evident that under y reflection (r — r, 8 — — 8), 4, has intrinsic
parity —1, while A, has intrinsic parity -+ 1; thus we see that under this
transformation the A transform precisely with the parities given by their
superscripts: A — +AZ. By contrast, under x reflection, ie., {(x - —x,
y— ), so (r - r-0—n — 0), the positive parity functions are A, and
Alys, and the negative parity functions are Ay, and A, where the sub-
scripts “‘even’ and “odd” specify whether the index m is even or odd.

For completeness, note that our functions are of course orthogonal.
Thus, with N_,, a normalization constant, one has

3

an' Ymm'

fjrdrd@ Ay AL =N_ 9

A2. Specular Reflection

As discussed in Section 5, the boundary conditions now replacing (A1)
are

A(R,0) =0,  (9/0r)(rAg)l,—-x =0 (A19)

while the field equations are unchanged. Consequently (A9) is now replaced
by

(imBJ;,,(B) —A[J,{A) + AJ &(A)]) (Cm) -0 (A20)

BJ.(B) imJ, (A) \d,

Note from Bessel’s equation that — A[J,(A) + AJ,(A)] = (4% — m*)J (A).

In sharp contrast to diffuse reflection, (A20) admits pure longitudinal
(d,, = 0) and pure transverse (c,, = 0) solutions for all m. The pure longi-
tudinal solutions are

cos mf
oi = ol A = v (a2)
corresponding to eigenvalues determined by
Jn(B) =0 (A22)
The pure transverse solutions are
-+ i 0
Vi = Jm(a){igls’:'g } ATE = curl Viz (A23)
{

corresponding to eigenvalues determined by

JulA) + AJp(A) =0
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which by appeal to Bessel’s equation becomes simply
Ju(A) =0 (A24)

Finally, it is easy to convince oneself that with these boundary con-
ditions there exist no additional nontrivially mixed solutions (with inter-
dependent c,, and d,,). To see this, note from (A20), (A22), and (A24) that for
such additional solutions to exist one would need to satisfy the conditions
J(B) # 0, J,(A) # 0, and yet have the determinant of the coeflicients on the
left of (A20) vanish. But this determinant may be expressed in the form

— BJ(B)A2J (A)

For completeness note that the set of functions (A21) and (A22) are, once
again, orthogonal as well as complete.

APPENDIX B. TWO-PARAMETER MODEL

With reference to the discussion in Section 2, we study a model free
energy defined by

F=—(a—¢e)x —(a—e)y+ x>+ Proxy + B22* (B1)

Comparing with Eq. (37),x = c}and y = ¢} are the squared order parameters
measuring the condensation amplitudes in two different sectors (see Appendix
C); ¢, and &, are the eigenvalues of the linearized equations and we take
g, > &,; a= M1 — T/T,), where T, is the bulk critical temperature. The
B:; depend on the strong coupling coefficients and on overlap integrals of
products of four basis functions.

The problem is to find the true minimum of F as a function of a, as a
increases (i.e., as T decreases), bearing in mind that x and y are nonnegative.
This is a straightforward exercise, though the algebra is tedious because one
has to allow for many different possibilities depending on the relative
magnitudes of the f;;. [The only general stability condition is that the quad-
ratic part of (B1) be strictly positive.] We shall set up just enough formalism
to show the provenance of the expressions entering the end results, and then
confine ourselves to quoting these.

First, if one maintains y = 0, then x begins to condense (increase from
zero)ata = a; = &,, and for a > ¢, F is given by

F = _(a'_81)2/2ﬂ11 (B2)

Similarly, if one were to keep x = 0, then y would begin to condenseata = ¢,,
and F would be given by

F,=—(a— 82)2/2/322 (B3)
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If all other possibilities were excluded, then, provided that §,, < 8,4, one
would certainly have a first-order transition from F, to F, (x # 0,y = 0 to
x =0, y # 0), at a temperature a* determined by F, = F,, ie,

(Bife, — Piey)
a* = (B2 — 1/2) (B4)
11 2z

Second, if we ignore for the moment the nonnegative nature of x and y,
and formally minimize F with respect to x and y, then we obtain the equations

. x a— e\
e a6 - =
solved by
S5 TP T AR
where we have defined
D =detp =118, — B, (B7)
_ (eafii — &1f15) _ (€123 — &)

A S I I N B9

The true minima of F are quoted below, in terms of the quantities D, a*,
a,,and a, defined so far, and using the following symbolism. (x), (x + y), and
(v) denote phases where the indicated order parameters are nonzero ; arrows
denote phase transitions, those occurring at a* being first order and those
occurring at a, or a5 being second order.

Bii < PBaa:
{(¥) never stable.
Bi1 < Byt (x) stable everywhere (B9)
Bia<Bii: X)=(x+y ata=a, (B10)
Biy > B2z
Biz > Bii > Pay: (x)—>(v) ata* (B11)
Bii > Bia > Praand D < 0: (x) - (y) at a* (B12)
Bii> B2 > Pryand D > 0:
(X} (x+yatay,; (x4 y) - (y) at a, (B13)
Bir> P22 > PBia: (X)) (x+y) ata, (B14)

The particular numerical values of the f;; considered in Section 3 lead to
(B11).
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APPENDIX C. SECTORS

When the order parameters are expressed as linear combinations of
solutions of the linearized Euler-Lagrange equations, there is a physically
significant division of the basis functions into sectors, as explained in Section
2. The sectors are defined with a view to the quartic terms in the free energy.
The test for a sector is as follows. Taking any three basis functions from the
sector, and a fourth basis function not in the sector, the integral over any
quartic scalar containing all four functions must vanish. The physical
significance is that the order parameter in any one phase is a linear com-
bination of (in general) all the functions in one sector; functions from another
sector can enter the order parameter only at a phase transition point.

In this appendix we confine ourselves to diffuse scattering boundary
conditions ; specular scattering can be treated straightforwardly along the
same lines. Though we believe that most of the sectors are irrelevant to the
actual physics in the cylinder, nevertheless we quote the full results as an
illustration (and a warning) of how complicated the situation could become
in principle, and, for other geometries, perhaps even in practice.

It is convenient to start with the axial phase, and the vector functions
A defined in Appendix Al. A privileged role is played by the two types of
functions independent of 6, i.e., by Ag and Ag ; evidently each constitutes a
sector by itself, as does their combination. Thus we obtain the three sectors

{Ac}, {Ad} {Ad,Ag} (C1)

Further arguments are based on the x and y parities discussed in
Section 2 and Appendix A. The minimal consistent extensions of {Aj } are
{AZL..}; they, and the sets {AZ%;}, constitute four fundamental sectors,
“even’ and “odd” specifying that m is even or odd. Thus we find

{A:;Ien ’ {Aotid 3 {Ae_ven}’ {Ao_dd} (Cz)

established by noting that their y and x parities, respectively, are (+1, + 1),
(+1, =1, (-1, -1, (=1, +1).

Finally, one can readily convince oneself that any pair of sets from
{C2) can be combined to yield further sectors ; four such pairs are distinguish-
ed by embracing all functions sharing either a common y parity or a com-
mon x parity, and two further pairs by embracing all the functions with m
even or with m odd. These six pairs together with (C1) and (C2) yield a total
of 13 sectors. Those in which we have been especially interested in this paper
are {Ag }, the pure transverse function, and its minimal extension {Agcn} ;
and {A.44}, the mixed axial function.

The sectors for the polar phase can be obtained from the axial ones
simply by substituting & for A2 [the functions ¥/, are defined in Eq. (21)],
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and remembering that Y vanishes identically, so that (C1) yields only one
polar sector. Thus there are 11 polar sectors all together.
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