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JACOBI-TYPE CONDITIONS FOR THE PROBLEM OF BOLZA WITH INEQUALITIES

A. V. Dmitruk

1. We consider the following problem of optimal control:

9o (o) —min, p (z,) =0, (1)
9i (20) <O, i=1,...,v, (2)
E=f@ut), ()=, g (2, u, 1) = 0. (3)

Here ¢& [0, 1], 2o = 2 (0), z is an absolutely continuous, u is a measurable bounded function,
the dimensions of the functions x, u, p, g are equal to n, r, d, s, respectively, x; is a
fixed vector in R", i.e., the right-hand end of the trajectory is fixed.

This is the classical LagrangeMayer—Bolza problem of the calculus of variations [1,
Sec. 69] with additional constraints in the form of the end inequalities (2). (The problem
with constraints in the form of integral equalities and inequalities reduces to the consid-
ered one after introducing additional phase variables.) Here we consider conditions of the
Jacobi type of weak minimum, i.e., the minimum in the norm || Z{le + || % |Jos.

We introduce the required notations (see details in [2, Sec. 13]). Let (x°, u’) be the
required trajectory. As usual, we assume that the matrix g, (2°(#), u’(#), ¥) has a bounded right
inverse. We denote by Ay the set of all collections of Lagrange multipliers A = (a, c, ¥,
m) (where a = (&g, ..., %) >0, ¢=R% the function ¢ is Lipschitz, m & LY), ensuring that
the Euler equation holds for the trajectory (x°, u") with some normalization [A)l =1. The
set Ay is a finite-dimensional compactum. We shall assume that it is nonempty since other-
wise there is no weak minimum in (x°, uo). The fact that Ay contains, in general, more
than one element, is explained basically by the presence of the inequalities (2). While in
the case of their absence we can still make more or less reasonable assumptions regarding
the problem of the joint nondegeneracy of the equality constraints (when Ay consists of a
single element), for the problem with inequalities this cannot be done anymore, For each
A we set

LM (o) = D, i (20) - (v P (a))s
HIM (2, u, 8) = (@ (2), |2, u, 8) — (m(2), g (2, u, 1))

We introduce the Lagrange function
@Al (z, u) = LIM (o) + § (b, &) — H M (=, u, t)dt,
and we denote its second variation with respect to (x, u) at the point (xo, uo) for a fixed
A by
0 [7"] (:Z, ﬁ) = (Z” [?“] Za, ZO) - S: ((ﬁxx [7"] z, Z) +2 (Hux [}"] Z, ﬁ') +(17uu [7"] i, ﬁ)) dt. (&)
We define the functional J (%, &) = max Q [A] (z, ). (Since 9[A] depends linearly on A, in the
last formula the maximum can be taﬁﬁihover the convex hull of Aj.)

We denote by % the cone of the critical variations. It is defined by the linearization
of the constraints (1)-(3) at the point x°, u’y:

(Pf}fo < 0, P’zo = 01
PiTo <0 if  gy(zd) =0,
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T =foZ 4 [, Z(1)=0,

In [2, Sec. 13], for problem (1)-(3), under certain general assumptions (regarding the
smoothness of the functions ¢;, p,f, g one gives the following conditions for a weak minimum
of the second order (for the problems without the inequalities (2) and Ay consisting of a
single point they can be found in [1]):

necessary coundition:
J(@Z a) >0 fran (7, 8) = &, (6)

sufficient condition: there exists § > 0 such that

J(z,0) =0 @ a)dt foran (v,8) =X (7)

Thus, there arises the problem of the investigation of the functional J for nonnega-
tivity and for positive definiteness on a certain cone /# of variations, in the same way as
in the classical calculus of variations there arises the problem of the investigation of the
quadratic functional on some subspace of variations. The conditions (6), (7) differ from
the classical ones by: a) the functional J is not quadratic but it is the maximum of quad-
ratic ones; b) H# is a cone and not a subspace.¥*

In the present paper we give a Jacobi-type condition, equivalent to inequality (7},
and a necessary Jacobi~type condition for inequality (6). As in the classical calculus of
variations, we shall vary the upper integration limit in (4) and we shall watch when in-
equalities (6), (7) are satisfied.

2. The problem of the investigation of inequalities (6), (7) will be considered at
once in the following abstract formulation. Let # be a Hilbert space, let {K, a <{¢<(¥b}
be a family of convex closed cones in it, increasing and continuocus in the sense that K, C K,
for t<s, K, = ﬂth, K, = tU K;. The cone Ky will be denoted by . In the space # there
s> <s

is defined the functional

J (z) =max Y a2 (z), (8)
o=z

where Z is an arbitrary convex compactum in R™ and Q; (z) = (Qir, 2) are quadratic functionals,
defined by arbitrary bounded symmetric operators Qj.

One has to determine for which t is J 22 0 on K¢ and for which ones is positive on K,
i.e., J > 0 on any nonzero element of K¢. (For an important class of functionals, from
positivity there follows positive-definiteness; this will be considered later.)

Remark 1. Usually, the family {K,} is generated by one convex closed cone %4, namely:
K, =% N E;, where {E; a <t<b} 1s a family of subspaces in #, increasing and continuous
in the above-mentioned sense, and such that E, = #. Moreover, if, for example, the initial
cone is finite-faced (i.e., it is the intersection of a finite number of closed halfspaces),
then the generated family {K,} is always continuous. (Obviously, in general, this is not so.)

Remark 2. For problem (1)~(3) the generating cone & 1is the cone of critical variations,
Er ={ie= L700, T1: go (2° (), u® (), ) & () = 0 almost everywhere}, Te10,1]. 1In the space H=E,
the cone % is finite-faced. The component u, orthogonal to Ker g&, can be expressed lin-
early in terms of x from the equality (5).

Remark 3. The scheme for the investigation of (6), (7), presented here, can be applied
also to the problem with unfastened endpoints:
Do (‘x01 xl) %min’ P; (xm ‘Zl) < 07
D (x(h xl) = O? & = ]C(g,.’ U, t)a g(xv U, t) = Os

for which one does not have the equality x(1) = 0. In this case, instead of varying the
upper integration 1limit in (4), one has to vary only the support [0, 7], T <1, the components

#We note that there exist also other classes of problems leading to the conditions™(6), (7),

for example, strange as it may seem at the first view, the problem (1)~(3) in which £, g
are linear with respect to u (see [3]).
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of u belonging to Ker g&, and to consider x and the integral itself all the time on [0, 1].

3, 1In order to solve the formulated problem we shall follow [4], where one has consid-
ered the case when the set Z consists of a single point. (In this case we shall write
Z={1}) In that paper we introduced the concepts of table and focal segment.* We recall
their definitions. We shall assume that on K, we have J >0 (otherwise the investigation
is concluded since then on any K¢, J takes negative values too).

If J is not positive on all %, then by a table we mean a segment [¢, #;1 C {a, ] defined
descriptively: t, is the sup of all t for which J is positive on K¢ (the sup over the empty
set is assumed to be equal to @), while t; is the max of all t for which J >0 onK¢. If,
however, J is positive on /4, then we shall say that the table is absent. Obviously, in order
to solve the above-formulated problem it is necessary to find a table or to establish its
absence. In [4] there are examples which show that there exist tables which do not degen-
erate to a point. Here we give only the following (isoperimetric).

Example 1. By = L, [0, T, T = 10,8, 6 >1,Z = {-}, J(w= —-xz(O)—l—S wdt, &= u, x(b) = 0.
The cone % is given by the equality

b
Sg'xll, s1@u(t)dt=0

S & 1[1,5]. Here the table is equal to [l, S].

The focal segment [ty 1] C la, b] is defined with the aid of the Euler—Jacobi equation (so
as to say, constructively) in the following manner. Assume that for some ¢ < la, 8], the ele-
ment #& K; is a nontrivial solution of the Euler—Jacobi equation for J on K¢, i.e., x is a
nonzero stationary point in the problem J (z) — min, # & K;. (The condition of stationarity
of the point x in this problem consists in the fact that there exists ¢ & K¥ such that (o,

2)=0 and ¢ = dJ (2, +), i.e., ¢ = 26;Qi (), where & = Z, 28;Q; (£) =J (¢) = 0.) We set & = min
{s: 2 = K.}, and n is equal to the maximum of all s>¢ for which x is a solution of the
Euler—Jacobi equation for J on Kg. (That £, n are well defined follows from the continuity
of the family {K.}.) The segment [&, n] obtained in this manner is said to be a prefocal seg-
ment. (For & = 1 it degenerates into a point.) Thus, each nontrivial solution of the Euler—
Jacobi equation generates some prefocal segment. Considering all te& le, 8] and for each t
considering the set of all nontrivial solutions of the Euler—Jacobi equation for J onm K¢,
we obtain the set of all prefocal segments {[§, nl}. Let {&} and {n} be the sets of their
left-hand and right-hand endpoints, respectively. Then 1, = inf {f} and 7, = inf {n}. The
natural character of this definition is explained in [4].

If there exists no prefocal interval at all (i.e., the Euler—Jacobi equation does not
have nontrivial solutions for any t), then we shall say that the focal segment is absent.

We intend to find the position of the table, knowing the position of the focal segment.
To this end we study their mutual position.

LEMMA 1. If ze K, is a solution of the Euler—Jacobi equation for J on K¢, then J(x) =

Proof. For r<=R we set f(r) = J(rx). Obviously, for a stationary x we have £'(1) = O,
By Euler's formula for homogeneous functionals, J(x) = £(1) = 1/2f"'" (1) =

With the aid of this lemma it is easy to show that if there exists a focal segment,
then there exists also a table and for all &, n, %, << &, t;,<{m, and, therefore, f, < Tp ¥ << Ty
Both these inequalities are entirely trivial and, basically, they give little information on
the position of the table. (For example, it may happen that a table exists and consists of
a single point ¢, = {; & (a, b), but we do not detect it since the focal segment is absent.)

The consideration of the focal segment becomes more meaningful if the following property
holds. First we note that, by virtue of the continuity of the family {K¢}, from the defini-
tion of a table there follows that J > 0 on K.

Definition [4]. Under the presence of a table, we shall say that J passes through the

value zero if J is not positive on K, (i.e., if there exists a nonzero element z, = K, such
that J(xy) = 0).

*In the case when Z = {-} and # is a subspace, the concept of focal segment has been basical-
ly used in [5, 617.
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THEOREM 1. 1If a table exists and J passes through zero, then the set of prefocal seg-
ments is not empty, inf {§} is attained, and t, = To.

Proof. We take any nonzero e K, such that J(xy) = 0. Since J >0 on K,, it follows
that x, is a point of (absolute) minimum of J on K,, and, consequently, satisfies the neces-
sary condition for a minimum, namely Euler's equation. Then x; generates some prefocal seg-
ment {Eg, n,l, & < ¢, Thus, the set of prefocal segments is not empty. We assert that for any
of them one has § 2> {,, Indeed, otherwise one has £ <C{;, and the element z & K, generating
the segment [£, n]. But then, by Lemma 1, J(x) = 0, which contradicts the positivity of J
on Kg, existing by the definition of ty. Thus, any &> ¢, and, recalling that §,<1{, we
obtain tg = Tg.

4. 1In order to make use of Theorem 1, we indicate a condition which ensures that J
passes through zero. We recall that a quadratic functional w(x) is said to be Legendre [6]

w
if it is weakly lower semicontinuous and from &, — Zg © (Z,) — © (z,) there follows that z, = %,
(The arrow => denotes convergence in norm.) Now we give the following

Definition. The functional J is said to be 0-Legendre if it is weakly lower semicon-
w
tinuous and from x,— 0, J (z,) =0 there follows that z,= 0.

For a quadratic functional (i.e., in the case Z = {-}) the Legendre and the 0-Legendre
properties are equivalent.

THEOREM 2. TUnder the presence of a table, every O-Legendre functional passes through
zero.

Proof. Assume that there exists a table. The case ty = b is trivial. If ty < b, then,
by the definition of tg, for any n there exists z, & K;4;,, such that ||z,|| =1 and J (z,) < 0.
Taking, if necessary, a subsequence and making use of the weak closedness of the cones Ky

and of the continuity of the family {K,}, we assume that z, i Zo = K;. Since J is weakly
lower semicontinuous and J >0 on K;, we have J (xy) = lim J (x,) = 0. If %y, = 0, then by vir-
tue of the O-Legendre property of J, we obtain that &,= 0, which contradicts the equality
la, Il = 1. Therefore, zy5 0, i.e., J passes through zero.

Remark 4. From Theorems 1, 2 and Lemma 1 it follows easily that for a O-Legendre func-
tional J, the absence of the focal segment is equivalent to the absence of a table, i.e.,
to the positivity of J on all .

THEOREM 3. Every O-Legendre functional J, positive on a closed convex cone K, is posi-
tive-definite on it (i.e., J(2) >0 x| 2 onK for some & > 0).

~Proof. We assume the opposite. Then there exists a sequence z, & K such that || &, ]l= 1,

z, Ls 2o K and J(z,) 0. Since J(z,) limJ (x,) = 0, and J is positive on K, we have
xg = 0. From here, by virtue of the O-Legendre property of J we have 2, =0 and this con-
tradicts the equality || z,|| = 1.

Now we give a criterion for the O-Legendre property. We introduce the notations:

Q= (Q,...,2%) (@ Q) = DR,

THEOREM 4. Assume that for each o= 7 the functional (a, Q) is lower weakly semicon-—
tinuous, Then the O-Legendre property of J is equivalent to the fact that there exists
a’® = Z such that the quadratic functiomal (@ ) is Legendre.

w
Proof. The weak semicontinuity of J is obvious. Now, let z,— 0 and lim| z,|| > 0.
Then lim (a® Q (x,)) > 0 and thus, so much more, lim J (z,) > 0.

For o’ we take any point from the relative interior of Z. Obviously, for all a =2
one has the representation

a’ = pa + (1 — p) o/, (9)
where o' &= Z and p & [pg, 11, po > 0.
w
We consider now an arbitrary sequence z,— 0, z,|l =1. TFor each n let a, = Z be such

that J (z,) = (o, L (x,)). From the O-Legendre property of J it follows that for large n one
has
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(Gpr © (2,)) 26 > 0. (10)
By virtue of (9), a® = pyo, + (1 — p,) o, where a, e Z and p, = Ip,, 1] and, therefore

(2%, R (#)) = Pn (s Q(2) + (1 — D) (0, 2 (@1))- (1)

From the weak lower semicontinuity of the functionals (a, Q) there follows easily that lim
(@n, 2(z,)) > 0 and then from (11), taking into account (10), we obtain that lim (af Q (z,) >
P > 0. Thus, the functional (a? Q) is O-Legendre.

5. The following theorem shows that if the cone K on which one considers J is finite-
faced, then one can always consider that the conditions of Theorem 4 is satisfied.

We denote by Z, the set of all a e Z for which the functional (o, Q) is weakly lower
semicontinuous. Clearly, Z, is convex and closed (the latter follows from the fact that for
lower semicontinuous functions, the uniform limit on every compactum is a lower semicontin~
uous function).

THEOREM 5. The nonnegativity (positive-definiteness) of J on a finite-faced cone K is
equivalent to the fact that Z, is nonempty and the functional

Jo (z) = max (a, Q (z))
UEZ

0

is nonnegative (positive definite) on K.

Proof.* TFirst we show that from the nonnegativity of J on K there follows the nonempti-
ness of Z, and the nonnegativity of J¢ on K (the converse statement is obvious).

W
a) Let & CC R™ be the set of all vectors ¢ for which there exists a sequence z,->0 such
that (@) -~0. It is easy to see that & is a cone, moreover, convex. Indeed, let z, - 0,

w
Q (z,) =0, y, — 0, Q(yn) =~0. Then, for some sequence of indices kn » «, for all i =1, . . .,
m we have (Qi&, yx,) =0 and, therefore,

Q(zp + i) = 2 (#) + 2 (yi,) +0(1) >0+ p.

b) We show that the conjugate cone &* consists of all those and only those o« & R™ for
which the functional (a, Q) is weakly lower semicontinuous. Indeed, if a < &*, then for any

W . , . v
sequence %, — 0 we have lim (@, Q (z,)) >0 (since, otherwise, for some subsequence T, — 0 one
has Q(z,)—>0& 6 and (a, 0)<< 0, contradiction) and, therefore, the functional (o, 9) is
weakly lower semicontinuous. Conversely, if (a, ©) is weakly lower semicontinucus, then

w
for any 0 = & and a corresponding sequence z, >0, Q (z,) -0 we have (x, 0) = lim (a, Q {z,)) > 0,
i.e., ae= &*  Thus, the assertion b) is proved.

From it we obtain, in particular, that &* | Z = Z,.
c) We show that for all z & K, for all 0= &, there exists a sequence e K such
that
Q (x) -2 (z) + o.

Let z, X, 0, Q(z,) -~o0. Then, obviously, Q(z 4+ z,) =~Q (%) + 0, but in this case, in general,
the sequence X + xp does not lie in K. By assumption, the cone K is finite-faced, i.e., it
is defined by inequalities (I;, ) <0, i =1,...,s, where ;= %#. Since for all i we have
(liy z) <0 and (I, x,) -0, it follows that (I, Z+ z,) <o (1) and then, by Hoffman's lemma

(see [2, Sec. 1], [7]), there exists a sequence gz, e K such that ||z, — (Z + 2,)|| >-0. By
virtue of the Lipschitz property of ©, on any bounded set we have

Qzp) =@ +x) +0(1) =2 () + 0.

d) From the proved assertion c¢) and from the nonnegativity of J on K it fellows that
for all z&= K and for all 0 =& one has max (@, @ (£) + o) >> 0 and, therefore, for all
re= K asZ

inf max (a, & (£) 4+ 0) > 0.
=6 as Z

*For functionals of form (15) in the space L, x R* the proof is given in [3].
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Since & and Z are counvex and Z is compact, applying the well-known Neumann—Kneser theorem
on the minimax (see, for example, [8]), we obtain that the set &* [ Z = Z, 1s nonempty and
for all Z& K one has

max (a, Q (£))=0;
as=G*NZ

this means that Jo>0 on K,
Assume now that for some § > 0 we have
J(x) >06(x,2) forall z=K. (12)

We show that the same inequality is satisfied also ‘for Jy. To this end, we introduce the
set & =Z X {—1} C R™* with elements & = (&, Gpmy1), & E Z, Omyy = —1 and the extended collec-
tion of functionals
Q(2) = (@ @), .. ., U (2), 61 (2)),
I(z) = (a, z).

From (12) there follows that for all z & K we have

9 (2) = max (&, Q (2)) >0,

PT=14
and then, according to what has been already proved,
Go (2) = max (x, & (2)) > 0. (13)
a=,

Assume that Zs is the set of all those @ &Z for which the functional (a,Q (z)) — 87 (z) is
weakly lower semicontinuous. Then Y, = Zs X {—1} and (13) is equivalent to the fact that

Js () = max (a, Q (2)) >> 61 (z) on K;

w=Zy
from here, by virtue of the obvious inclusion Zs (T Z,, we obtain that J,(2) > 6l (z) on K.
The theorem is proved.

We note that Theorem 5 can be also obtained from the following stronger theorem, due to
A. A. Milyutin. We denote by Z, the set of all ¢ =Z for which the functional (&, Q(z)) >0

on some subspace Ty C # of finite codimension.

THEOREM 6 (Milyutin [9]). Let J >0 on a finite-faced cone K. Then Z, is nonempty and

J, () = max (&, Q (z)) >0 on K.
W7y A

Since any quadratic functional, nonnegative on some subspace of finite codimension, is
weakly lower semicontinuous, we have Z+CZ0 and, therefore, from Theorem 6 there follows
Theorem 5.

For the application of Theorems 4, 5, the following theorem is useful [6].

THEOREM 7. The quadratic functional o(z) = (Qz, ) is weakly lower semicontinuous
(Legendre) if and only if the operator Q admits a representation Q = S + R, where the oper-
ator S is completely continuous and R is nonnegative definite (resp. positive definite).
(The operators Q, S, R are symmetric and bounded.) In particular, for the quadratic func-
tionals of the calculus of variations

o@={ (POz2)+2(CHz,u)+ RO, w)dt: LR,
t=A®z+B@®u, z(TN=0

T
0

weak lower semicontinuity is equivalent to the Legendre necessary condition: R () >0 and
the Legendre property is equivalent to the strong Legendre condition: R (Z) > const > 0.

Thus, Theorem 5 is a generalization of the classical necessary Legendre condition and
the requirement of the existence of a’e Z for which the functional (’, Q) is Legendre is
the generalization of the classical strong Legendre condition. -

6. We write down the Euler—Jacobi equation for the case which covers the problems of
form (1)-(3) and the problems that are linear with respect to control, from [3].
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Assume that on the segment [0, T], x, u are connected by the equations
i=Azx+4 Bu, z(I) =0, Fz-+4 Gu =20, (14)

where G(t) is a measurable bounded s x r matrix having a bounded right inverse. We denote
L) ={uesR":G()u=0} and we shall assume that u = u' + u", where u' ({)y = L () and u" () |
L(t). Let Cr={u =LY, TI: v (&) = L (t) almost everywhere}. Clearly, if w' e $r is given,
then u'", x are uniquely and completely continuously expressed in terms of u' from (14). On
the space Epy = £y X R* with elements (u', h) we consider the functionals

; (W, k) = q; (xo, B) + S: ((Piz, z) + 2 (Ciz, u) + (R, uv)) dt, (15)

where g4 are quadratic forms of the (n + p)-dimensional vector (xg¢, h); all the matrices in
(14), (15) are measurable and bounded, P;, Ry are symmetric, i = 1, . . ., m. According to
Theorems 4, 5, 7, a functional J of the form (8) will be O-Legendre if for all g e Z the
functional (o, ) satisfies the weak Legendre condition, i.e., almost everywhere Ya;R; (t) >
on L(t) and there exists a’c Z, for which (af, Q) satisfies the strong Legendre condltlon,
i.e., almost everywhere Ma;R; (f) > comst >0 on L(t).

In the case when Z = {.}, i.e., the functional J is quadratic, we obtain that, for the
applicability of the above presented results, J has to satisfy the strong Legendre condi-
tion on L(t) which is always assumed in the classical calculus of variations.

Assume that a finite-faced cone Ky ( Er is defined by the constraints:
j=1,...,v
j=v+1,...,v44d.

The point (u', k) &= Kr is a solution of the Euler—Jacobi equation for J on Ky if and only
if [10] there exist: an element & & Z, an absolutely continuous function y(t), a function
o= LY [0, Tl and numbers Ay, J=1,...,v+d, from which A4;>0 for j=1,...,v, such that

a) max (o, @ (u', b)) = (&, Q (', k) = 0,
=z

<0,
(v, xo) + (w3, h) { ; 0

b)Y A ({vy, @) + (w;, M) =0, j=1,...,v (the complementing nonrigidity conditions),
¢y 28 (Cw + Ru) = B¥h — G*o,

d) Y@ (P + Ciu) = § + A*p — F*q,

e) P (0) = Dhw; + (1/2) (%, qx) (the transversality condition),

£) Dhw; + (1/2) (@, gi) = 0.

7. It has been established above that for a O-Legendre functional one has ty; = 14 and
t <7, We given an example showing that, in general, the equality t, = t; does not hold.

Example 2. Ky=FE;=L, [0, ], J=max (Q,, Q

, 2)7
2=\ (—2+u)d,

T
Qg (u) = — S() X[T*, w)xz dt,
T* >mn/2, 2=u, x(T)=0,

the endpoint x(0) is free.

Since a table for 03 is equal to {7/2}, and Q, (Kgxp) = 0, it follows that the left-hand
endpoint of the table is t, = /2.

LEMMA 2. ¢ty = T%,

Proof. Imequality ¢ > I'* follows from the fact that J (Kp+) > Q, (Kr+) = 0. Let T > T#,
We select an arbitrary u & Er for which Q;(u)<< 0 (such a u exists since T > #/2). For
t <0 we set u(t) = 0. Assume that to x there corresponds u and that S = max supp x. Shift-~
ing x, u to the right by T — S, we obtain x', u’'. Obviously, &, (¢') << Q,(¥) <0 and, since
z'z=0 on [T*, T], we have @, (') <0 and, consequently, J(u') < O.
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Thus, the table is [n/2, T#]. Now we find all the prefocal segments. The Euler—Jacobi
equation for J on Kr has the form (in our case 4 =0,B=E,F =G =0,L(t) =R, ¢, =0,
Cia=0, Ry=1, Ry, =0, Pi=—1, Py = —yrs,a) v; =0, w; = 0):

ayE =1, z(I)=0,

b= — (01 + oaYirse =)@ P (0) =0, (16)
al > 07 az > 07 a’l + az = 17 algl (u) = 01
%, Q, (1) = 0.

Let u & K¢« and J(u) = 0. Two cases are possible: a) Q;(w) <<0,Q,(w) =0 and b) Q,(uw)
= Q, (u) = 0. We note that in both cases system (16) is obviously satisfied for 8, =0, G, =1,
$=0 on [0, T*].

We select now any T > T* and we extend u, %, § by zero on [T*, T]. We can see that, as
before, the system (16) is satisfied (with the same &, &,, §). Thus, any stationary point J
on Kpx generates a prefocal semiinterval [T', «), where 7' = max suppz < T* (all T’ = [n/2
T*] are realized).

Assume now that T > T#* and that u is a stationary point of J on Ky. By Lemma 1 we have
J(w) =0. If Q(u) =0, then x =2 0 on [T*, T], and we return to the case u & Kys, which has
just been considered; therefore, we shall assume that Q, (u) << 0, ©; (u) = 0. Then a, = 0,
a; =1 and x satisfies the equation

§=—z, z()=0, 2(0)=0. (7

From here x = g cos t and, consequently, T can take only the discrete values T, = m/2 -} zk.
It is easy to see that here, extending x by zero to the right of T, the equations (17) are
not satisfied and, therefore, to each of these values of Ty there corresponds a degenerate
prefocal segment {Ty}.

Thus, there exist in all two series of prefocal segments: the continual series [T, oo],
" e [n/2, T*], and the discrete series {T}}, Ty = a/2 4+ nk > T'* (k is an integer). Clearly,

T1=min{Tk: Tk>T*}>T*=t1-

In the given example, the fact that the table and the focal segment do not coincide
is due to the fact that the functional J is not quadratic but it is the maximum of two quad-
ratic functionals. Another example, in which J is a Legendre quadratic functional, but, on
the other hand, it is generating a cone K which is not finite-faced, is given in [4].

8. Assume now that Z = {.}, J is a Legendre quadratic functional, and the family {K¢!}
is generated by a finite-faced cone .

THEOREM 8 [7]. 1In the indicated case we have ti; = 71, i.e., the table coincides with
the focal segment.

Thus, in this case, as in the classical calculus of variations, the position of the
table is entirely determined by the solutions of the Euler—Jacobi equation.

The author expresses his gratitude to A. A. Milyutin for his constant interest and
help and also to N. P. Osmolovskii for useful discussions.

LITERATURE CITED

1. G. A. Bliss, Lectures on the Calculus of Variations, Univ. Chicago Press (1946).

2. E. S. Levitin, A. A, Milyutin, and N. P. Osmolovskii, "Higher-order conditions for local
minimum in problems with constraints,” Usp. Mat. Nauk, 33, No. 6, 85-148 (1978).

3. A. V. Dmitruk, "Quadratic weak minimum conditions for special regimes in optimal con-
trol problems," Dokl. Akad. Nauk SSSR, 233, No. 4, 523-526 (1977); Proc. VIII Winter
School in Mathematical Programming and Related Questions, TsEMI (1976), pp. 102-119.

4. A. V. Dmitruk, "On the Euler—Jacobi equation in the calculus of variations," Mat.
Zametki, 20, No. 6, 847-858 (1976).

5. K. Hazard, "Index theorems for the problem of Bolza in calculus of variations," in:
Contributions to the Calculus of Variations, 1938-1941, Univ. of Chicago Press (1942),
pp. 293-356.

6. M. R. Hestenes, "Applications of the theory of quadratic forms in Hilbert space to the

calculus of variatioms," Pac. J. Math., 1, No. 4, 525-581 (1951).

434



7. A. V. Dmitruk, "Jacobi-type conditions for the nonnegativity of a quadratic form on a
finite-faced cone," Izv. Akad. Nauk SSSR, Ser. Mat., 45, No. 3, 608-619 (1981).

8., E. G, Gol'shtein (Gol'stein), Theory of Convex Programming, Am. Math. Soc., Providence
(1972).

9. A. A. Milyutin, "On quadratic extremum conditions in smooth problems with a finite-
dimensional image," in: Methods of the Theory of Extremal Problems in Economics [in
Russianl}, Nauka, Moscow (1981), pp. 138-177.

10. A. Ya. Dubovitskii and A. A, Milyutin, "Extremal problems in the presence of con-
straints," Zh. Vychisl. Mat. Mat. Fiz., 5, No. 3, 395-453 (1965).

EXTENDABLE AND NONEXTENDABLE SOLUTIONS OF A NONLINEAR DIFFERENTIAL
EQUATION OF ARBITRARY ORDER

N. A. Izobov

We will consider the equation
um =p(t) Julsgnu, A>1, t>0, (L)

of n-th order with piecewise-continuous* functions p(f) > 0. The main results in the inves-
tigation of the asymptotic properties of the solutions of this equation are due to Kiguradze
[1-4]. 1In colloboration with Kvinikadze, he [1l, 4] has established that under the condition

{ " p()redhdr < o (2)

Eq. (1) has an n-parameter family of regular (infinitely extensible to the right) sclutions
u{t)s=0 with the initial conditionst

u® (1) > 0 (or ud (t,) << 0),
tp >0, i=01,..., n—1, (3)

and has posed the problem [3, Problem 2.4; see also the detailed bibliography there] about
the elucidation of the necessity of the condition (2) for the existence of regular solutions
of Eq. (1).

In the present note, we investigate the problem of existence or absence of an n-param-
eter family of regular solutions (including also those with an additional differential prop-
erty) of Eq. (1) under the condition

Rle@ =" pr@emir=+ o “)

with different positive constants p and positive functions @(t) > 0. In particular, we prove
that Eq. (1) does not have regular solutions under the condition

Iy [tr-DMmw4v-1] = foo, v << p=(0, 1/n) )

(and therefore the convergence of the integral Jy [t®-DW-1] for v << p < (0, 1/n) is a neces-
sary condition for the existence of regular solutions of Eq. (l) and establish the sharpness
of this condition: For arbitrary number p > 1/n and function @ (#) >0 a function p(t) >0,
satisfying the condition (4), can be constructed such that Eq. (1) has an n-parameter family

#A11 the functions used in the sequel will be assumed to be piecewise-continuocus for ¢> ¢
and this will not be stated further.

tWe will consider solutions only with these initial conditions, and therefore, as a rule,
we will not indicate this in the sequel.
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