
Int. Journ. of Fracture 20(1982) 243-250. 00376-9429/82/04/0243--08500.20/0 
© 1982 Martinus Nijhoff Publishers, The Hague. Printed in The Netherlands 

Mixed mode plane stress ductile fracture 

B. C O T T E R E L L ,  E. LEE and Y.W. MAI 

Department of Mechanical Enoineering, University of Sydney, N.S.W. 2006, Australia 

(Received September 25, 1980; in revised form May 29, 1981) 

ABSTRACT 
Mixed mode ductile fractures in thin sheets are shown to be possible. The staggered deep edge notch tension specimen 
enables Jr, the plane stress propagation value of the J integral, and dJ/da, the rate of increase in J with crack growth 
to be measured from the specific work of fracture. The J integral can also be separated into its two component modes 
J, and Jn. 

For the particular low alloy steel tested Jp is virtually independent of the mode of fracture, but for other materials 
Jp may be dependent on the fracture mode. 

1. Introduction 

The initiation of fracture from a notch in a brittle material under mixed mode loading has 
received considerable attention and a variety of initiation criteria have been advanced [1-11]. 
However, once initiated the path taken by a fracture, in a homogeneous isotropic brittle 
material, is that for which the local stress field at its tip is mode I [12]. In contrast fractures in 
thin ductile sheets are not pure mode I, because of out of plane mode III shear in the fracture 
process zone. Ductile fracture in thin sheets where mode II displacements are absent at the tip 
of the crack are usually treated as generalized mode I fractures, where the fracture criterion is 
dependent on the sheet thickness. The propagation of mixed mode I and II fractures is 
possible in ductile sheets because localized necks can form that in general are at an angle to the 
principal stresses. The attempts that have been made to investigate mixed mode ductile 
fracture have not been very successful. Pook [ 13] performed a series of tests on ductile tension 
specimens with slits at an angle to the applied stress, but the fracture propagated essentially in 
a mode I direction. Jones and Chisholm [14, 15] did achieve a mode II fracture in a compact 
shear specimen; but their linear elastic analysis was inappropriate because in one case [ 14] the 
net section shear stress at fracture was greater than the yield shear strength and in the other 
[15] the plastic particle was of the order of half the ligament or more. 

True mixed mode ductile fractures can only occur in specimens that are completely 
yielded and where post yield fracture mechanics is necessary and the J integral [16] is 
appropriate. Mixed mode ductile fractures can be obtained in thin sheets by the use of 
staggered deep edge norched tensile specimens (see Fig. 1) similar to those originally sug- 
gested by Hill [17] for determining the yield criterion of ductile metals. In these specimens 
localized necks form along the line joining the notches which develop into fractures and 
enable the mixed mode J integral to be calculated. 
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Figure 1. The staggered deep edge notch tension specimen. 

1.1. The fracture of deep edge notch specimens 

The initial notch provides a greater constraint against plastic flow than does the tip of the 
propagating crack. As a consequence the crack tip opening displacement ahead of a propa- 
gating crack is in general slightly greater than the initiation value becoming constant after a 
crack growth of about twice the sheet thickness [18]. This change in plastic constraint also 
generally causes a slight increase in J which is distinct from the much larger increase observed 
in JR curves. We have previously argued [ 18-20] that the total work performed in fracturing a 
deep edge notch tension specimen (Wfl, that yields completely before tearing can be separated 
into two parts: 
(i) The work performed within the process zone of about the sheet thickness (t), which 

eventually forms the necked zone, called by us the essential work of fracture (We) and 
assumed to be proportional to the ligament length (l). 

(ii) The work performed in the surrounding plastic region (Wp), which similarity arguments 
show is proportional to the square of the ligament length (/). 

Thus, if the specific work of fracture wf -- Wi/lt is plotted against the ligament length we 
obtain a straight line whose intercept is the specific essential work w e = We/It. Similar 
arguments [19, 20] show that the elongation at fracture is a linear function of the ligament 
length and that the intercept is the crack tip opening displacement of the propagating crack. 
We now wish to argue that the specific essential work can be identified with Jp the value of the 
J integral for a crack starting to grow under the plastic constraint appropriate to a propagat- 
ing crack. The JR curve is approximately a linear function of crack growth [21] and is given by 

dJ  
JR = J~ + ~ - a  a (1) 
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where Jp is normally the initiation value for plane strain fracture, but for plane stress fracture 
must be identified with the slightly larger value appropriate to propagation, dJ/da is a 
constant and a is the crack growth. JR can be obtained from the energetic formulation [16] 

OV 
JR  - -  c3a (2) 

where d Vis the energy released per unit thickness during crack growth da. Now if we integrate 
JR with respect to a until the two fractures meet we have 

Wl 1 dJ 12 
- Jp @ + - - - -  (3 )  

2t ~ da 8 

and 

dJ l 
w f = J P +  da 4 (4) 

We can, therefore, identify Jp with the specific essential work, we, and observe that dJ/da is 
four times the slope of the curve ofw I against ligament length I. There are inaccuracies in this 
approach, because for strict J controlled crack growth [22] 

and 

l i f  o 
- -  ,>  ~ ( 5 )  
J. 

l dJ  
- - - -  ,> 1 (6)  
JR da 

where a o is the flow stress, but Jp should be well defined and dJ/da defined to perhaps 
somewhat less accuracy. 

If the deep edge notches are staggered (see Fig. 1) the fracture occurs under both normal 
and shear stresses. A neck precedes fracture and the velocity discontinuity across the neck is at 
angle ff to it which is given by [23] 

tan ff = 1 cot 0 (7) 
oe 

Consequently the specific work of fracture has both mode I and mode II components which 
can be separated [24] so that 

wf = w~f + wHf (8) 

and likewise 

Jp = JIp + JlIp 

+ 

(9) 

(10) 

1.2. Experiments on staggered deep edge notch specimens 

The material chosen for these experiments was Lyten, a low alloy steel sheet of nominal 
thickness 1.6 mm which has been used for similar mode I fracture [18, 20, 21] experiments. 
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TABLE 1 
Chemical composition of Lyten 

Carbon 
Phosphorus 
Manganese 
Silicon 
Sulphur 
Nickel 
Chromium 
Copper 

0.10% 
0.09% 
0.85% 
0.40% 
0.03% 
0.25% 
0.8 % 
0.25% 

TABLE 2 
Mechanical properties of Lyten 

Direction relative to rolling 

Transverse 45 ° Longitudinal 

Yield strength (MPa) 365 359 324 
Ultimate strength (M Pa) 524 514 511 
Elongation on 50 ° (%) 32.3 - 31.0 
Anisotropy coefficient r 1.28 1.09 0.96 

The composition and mechanical properties of the material are shown in Tables 1 and 2. 
From Table 2 it is seen that the degree of plastic anisotropy is not high. To ensure that there 
are no anisotropic fracture effects, all specimens were cut so that the rolling direction was 
aligned to the line joining the staggered notches. 

The gross width of the specimens was made large enough to ensure that yielding was 
.confined to the ligament and brittle lacquer coatings were used to confirm that yielding did 
not spread to the outer edges of the specimens. It was previously observed [18] that in mode I 
loading there was a partial transition to plane strain fracture if the ligament was less than 
10 mm, caused by the constraint against free neck formation imposed by the notch. Thus, for 
stagger angles 0°-36 °, the ligament length used ranged from 10-60 mm. However for larger 
stagger angles, the cracks growing from the two notches did not join up for large ligaments 
and their length had to be limited to 40 mm for 0 = 54 °, 20 mm for 0 = 72 ° and 10 mm for 
0 = 90 °. The smallest ligament tested had, therefore, to be reduced for 0 = 72 °, and 90 ° to 
5 mm respectively. Since the necking for fractures with a high mode II component was small, 
there was no apparent transition to plane strain fracture with these small ligament lengths. In 
materials with a smaller strain hardening exponent more intense necks form and the zone is 
much longer, and fractures follow the line joining the notches more readily. The last 2-3 mm 
of the notches were finished with a 0.15 mm saw to give a sharp initiating notch. 

The elongations normal to and along the ligaments were measured with strain gauged clip 
gauges from points outside the plastic region. These clip gauges, which were mounted in pairs 
on each side of the specimen to eliminate any effects due to bending, were attached to the 
specimen by lugs that were free to rotate. The mode I and II works of fracture were obtained 
from the area of the load-elongation curves recorded on an X - Y  plotter. 



Mixed mode plane stress ductile fracture 247 

1.3. Results of experiments on staggered deep edge notch specimens 

All specimens with notches staggered at 18°-54 ° showed a definite yield point. Whereas only a 
few specimens with stagger angles greater than 54 ° showed a definite yield and none was 
observed for zero stagger. A well defined yield point is to be expected for stagger angles close 
to 36 ° because in an unnotched specimen a neck forms at an angle of 35 ° 16' in an isotropic 
material [19] and the staggered notches help promote this neck which forms almost simulta- 
neously over the whole ligament. At stagger angle far from 35 ° 16' yielding develops gradually 
from the notch tips and a definite yield point is not observed. The brittle lacquers very clearly 
illustrated this difference in the yield behaviour. 

The direction of the relative motion across the notched section illustrated in Fig. 2 
conform well with that predicted by the theory of Hill [17] for both measurements at yield 
and at complete fracture. The yield locus shown in Fig. 3 also agrees well with Hill's theory 
[17]. The maximum stress cannot be compared with Hill's theory because necking is limited 
to a very small zone at the tip of the notch less than 3 mm long, also tearing starts before the 
maximum load is reached. 
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Figure 2. Direction of relative motion across the ligament. 
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Figure 4. Reduction in thickness across the ligament. 

The reduction in thickness in the fracture surface is shown in Fig. 4. For stagger angles 
0o-36 ° the greatest reduction in thickness occurred over the central portion of the ligament, 
but for larger stagger angles the maximum occurred within 1 mm of the notch. Not surpris- 
ingly the greatest reduction over the central portion of the ligament occurs for a stagger angle 
of 36 ° , because, as already noted, this angle greatly favours neck formation. It is not clear why 
the maximum reduction occurs close to the notch for the larger stagger angles. 
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Figure 5. Specific work of fracture. 
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Figure 6. Jp as a function of tan 20. 
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Figure 7. dJ/da as a function of tan 2 0. 

The specific total work of fracture is shown in Fig. 5 as a function of ligament length for a 

range of stagger angles. It is seen that the specific total work is a linear function of the ligament 
length with a zero intercept, that we interpret as Jr, almost independent of stagger angle. Since 

we measured both the mode I and the mode II displacements, we are able to separate both Jr 
and dJ /da  (4 x slope of the lines in Fig. 5) into their two components which we display in Figs. 
6 and 7 as a function of tan 2 0 which is a quarter of the theoretical ratio of mode II  work to that 

of mode I. At a stagger angle of 54 ° we found a negative intercept for Jr which may possibly be 
an artifact caused by the reduction in thickness being larger near the notch tip than in the 

steady state propagation condition away from the tip or by inaccuracies in our 
measurements. 

2. Conclusions 

The measurement of the work of fracture may provide an easy approximate method of 

measuring Jp and dJ/da.  The staggered deep edge notch specimen enables a mixed mode 
ductile fracture to occur. It appears for the particular material chosen for these tests that Jp is 
insensitive to the mode of fracture, but, since we cannot suggest any theoretical grounds for 

this insensitivity, it may not be a general result, and we suspect that Jp would be more sensitive 

to the mode of fracture in more ductile materials. There is quite strong dependence o fdJ /da  on 
the mode of fracture. 
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RI~,SUMI~ 

On montre que des ruptures mixtes de mode ductile dans des feuillards minces sont possibles. En utilisant une 
6prouvette de traction comportant deux entailles lat6ralcs, profondes et d6cal6es, on peut mesurer Jp composante de 
propagation de l'int6grale J en 6tat plan de tension et dJ/d~, le taux d'aceroissement de J en fonction de la croissance 
de la fissure ~i partir du travail sp6cifique de rupture. L'int6grale J peut 6galement 8tre s6par6e enses deux 
composantes des modes Ji et jn. 

Dans le cas de l'acier faihlement alli6 particulier qui a 6t6 trait6, Jv est virtuellement ind6pendant du mode de 
rupture; cependant, pour d'autres mat6fiaux, Jv peut d6pendre du mode de rupture. 


