If the ergodic action of Ty,* has a Lebesgue character, then the number of orbits consist-
ing of Lebesgue characters, is countable.

In conclusion, the author conveys gratitude to A. M. Stepin for stating the problem
and to R. I. Grigorchuk for some useful advice on improving the contents of the text.
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COMPUTATION OF THE OPTIMAL COEFFICIENTS

L. P. Bocharova, V. S. Van'kova, and N. M. Dobrovol'skii

In [1] the notion of the optimal coefficients has been introduced and their signifi-
cance for the approximate computation of multiple integrals of an arbitrary order s has been
indicated. Various algorithms for the computation of the s-dimensional optimal coefficients
modulo N, where N is the number of knots of the quadrature formula, have been obtained in
[1-4]. To realize these algorithms O(N?) or O(N*1/3) operations are required. Lowering
of the number of operations to O(N) for N equal to a power of two has been accomplished in

[4].

By definition [2, p. 96; 7, p. 223], integers a,, ..., ag, reltively prime toa natural
number N 2 2, are called the optimal coefficients of index B = B(s) modulo N with a constant
c = c(s) if

‘N-1 Sy (@amy=-...4+am) clnP N
SNE,...,a =Z N __I — s y
(1 ’ a) My evs s MmN 1) My. .., < N (l)
where I' means that the zero vector (m;, ..., mg) = (0, ..., 0), has been excluded from the

summation, m = max (1, |m|) and
5 {1, if a=0 (modN),
N (@) = 0, if az=0 (modN).

Let the quantity q = qy (1, ays «+.» @g-1) = minﬁh...ﬁg, where the minimum is taken
over all the nontrivial solutions of the congruence
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my + amy, + ...+ agam, =0 (mod N).
Then the following estimates are valid [3]:
g LSy L, ay, ..., 8s5) =-0 (In® N/g). (2)
We know the relation between the quantities q and
Q=0x({, a5, --., gy =min [ kg | &, |... 1k
where the minimum is taken over all the nontrivial solutions of the system of congruences

ayky =k,
..... (modN) 1< |ky|SN2 (v=0;...,5—1).
Ag-zko = K5y,

By Gel'fond's lemma [3, 5, 6], there exists a positive constant c; = c;(s) such that
Q> g, g3 oQUNEIL (3)

The present note gives new variants of the algorithms for the construction of the optimal
coefficients modulo 27 in O(N) elementary operations. The proof of the optimality of the
coefficients is carried out in the notation and methodology of [4] and is based on the esti-
mation of the quantity Q.

Let n and s be natural numbers and x,, X,, ..., Xg-; be integers. By I * we will denote
summation over odd m. For v =1, 2, ..., n we define a function h,, (x,, X,, ..., Xg-;) by
means of the eauation

gy Ty s 20) = 27 S @0 — 2 4 | me 2 1-1>1'I (2r —2v + || ma;- 27|,

where Y} is the distance of Y from the nearest integer for an arbitrary real number Y.

Let integers €jv (j =1, 2, s, s—13v=1,2, ..., n = 1) take the values 1 and
let natural numbers aj, (j=1,2, ..., s—1; v=1, 2, ..., n) be such that a;, = a,; =
.+ = ag-1; = 1 and a3y=€jyajy+; (mod 2Y) (3 =1,2, .o., s=13;v=1,2, ..., n—1).

We adopt the notation
hy =hy (@, - - .o a) (v=1, 2. ..., n).

LEMMA 1. If the chain of inequalities

fy K<lpa << .- iy

is fulfilled, then the integers 1, apns asps ---» As-1n are the optimal coefficients modulo
2n,

Proof. For v=1, 2, ..., n we introduce the notation

He =305 (im.2 2% | o 2@ —2Y)
v Zlk=1 ey 7 I - | may,- foollme 27 )2 4@7 — ) hve
Since, by the conditiom, a;; = a3 = ... = ag.;; = 1, we have

1 2 —
hy = —— 2n — L9~1 -1y — 9515
n=- ;m (2n— 24 |m-271 |7 =2""nf,
Hi=Q2" =2y = 2"—1) 2 n* < 2n)° -

Let us now estimate H, (v =2, ..., n). Since

m_WZ 2mdemTWﬁm:m~h+MMﬁﬂm,

for v 2 2 we have

v-2

v <2\ 12 Lme2  mage 27 ma g 27 ) 4
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8-1 7
+30 (2n—2v+2+ Im2 - IL @n—2v 42+ Imapy 2™ +

SR =) h =3 lzm_l(um-Z"‘ |- Imag-27%) - ..
chmagge- 27 )7+ 2V g + 27— 2) By <

<3 12 Ume2 | Y mag 27 L a2 ) (@ — 2 Y Ry = Hyos

and, consequently,
H,,<H,,_1<.. LK Hy < 2n)e2n (4)
By the definition of the quantities Qjvs for k=1, 2, ..., n—1
Qin == Ogk @k, . . ., Gsoin = Os-1k8e1x (mod 2F),

where 84k = €jk*+--*€jn-1 (3 =1, ..., s —1). Since |5jk| =1(j=1, ..., s—1) and
IYl is an even function, the following identities are valid:

limag - 2" | =|may -2 (=1....s—1);

S (im (m 27l 27 ey 27 =

=S ~(im N (magn - 27 - e (Mg - 27 ) =
S U 2R mage 2 gy - 2 )+
S Ame 2] Mg 2 e (Mg 2 = Hpe

Hence it follows from (4) that

S U2 | Mg 27 [ e My 27 7 < @02
Consequently, since
2,,.,:‘ 2" (mmag, 27" ool [ mayg, 27T )
Zm..l (Im- 27" - [ mag,-27" - oo | magay,- 277 )1 < (20)5- 27,
it follows that form=1, 2, ..., 20 =1
m“ “ul ..‘__"s-ln”‘ > (@2n)~ >3- In" N,

since 2n < 3 for N = 21, Hence
Q=0nx(, a,, ..., am)> N=1/(31n N).
Applying Gel'fond's lemma, we get

N
@s+1)°. DDy

g=gn(Lay...,809)>

Hence it follows from inequality (2) that

. In* ¥
bN(1,a1,...,a,_l)=0( 2 )

Thus, the collection 1, @, ..., ag-; is a set of optimal coefficients modulo N = 20 with
the index at most s2. The lemma is proved.

Using Lemma 1, we easily construct a whole class of algorithms to determine the opti-
mal coefficients modulo N = 2% in O (s2N) operations, where the constant in the sign 0(-)
is absolute.
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Let integers €y = #1(3=1, ..., s—1l3;v=1, ..., n—1) be fixed and a function
hpy(x;, X35 ..., Xg-,) be defined by the equation

12‘)
hyo(Ty Ty ey 20 =272 @r—2v 4 [m-27 ).

-1
AT en—2viyme; 2 1T 2n—2v+ 24 fma; 2 ). (5)
We choose gq;; =a;; = ... =dg-;; = 1. Let r>1, v>2 and the odd numbers av1, . - -5 Gs-1v-1,
G1ys ++»s @p-1y be known. Then for 2 < v < n we define a,, by means of the equation
Gry = aryq (1 + (Bpvg — 1) 2') 4 2". 21, (6)

where z' is the value of z for which the minimum of the function
hyy (@yvr - s Gragys Qv A+ (Erva—1)2)+ 2V, Gretv-1s » » 1 Gs-1v-1)s
is attained when z takes the values 0 and 1.

THEOREM 1. For an arbitrary natural number n, the integers Ay = adipns Az = daps s

@s-1 = Gg-1p»> Obtained by means of function (5) and Eq. (6), are s-dimensional optimal coeffi-
cients modulo N = 20,

Proof. Forv=1, r=s~1and forv=2, ..., n, r = 1, ..., s — 1 we introduce the
notation

b= By (@rvr o3 Gpvs Brarvrs o o oy Bsopvey)-

Retaining the notation of Lemma 1, we have the equality hg_,, = h,. For odd ¢ and m the
following relations are fulfilled for v 2 2:

1 1 V=1, 9V - - V v v on-
T, Im@l =02+ 222 |7 = 2 (1 ma/2" |7 o | m (a2 4 272" 1Y) =
- 1 V- -1, 0 ‘
=21 (| (am2 + lem2 | 4
+e- - tam2) e fam2 4+ L7 =
= 2| @2 + - lem2 [P | - (ami2y +
1 ! 1 =1 - =" -~
+ g lam27 + e ) = 23 (| e +
+]-o tam2 + M) = 2 @ a2y
+2(1—{am/27h) ) = | am/2" 0 |7 (1 — | am/27 )2 < 2+ [ am/2* .
Hence it follows from the definition of the quantities arpy and properties of the minimum
that the following relations are valid for r = 2, teey S = 12
1
by <271 Zz=0 By (@1vs + v s Qpagys Grvg (1 A (Bpyoy — 1) 2) +
*aV
+ 2", argyss - - - Bsoyv-g) <27 2,,;1 Cn—2v+|m-27|7).

.IIFI

@ =2t hmage 21 T1 @n—2v 4 2 4 U ma g 27 1) = s

For r = 1 we analogously have

*2

v
hy <2V (@n—2v 4 | me27V |
§=1
II_, @r—2vi2 4 mape, -2y =

1oy
=2y @n—2v 4 2 m 2 L (2 (m + 2727 )

=1 V-1
I ert2—2v by majey 2y < 22 2,,; (@n—2v + 2+

+ Im-27 | Hj—:ll 2n+2—2v 4 | may 27 |7 = Ay
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Hence h,, = hg-;y S hg-zy S ... S hyy < hy-; and, therefore, h, < hy-y < ... < h; = 257 IpS,
By the same token, all the conditions of Lemma 1 are fulfilled and the theorem is proved.
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GROWTH OF THE NUMBER OF IMAGES OF A POINT UNDER ITERATES
OF A MULTIVALUED MAP

A. P. Veselov

A multivalued map, or a correspondence ¢ of the set X into itself, is specified by its
graph — a subset Ty of the Cartesian product X x X. A point y is said to be an image of
the point x under the map ¢ if (x, y) € I'y. The images of a point x under the k-th iterate
of & are defined as the points y for which there exists a sequence (x4, X;, ..., Xg) such
that xo = X, Xg = ¥, (X4-1, %3) € T, 1 =1, ..., k. We are interested in the number Ny(k)
of such images as a function of k. In many cases (for instance, in the complex algebraic
situation) this number does not depend on a generic point x and is the simplest and a rough
characteristic of the corresponding dynamical system.

An important class of correspondences consists of the Lagrangian systems with discrete
time (see [1-3]). The main result of our work is that the Liouville-integrability for such
and more general symplectic correspondences leads to a "polynomial growth" of N(k) instead
of the expected exponential growth.

The problem of describing the correspondences for which N(k) has polynomial growth is
important also in the nonsymplectic case, in particular in view of the analogy and connec-
tions with Sklyanin's quadratic algebras and the Yang—Baxter equation [4-6]. We give below
some partial results in this direction, concerning the simplest case of algebraic corre-
spondences C—C, namely those given by a biquadratic equation

2&“‘- i< ai,z"y" = 0.
We begin with the symplectic case.

Let M2N be a symplectic manifold with symplectic 2-form w. We introduce a symplectic
structure © on the product M2D x M2N by the formula

Q = a1} (0) — n¥ (w),
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