DISJUNCTIVE PROPERTY OF SUPERINTUITIONIST AND MODAL LOGICS

M. V. Zakhar'yashchev

As shown in [1], the formula X V Y is derivable in the intuitionist propositional cal-
culus Int if and only if at least one of its disjunctive terms is derivable in Int. This is
the fundamental difference between the intuitionist disjunction and the classical disjunc-
tion, since any formula X V 1Y is derivable in the classical calculus Cl. Attempts to clarify
why the disjunctive property occurs in Int but not in Cl have led to the investigation of this
property in superintuitionist logics, intermediate between Int and Cl.

The study of simple superintuitionist logics gave rise to the conjecture [2] that no
proper consistent extension of Int possesses the disjunctive property. Soon, however, ex-
amplés were devised of superintuitionist logics both with and without the disjunctive prop-
erty (see, e.g., [3, 4]). Maksimova [4] presented an algebraic equivalent to the disjunctive
property. As yet, however, no syntactic characterization of 1og1cs having the property has
been proposed.

Our aim is to establish syntactic necessary conditions for a logic to possess the dis-
junctive property (DP). Specifically: we shall show that if a consistent superintuitionist
logic L has the DP, and X is a formula derivable in L and containing no occurrences of V,
then X is derivable in Int: This result solves problem 19 of [3].

Along.with the class ¥ of superintuitionist logics, we shall consider the class .i of
normal modal logics that contain Lewis' system S4. We shall say that a loglc L= M pos-
sesses the disjunctive property if [JX \/[JY &L implies [(JX =L or [(JY = 84 has the
disjunctive property [1]. In addition, the largest medal twin of every loglc in 3, having
the property will also have the DP [5].

1. We shall use the relational semantics of logics in . Let K be a preordered set,
or, briefly, a scale. The preorder relation on K will always be denoted by the letter R;
if the letter K has some index, the same index will be attached to the letter R. K€ will
denote the skeleton of a scale K, i.e., the quotient set K/~ modulo the equivalence o~ fpH=
(2Rf) & (BRa) with the partial order relation R®: aR°f° = aRf, where of and RC are the equiv-
alence classes generated by elements a and B, called clots. An element o= K is said to
be R-least if o€ is a least element of K¢. For every G & K, we put

I6 ={a =G| (VB EK) (@R =P =6)},
6k = {a = K | (3} = G) (2RB)}, |
(Glr = {o = K | (3P = 6) (BRa)}.

A model structure (MS) for S4 is a pair 4 = <K, S>, where K is a scale, S a system of
subsets of K containing ¢J and K and closed under union, intersection and the operation I.
Under these conditions the algebra A, =<S; (), lJ, — I, ¥, K> is a topological Boolean algebra
with an interior operation I ({J and K are the zero and identity elements of this algebra),
and any topological Boolean algebra is isomorphic to the algebra A, of some MS u [6]. It is
known [7] that every finite topological Boolean algebra is 1somorph1c to the algebra A, of
some finite MS u = <K, P(K)>, where P(K)={G |G < K}. We may therefore assume that every
finite MS is of the form <X, P (K)).

Let Var denote a set of propositional variables {py, p;,...}. Formulas are constructed
from these variables by means of connectives ), &.\/,[] and the constant f — "falsehood."
The valuation function F: Var X K — {0, 1} is defined on the MS y = <K, S> in the usual way;
it is only required that {a = K |F (p;, o) =1} = S for any i = . Validity of a formula U on
M is denoted by p = U. Rational semantics is clearly adequate for all logics in ..
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Let u = <K,;, S;> be a MS and K a scale. A partial mapping ¢ from K, onto K is called a
partial p-morphism if ¢ satisfies the conditions:

(Va, B¢ (K) (@Rf = o (@) R (B));
(V8, y= K) SRy = (Vo= ¢ (8)) @B = ¢ () (@Rif))-

The mapping ¢ is said to be regular if ¢ (a) =S, for any e & K. If p is a finite MS, then,
obviously, every partial p-morphism from K, onto K is regular.

2. 1In [8] we defined canonical formulas of class .# and showed that any logic in #
is axiomatizable by means of canonical formulas. As these formulas will play an important
role in the sequel, we shall recall all the necessary definitions and propositions of [8].
Formulas of the type

W,oOW,D...OW,DX)L..)
will be written in the abbreviated form

Wan Wg:.-..D-WHDX
ot ' DX, where I' = {W;, Wy,...,Wn}.

Let K be a finite scale with R-least element. Let us assume that a certain element
is designated in each clot «° & K, called a representative of a®. Sequences of elements of
K€ will be denoted by &¢ and f°€.

Let us assume that the sequences &€ and BC are nonempty and consist of elements no two
of which are comparable in K¢; |@° | >> 2, the relation a®REBC does not hold for any af=&°,
B°=PB° and (Vy° & K (Vo' & &) (y°R°0) = (IB° = B°) (+**R°B")). In that case, a pair of sets
(@°, B°) will be called a d-region of K. Let D be some (possibly empty) set of d-regions of K,
and 0g,... 0, all different elements of K. Given K and D, a formula Y(K, D, f) is constructed
as follows.

If ag is a least element of K® and oy the representative of aj, then the conclusion of
Y(K, D, £) will be the variable pj. With every two distinct elements a; a; & K. such that
either ai = aj or aj is an immediate predecessor of aj in K¢ and ai, aj are the representatives

of «f, a_?, respectively, we associate the formula W;; =[] ((CJp; D p:)- In addition, with
every a; = K we associate the formula W; = [J((T; D. A: D pi) D pi), where T; = {Tp | 71 a;Rai},
A; = {po, ... Pn}\\ {pi}. Finally, with every d-region d = (@, p°) & D we associate the formula

Va=[2(Cpi 2 - 2007 2 OV - - - VP
where & = {af ,..., o }, B = {aj, ..., aj} and the elements ag are the representatives of the
clots SE {iys o v oy Ly J1y « « <y J1}-

The premises of Y(D, K, f) will be the formulas Wijs Wi, and Vg for all possible values

of the parameters i, j, and d, as well as the formula Z=[J({Jpo - ... Z<[JPn Df). Formulas
of type Y(K, D, f) are called canonical formulas of class .#. As shown in [8], every logic
in ./ can be obtained by adding to S4 a certain set of canonical formulas {Y (X;, Dy, f)}ier as
new axioms; the logic §4 + {Y (K;. D;, f)}ier will henceforth be denoted by [Y (K, Di, lier.

We shall say that a MS u = <K,, S,> is admissible for a formula Y(K, D, f) if there
exists a regular partial p-morphism ¢ from K, onto K, satisfying the following conditions:

1) If (&, By D, y= (¢ (K)lg, and a & ¢ ((v]r) for all o =&, then P& ¢ ((ylr) for some
ﬁc = B’c.
2) If v (9 (K)la,, then y& [¢7H(K))r,

THEOREM 1 [8]. uk Y (K,D,f) if and only if the MS u is admissible for the formula
Y(K, D, £).

Canonical formulas for class ¥ are constructed in [8, 9] along lines analogous to the
construction of formulas Y(X, D, f). They are denoted by X(K, D, f) and are based on a par-
tially ordered scale K. Every logic L, =% may be expressed in the form

L, = Int + {X (K, Di, Nhier = | X (Ki, Dy Dhier-

A logic L& ./ is called a modal twin of a logic L, &% if L, consists of all formulas
whose McKinsey—Tarski translations [1] are derivable in L.
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THEOREM 2 [8]. A logic L& . is a twin of a logic L, = [X(K;, D;, lier if and only if
it may be expressed in the form L = Y (K;, Dy, f), Y (K;, Dy, f)i=r.;j=q » Where each of the scales
Kj, j =@, has at least one nontrivial clot (i.e., a clot containing at least two elements).

3. As follows from Theorem 1, the simplest structure is that of countermodels of for-
mulas Y (K, D,f). Let .#, denote the class of logics in ./ that are axiomatizable by means of
formulas of this type only. Note that the class ¥ (O, f) of logics in ¥ that are axiomat-
izable by means of formlas X(K, (J. f) consists precisely of those superintuitionist logics
that can be obtained by adding axioms not containing occurrences of [9].

THEOREM 3. Let L = [Y (K;, &, lier. Then Y (K, D, /)= L if and only if the MS p = <K,
P (K)> is admissible for at least one of the formulas Y (K;, &, f). i = T.

Proof. Assume that p is admissible for a formula Y(K;, &, f) for some i &= T. Then
there exists a partial p-morphism ¢: K —> K; such that a = (¢! (K;)lz implies a = ¢! (K;))&.
Now suppose that u, = <K,, S$;> and p, # Y(K, D, f). We then have a regular partial p-mor-
phism ¢: K, > K, for which a & (™ (K)lg, implies a = [$™* (K))g,- Since K is finite, the partial
mapping qy: K;— K; is a regular partial p-morphism and, in addition, it is easy to see that
o & ¢! (K)lp implies a & [yl¢™ (K;))r. Hence w5 Y (K;, &, f) and Y (K, D, /) Y (Ki, & DI

The converse follows from Theorem 1.
COROLLARY 1. All logics of class J, are finitely approximable.

Proof. Let Le W, U*L and [U] = [Y(K,, D,, £),...,Y(K,, Dy, £)]. By Theorem 3,
this is possible only if the MS p = <(X;, P (K;)> is a model of L. But since u = Y(Kj;, Dy, £f),
it follows that p = U.

In exactly the same way it can be proved that lc;gics--of class % (D, f) are finitely ap-
proximable — a well-known result of McKay .[10]. . '

4. We shall call a formula Y(K, ¢, £) singular if the scale K satisfies the following
conditions:

3) A clot generating an R-least element of K is trivial.
4) There exists an element o < K such that (alp = {a}.

THEOREM 4. Let L & J#, and assume that L is axiomatizable by means of nonsingular for-
mulas alone. Then L possesses the DP.

Proof. Suppose the contrary. Then there is a formula []X \/[_ Y=L such that [ X&L
and []Y & L. The logic L is finitely approximable, and so there exist finite MS's u; = <X,
P(K;)> and py = (K,. P(K,)> such that p, = L,p, = L but p B X, ue 5= []Y. We may clearly as-
sume that the scale K, has an R,-least element a; and K, an R,-least element a,. Now let
K = {a,, B} ) K, 1) K,; let R' be the transitive closure of the relation {(z,, @), (= B), (B. P),
(o @), (2or o)} (I Ry | R, and let n = <(K’, P(K')>. It is readily seen that uwet[ 1 X\V/[ Y. To
complete the proof, we must show that p is a model of L.

If not, then p refutes at least one of the axioms of L, say a nonsingular formula Y(K,
3, f) . We thus have a partial p-morphism ¢: K’ — K such that a & (¢! (K)lp implies a =
g™ (K))x-. Note that @, = ¢*(K), for otherwise, by Theorem 1, either p, Y (K, (Z,f) or p, #
Y(X, &, £), or the formula Y(K, .5, f) is refuted on the one-element scale, which is impos-
sible (the third case would imply that L is contradictory). Hence, in particular, it fol-
lows that K’ = [¢™! (K))r- and f = g7t (K).

The scale K cannot satisfy both conditions 3 and 4. If a least clot a® in K© is non-
trivial, then there exists y= K, as= vy, aRy, and YRa. Obviously, ¢ (z,) = «°; to fix ideas,
suppose that ¢ (@,) = a«. But then (I8 = K') (9 (6) =v) and (Je = K’) 6R'e & ¢ (g) = =), whence it
follows that e = K, or ¢ & K,. Consider the scale K; = (elg' and the mapping ¢’, the re-
striction of ¢ to K;. It is readily verified by a direct check that ¢’ is a partial p-mor-
phism from K; onto K, and so one of the MS's u; or u, is admissible for Y(X, ¢/, £), which is
impossible.

Now suppose that condition 4 is violated, and consider the element ¢ (B) = K. By the
definition of a p-morphism, (Vy< K) {9 (B) Ry = , whence it follows that ¢ (B) = v) (¢ (B)lr =
{9 (P)}. Contradiction.

903



5. Given a scale K and one of its elements a, let us define a new scale K% = (alg with
a relation R®, the restriction of R to K,. A singular formula Y(K, ¢, £) will be called a
minimal formula of a logic L& . if it is derivable in L, but Y (K% (7, f) &£ L if a = K and
K® = K,

It is by no means true that every logic has a minimal formula. For example, such for-
mulas do not exist for logics in ./, that are axiomatizable by means of nonsingular formulas
(this follows from Theorem 5 below). However, all other logics in ./, have minimal formulas.
In fact, let L be one of these logics. For each of its axioms Y(K, J, £), choose an element

e e K, such that Y (K%, @, )= L but Y (K8, ¢, )& L if B = K* and K*s= Kf. Since Y (K, &,
e Y (K*, ¢, /)], it follows that L can be defined by means of formulas Y (K%, (J, f), and at
least one of these is singular. There are also minimal formulas for any logic L =[Y (X, ¢,
s Y (K Dy, Plizr with a partially ordered scale K.

THEOREM 5. If a consistent logic L &= . has a minimal formula, then L does not possess
the DP.

Proof. Let Y(K, ¢J, £) be a minimal formula of L, ag, @1s.+«50p, Optrse--20n all ele-
ments of K, where ¢, is the unique R-least element of K, (onlg = {on}, and the elements
Qy,...50y are the representatives of clots af,. ..,am wh1ch are immediate successors of af

in K¢. Starting from K, we construct a formula U(K). Put
.a = {I‘ l'jll’ ] = {1,. ) n} &aiRa]} U {Wl’ .. .,Wn}

and V; = T; 5. A, . 2. Z D p; for every i & {1,..., m} [the formulas Wij, Wi and sets I'j and
A1 were defined in Sec. 2, and Z= 1 ({(TOJpr ... . D.Jpa 2N, Ifm=1, we let U(K)x
Tipo\V [JVy otherwise, U(K)=[1V, V...V LIV ‘

LEMMA. U (K) =Y (K, @, DL "

Proof. It will suffice to show that if p = (K, P (K,)> is a finite MS and u &= U(K), then
u=Y(K, &, f). Fix a valuation function F on p such that F(U(X), o) = 0 for some u = K,,
and mark certain elements of K, with letters pg,...,pp. Specifically: the letter p, will
mark all elements P = K; for which F(U(K), B) = 0; but if F(X, B) = 1 for any formula

XeT,UAUZU{ZLF(ps, B) =0 (i > 0), then B is marked with the letter p;. Put ¢(f) =
oj if B is marked with pj. We shall show that ¢ is a partial p-morphism from K; onto K.

Let o & K, be marked with p; and ajRaj. We claim that there is an element § = (g,
marked with the letter pj. If i # 0, then j # 0 and W;; = Z. Since F(Wij, o) = 1, while
F(py, @) = 0, it follows that F ((Jp; @) =0. Consequently, there exists p = (alz, F(p;, B) =
0. Obviously, F(X, B) = 1 for any formula X = I i) {Z}, whence, in particular, we obtain
F(W;, B) = 1. Together with F(pj, ) = 0, this last equality yields F(X, B) = 1 for every
formula X =T, ) A;. Now let i = 0. There exists | = {l,....m} such that oRa;. Hence,
in view of what has been proved, we need only find an element Yy = (als, marked with the letter
pg. But this follows immediately from F([1V,, a)=0.

Let a, f = K; be elements marked with letters pj and pj, respectively, such that oR,R.
We claim that RiRaj. If i = 0, then uoRaj for any j= {0,...,n}). Suppose now that i # 0 and
“Ja;Ra;. Then [(Jp;=T;, and so F(Jp;» @) =1. If j = 0, then F(pj, B) = 0, whence F (Jp;.
a) = 0, which is impossible. Let j = 0. If m =1, then F (Jps P) =0, contradicting [Jp, E
Ty (since ap = {@o}) and F((Jpo, @) =1. But if m > 1, then there exists an element ay such
that ja;Ra; and 1 <1< m, and since a,Ra,, there is an element y = (Bls, marked with the
letter pg, so we have again arrived at a contradiction. Hence, in particular, it follows
that each element of K, can be marked with at most one letter.

We have thus shown that ¢ is a partial p-morphism from K, onto K. However, it need
not satisfy condition 2. We must therefore "adjust" ¢ slightly. Namely: let < K; be an
element such that '

5) RS is a maximal element of the scale K§;
6) there exists an element o == [B)r, marked with the letter p,;

7) if an element y = [B)r, is marked with a letter pj, then i = 0. We now put ¢ (f) = «,.
It is obvious that this "adjusted" mapping @ is still a partial p-morphism from K, onto K.
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Let v = (¢! (K)lg,. Choose an element B = (ylg,, satisfying condition 5. If there is an
element § = [B)r, marked with the letter pj, i # 0, then F(Z, §) = F(Z, B) = 1. Consequently,
there exist an element & & (Blg, and a number j = {1, ..., n}, such that F(pj, €) = 0 and, as
already shown, € is marked with the letter Py- But if there is no such element §, then there
exists an element a = [B)r, marked with p,, whence it follows that B is marked with the letter
Pn- Thus, y=[gp™ (K))r.- We have shown that the MS u is admissible for the formula Y(K, &,
£), and so pu = Y(X, &, £). This completes the proof of the lemma.

We can now complete the proof of Theorem 5 by showing that Y (K%, J, H=I[Vi], 1 <igK
m. Since Y (K%, ¢, f) & L [because the formula Y(K, .7, f) is minimal for L], it w1ll follow
from these inclusions that [JV;Z L; and since L is consistent, it is also true that [Mpe &
L. This implies that L does not possess the DP.

Let n=<K’, $, necY (K%, J, /) and let F be a valuation function on p such that F(Y x
(K*i, &, £), ¢) = 0 for some a = K'. If ;& (2;lr, then the variable pj has no occurrences
in ¥ (K%, 7, f). We may therefore assume that F(p;, B) = 1 for all p = K’. It follows from
this assumption that F(X, a) = 1 for any premise X of the formula V.  Moreover, F(p;, a) =
0. Hence F(Vj, @) = 0. This completes the proof of Theorem 5.

COROLLARY 2. If a logic L, =% is consistent, U< L,, U & Int and the formula U contains
no occurrences of V, then L, does not possess the DP.

Proof. Let [Ul=IX (K, 3, 1y .... X(K,, &, NI, n =1 [9]. Then L; can be represented
in the form L, = [X (K,, , f), X (K;, D;, fili=r, and its largest twin [8] is L = [V (K,, . /).
Y(K;. D;, Hljzo. As marked above, L has a minimal formula (K, is partially ordered). There-
fore L does not have the DP. But since the disjunctive property is preserved by transition
to the modal twin [5], the same conclusion holds true for L,.

One consequence of this corollary is that no logic in the class % (7./), other than Int
and the contradictory logic, possesses the DP.

Applying the law of contraposition to this last statement, we obtain

COROLLARY 3. Let L= % be a consistent logic possessing the DP and let U be a formula
with no occurrences of V. Then U&=L if and only if [ = Int.
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