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Extended thermodynamics of molecular ideal gases

G. M. Kremer

The objective of extended thermodynamics of molecular ideal gases is the
determination of the 17 fields of mass density, velocity, energy density, pressure
deviator, heat flux, intrinsic energy density and intrinsic heat flux.

The intrinsic energy represents the rotational or the vibrational energy
of the molecules.

The necessary field equations are based upon balance laws and the system
of equations is closed by constitutive relations which are characteristic for the
gas under consideration.

The generality of the constitutive relations is restricted by the principle
of material frame indifference, and by the entropy principle.

These principles reduce the constitutive coefficients of all fluxes to the ther-
mal and caloric equation of state of the gas and provide inequalities for the
transport coefficients.

The transport coefficients can be related to the shear viscosity, the heat
conductivity, and the coefficients of self-diffusion and attenuation of sound
waves, so that the field equations become quite specific. The theory is in per-
fect agreement with the kinetic theory of molecular gases.

It is shown that in non-equilibrium the temperature is discontinuous
at thermometric walls. The dynamic pressure and the volume viscosity, are
discussed and it is shown how extended thermodynamics and ordinary thermo-
dynamics are related.

1 Introduction

The modern version of extended thermodynamics was recently formulated by
Liu & Miuller [1] and Kremer [2] as a theory of monatomic gases. The objective
of those authors was to obtain a phenomenological theory that is in close agreement
with the kinetic theory of gases. And, as such, the theory was successful. Therefore
the desire arose to apply the reasoning of extended thermodynamics to a less
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restricted class of materials and in [3] Kremer worked out the case of real gases,
published in [4], and the case of molecular ideal gases, which is described in the
present paper.

The objective of extended thermodynamics of molecular gases is the determina-
tion of the 17 fields of

magss density g,

momentum density ov;,

momentum flux Fy, .y
translational energy flux % Fy;, ’
intrinsic energy density og,

intrinsic energy flux G,.

The translational energy density is equal to % F;. It is therefore implicitly
included in this list of fields. The intrinsic energy density represents the rotational
or vibrational energy of the molecules.

The necessary field equations are based upon balance laws, and constitutive
equations are formulated to close the system of equations. The constitutive
equations are restricted by the principle of material frame indifference, and by
the entropy principle.

It turns out that all but 6 out of 34 constitutive coefficients can be related to
the thermal and caloric equations of state by a careful and systematic exploita-
tion of these principles. The remaining coefficients can either be related to the shear
viscosity and heat-conductivity, or they follow from the coefficient of self-diffu-
sion or the absorption and dispersion of sound waves. Alternatively these coeffi-
cients may be found by comparison with the kinetic theory of gases, notably with
the Eucken formula.

The notation in the paper is the usual indicial notation with summation over
repeated indices. Round brackets indicate symmetrization, square brackets anti-
symmetrization, and angular brackets indicate symmetric and traceless tensors.

2 Thermodynamic processes

All field equations are supposed to be based on balance laws, i.e. differential
equations of the generic form

0Q | 90
RIS 2.
o T b 2.1)
where Q, Q; and P are density, flux and production, respectively.

In particular for the fields (1.1) the balance equations have the form

Bal £ L 2.22)

alance o massa—t—l—?x—i— . (2.2a
v;  OFy

Balance of momentum —t + 24 — 0. (2.2b)

ot 3xj o
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oF; OFy
Balance of momentum flux — + —— = P,.. (2.2¢)
ot Ox;, J
. 3 —% ‘Fjji 6 % JF}jjk
Balance of translational energy flux % + i, = Py. (2.24d)
dog  9G; .
Balance of intrinsic energy o o, = —% P;. (2.2¢)
. 0G; | 0G;
Balance of intrinsic energy flux o + Fhe P;. (2.21)

J

The Eq.(2.2a-d) are formally the usual 13 balance equations of extended
thermodynamics of monatomic gases with vanishing productions for mass and
momentum. The trace of Eq.(2.2¢) implies the balance of translational energy
whose energy is £ F;;, and 4 P;; is its production. Thus the balance of total energy
with density pg + 1F,is a conservatlon law. All tensors are symmetric,

The system of Eq. (2.2) is closed by considering

Fyinys Figpoo > Py Py, Py (2.3)

ijs L ijs 4 jjis

as constitutive quantities which—at a given point and time—are related to the
values of the fields (1.1) at that point and time in a manner dependent on material.
Thus the constitutive equations have the generic form

C = &g, v, Fy, Fy, 8, G)) (2.4)

where C stands for any one of the quantities {2.3).

If the constitutive functions § were known explicitly, we should now have
an explicit system of 17 fields equations which are first order differential equa-
tions. Every solution of this system is called a thermodynamic process.

3 Constitutive theory
3.1 Scope of constitutive theory

In reality the constitutive functions @ are not known and we must rely on the
constitutive theory to restrict their generality and—if possible—to reduce these
functions to a few coefficients which can then be measured.

The tools of the constitutive theory are universal physical principles and, above
all the principle of material frame indifference, and the entropy principle.

I shall state and exploit these principles later in this paper. First, however,
I wish to recognize the special role of the velocity in the constitutive functions.

3.2 A reformulation of the problem in terms of non-convective quantities

Instead of the fluxes Fj;, Fy, Fyy, G;, Gy and productions PH,, P; one may

itroduce non-convective quantities denoted as p’s, g’s and r’s in the following
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equations

F; = ov; - py, (3.1a)
Fi. = 00t + 3Pty + Py (3.1b)
Fijje = 0viov, + 6pvv + 4Pty + Py (3.1¢0)
G, =ogv; + &, (3.1d)
G; = ogvv; -+ 284, + &> (3.1¢)
Pyy = 3Py + 2rf, (-1f)
P = —}Pw, +rl. (3.1g)

These decompositions render the velocity dependence of the densities, fluxes
and productions explicit, because the non-convective quantities are independent
of the velocity. This statement is in anticipation of the principle of material frame
indifference and I shall come back to it. The complexity of these decompositions,
particularly of (3.1b, c) is motivated by the kinetic theory of gases, but it can also
be derived from the requirement of Galilei invariance of the balance laws.

Some special notation is introduced to fit the customary nomenclature. Thus
we call

p;; the pressure tensor, (3.2a)
p = % p; the pressure, (3.2b)
el = Ez— the translational internal energy, (3.2¢)
& = ¢! 4~ g the internal energy, (3.2d)
g/ = 1 p;; the translational heat flux, (3.2¢)
g; the intrinsic heat flux. (3.2f)

We may replace the F’s, G’s and P’s in the Eq. (2.2) according to (3.1) and (3.2)

. 0Oa da .
and introduce the material derivative a = 7 + Vig Thus follows after a little
calculation i

) ov;
e+95}7=0, (3.3a)
. op;;

T A 3.3b
Qvl + 8xj 0, ( )
. vy, 8P<ijk> 4 36]5 2 3‘]kT 8. 2 ov;) —p (3.30)
Pij T Dy 5;]: + ox, + 3 W,) + 5 D% ij Dr(i ax, = Ly, :

ov op;;; ov; ov; ov;

T 4 T T k1 TPk oy 2 T T T

4 T 54 0%, T2 0x;, +p<”k>8xk T5Y ox, | 3 9 ox;
_ Py %u Py (3.3d)
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- og; —1
Qg+§;=—i—1’fi: (3.3¢)

oy, 0g;; ov; opi; o

&
L g ] 3.3f
ox;, - ox; & 0x; g ox; f (330

&+ &
These equations appear to be more complicated than the original ones in
(2.2), in particular they do not reveal the simple balance structure. And yet for the
purposes of the constitutive theory they are preferable, because the velocity and
its derivatives occur only explicitly. )
The variables and constitutive quantities are now chosen to be

0 Vs> Dij 47+ & &i» (3.4
and
DPijiy> Pijik» 8ij» Py, P(ij), "iT, riI' (3.5

respectively, and, of course, these sets are equivalent to the original ones in (1.1)
and (2.3). Thus the constitutive relations read

é - @(Q’ Pijs qiTs g7 gi), (36)

where C stands for any one of the quantities (3.5) and where I have anticipated
that the non-convective quantities are independent of ;.

3.3 Definition of equifibrium

Equilibrium is defined as a process in which all productions vanish, so that there
are 12 conditions

Pyl =0, r/[g=0, r/z=0. 3.7

1

It seems inevitable that these conditions imply the vanishing of the pressure
deviator py;, and of the heat fluxes ¢/ and g; but there must be one more relation
as these are only 11 in number. Therefore in equilibrium the remaining variables
g, 0 and p must be related. T write this condition as

gle = (e, p) (3.8)

and conclude that in equilibrium the intrinsic energy is determined by ¢ and p.
In non-equilibrium one may write

g=¢.p)+4 (3.9)

which gives—in 4 —an additional variable along with p;, g/ and g;, that vanishes
in equilibrium. The constitutive relations (3.6) may thus be written as

é = @(Qﬂ b p(ij\’ qiTs Aa gz) (310)
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3.4 Entropy principle

Let the entropy density be denoted by 4 and the entropy flux by ¢,. I decompose
¢, into a convective and a non-convective part according to the equation

(pk - hUk —I“ ¢k' (3.11)

h and ¢, are constitutive quantities of the generic type (3.10).
The most important part of the entropy principle is the entropy inequality

—+a—(p'l or h—l—h +—E_O, (3.12)
0,
and that inequality must hold for all thermodynamic processes.

According to a lemma proved by Liu [5] an equivalent statement is that the
following inequality must hold for all arbitrary fields (3.4). This new inequality
results from (3.12) by adding on its Ieft-hand side the balance laws (3.3), each one
multiplied by a Lagrange multiplier A that may depend on the same variables

as the constitutive quantities Cin (3.10). Thus we have

9 a ov ,
)l

. ov,  Opy q : aq v,
- Aij (Pij + Py oxy + <jk> + 5 4= 2 — 511 + 2Pk(: %, Pij)

. ovy, . 9Py ov; 7 O avi
— 4, (qiT+lq~T§—+ 5#‘ - Pa gy L+ Zg” 'a';?* <q — x,

Pij i Py P T)

. . og
—)“(Q31+QA +3£)C.+%Pii)

8gj ov; ’ op;; )
L (LD ) = 0. 3.1
0x; & 0x; (e ) X; ri)=0 (3.13)

dv,,
(gl T 85— % e
If we insert all constitutive relations into (3.13) and perform all indicated
differentiations we obtain an inequality whose left-hand side is explicitly linear in
the derivatives

bi, éa P;p q.iTa Aa gia

v, G op; oqf o4 0g

=, 2 3.14
ox;> 0x; Ox,° 0x;7 Ox;7 0x; (3.14)

J

Since the ficlds are arbitrary, so are these derivatives and therefore the in-
equality cannot be valid unless all factors of the derivatives (3.14) vanish. This
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requirement implies the conditions

3h 881 ah de!
oh oh oh
Tt Ai 7 =0, 55:/1,-, (3.15¢-f)
h 5ij = (QA + Arsprs "I" % Arqu + ngr) 5,'1' _f' 2/1kipjk
+ Apoyy + 5 Agl + F Agl + L, (3.162)
3 a S a rSS) a 7.
%2, Bo 454, . 2, e (3.16b)
do op
0 ¢k 317 (rsk) ap rssk ag rk Dr (z
= :Ars ! J_A’. +Z’V——'—A C
g i apfj T2 apij apu Q >
P
A(, e — (" 4 4) A Oy (3.16¢)
8¢k ap (rsk) aP rssk ag rk P
ar ~ Mrggr TiAG T T Ay, T+ Ay + 3 4, 8, (3.16d)
9 Wity | 1 4 Prosk 8.
aA Ars a +7Ar—5A_+lr—a—zl—a (3166)
a a 5 a rSSi
e g Powo p "+z +,15,k (3.16f)
ag; 0g;
There remains the residual inequality
2= ApPe + G A — 52 Py + AT + A = 0, (3.17)

whose left-hand side is the entropy production. It contains 4 terms reflecting the
productions of the pressure deviator, the translational energy and the two heat
fluxes.

In principle it is now obvious how to proceed: From (3.15) we calculate the
Lagrange multipliers in terms of /4. These are introduced into (3.16) which provides
relations between the constitutive relations puyy, Pix. &; and A, é,. Between
those relations it is possible to eliminate # and ¢, and obtain restrictions on p,,
Dijir> 8ij-

3.5 Principle of material frame indifference

The principle of material frame indifference requires that the constitutive functions
of the non-convective quantities are invariant under Euclidean transformations,
or, in other words, the constitutive functions have the same form in an inertial
and in a non-inertial frame.
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It follows that the constitutive quantities (3.5) cannot depend on the velocity,
a result which I have already anticipated in (3.6). Moreover, the constitutive func-
tions must be isotropic functions of their variables.

There are representation theorems on isotropic functions, e.g. see [6]. Here these
theorems shall not be of interest in their full generality, because I limit the atten-
tion to processes in the neighbourhood of equilibrium, i.e. with small values of
Pup» 47 & and A. Therefore 1 write
linear representations for pyuy, Py 8ijs Pits Pryjps 115 11

a quadratic representation for ¢;

a third order representation for A, viz.

Py =0, (3.18a)
Pigre = (Bo + B1 4) i + vPry » (3.18D)
8w = (o v, 4) 0y + Dty » (3.18¢)
Py=EA, (3.18d)
Pup = 0pgs (3.18¢)
r =gl + xg;, (3.18f)
vl = 1147 + 128 (3.13g)
b = (@1 + P2 4) a¢ + (93 + 92 A) 8 + PsPund’ + PePins8rs (3.19)

h=os -+ A+ by 4 by A 4 (hy + bs A) PiryPirs)
+ (hs + by A) g7 g + (hg + by A) g,8, + (hyo + by, 4) g8,
= RaPesPisoPers T+ NP @5 + PiaPiss 8 + PisPis8,&s- (3.20)

All coefficients 3, through 4,5 may depend on p and p.

A remark seems necessary about why I choose different orders in the represen-
tations of pyyy, ..., #{, and ¢, and h. Let us consider: What I wish to have in the
end, if possible, is knowledge about p,;, through r/, because these quantities
occur in the field equations (3.3). Within a linear theory I should therefore like to
known the explicit form of the functions f,(p, p) through %,(g, p). But it turns out,
in the evaluation of the conditions (3.15) and (3.16), that the properties of these
functions are linked to the coefficients # and ¢ of non-linear terms in (3.19) and
(3.20) in multiple ways. Therefore I must take account of the non-linear represen-
tations for # and ¢,.

The reader who is sufficiently interested in this subject is invited to turn to
the Appendix Al where the conditions (3.15), (3.16) and (3.17) are exploited in
detail. In the main part of the paper I proceed to introduce the absolute temperature
but otherwise I merely summarize and discuss the results obtained in the appendix.



Extended thermodynamics of molecular ideal gases 29

4 Results of the constitutive theory
4.1 Hdentification of absolute temperature

Taking into account the representation (3.20) for 4 we conclude from (3.15) that
among all Lagrange multipliers only A, A;; and A have a non-vanishing equili-
brium value. Indeed we get

o0 s e’ do s el
73?“‘}11— Aii)E:—’“‘

A]E: 8@’ ap hl'é'ia

hy
He = @.1)

Therefore there is only one linear term in the residual inequality (3.17) and,
by use of (3.18d), one may write

ot non-linear terms in

do s Ay
— =" __ ——) >
¥ [3 ( op h 31’) 29:’ ¢4+ (p(ij)s qiTa &4 ) =0 (42)

But X has a minimum in equilibrium, namely zero. Therefore it cannot have
a linear term. The square bracket in (4.2) must vanish and we have

hy=——— . 4.3)
20—
1430

The equilibrium part of the trace of (3.16a) reads

AIE:: N _%Aii[E%' (4.4)

Elimination of 4, and A|; between (4.1a, b), (4.3) and (4.4) gives two equa-

os o
tions for — and % which may be combined as

2y
B é (3p P Jd (3p 7 r }
=3ty (g + ) o+ [ Gy ) — ] )
or by (3.2)
p
ds == %‘ Aii!E (dglE -_ ? dQ) . (4.5)

1
Thus by comparison with the Gibbs equation % A;|g is recognized as—
. T
where T is the absolute temperature

1
3 400, Dip = T (4.6)
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Once the absolute temperature is introduced in this way, it is now possible
to replace the pair (g, p) of equilibrium variables by the more familiar pair (o, 7)
and I shall do this in the sequel.

There is one immediate consequence: The Gibbs equation, i.e. (4.5) and (4.6)
joined together in the form

ds = — (dqu _ L dg) , @4.7)
r 4
implies the integrability condition
@), w767 @
Here we are dealing with an ideal gas where
k s 3k
pZEgT and ¢ :%T 4.9)

hold. Therefore (4.8) implies

o’

(_35)T —0, (4.10)

i.e., the specific intrinsic energy is independent of g, it may only depend on the
absolute temperature.

4.2 Summary of results
As shown in the appendices A.1 and A.2 the constitutive functions for (3.18a—c),

and (3.19), (3.20) obtain the following explicit forms as a result of the entropy
principle

Py =0, (4.11a)
5p* a,T*"? Tp(, , &aT”
ik = |/ i T — — ) pu 4.11
pt_/jk [ 0 (1 + 7P ) _i— 612] 6!/( + 0 (1 I 7p )p(tk)7 ( b)
gi = (pe' +p A + as) 6y + 51P<ik), 4.11¢)
[ 1 2 .
¢ == 'T‘(fIk + g — E;Agk — gl;?}’(;mqr > (4.12)
I & 0 0 .
— — — - | — — - A+
h~g(mln . +deT—,—a4)+TA 2T28§~A
0 T de- 3 _1_
T 3PEy (1 o ﬁ) A = GprPeaben

4 T2\ -1 T, T 1
— 5p2T (1 + zp ) 99y — 2PT26§-grgr
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1 (2 1 déh !
(—f + —8—; T Ag.g, + -6:02—],]7<rs;P<sk>P<kr>

" 2Tp(ery
% a I\ T, T 1 4.13
ne 25p3T + 2p Diysdr 9s + szngg_p(rs)grgS' ( . )

I

£
&l stands for T and g, through a, are constants of integration.

The amazing feature of these results is there specific nature: All coefficients
in (3.18a—¢) and (3.19), (3.20)—some, or most of them coefficients of non-equi-
librium terms—are specifically related to the thermal and caloric equation of
state p(p, T') and &/(T) except for the constants a. This specific nature of the results
is a recurring feature of extended thermodynamics, first observed by Liu & Miil-
fer [1].

However, not everything is quite so specific. Indeed the 6 constitutive coefti-
cients of the productions

"iT = 0‘1%T + %285, Py = opyy» (4.14a,b)
rl =47 + 18, Pi=§4 (4.14¢, d)
are only restricted by some inequalities, viz.
a, T\ 1
1 = 0,0 (1 -+ T ) =0, 060, £<0, (4.15a~d)
mek 5k 2
X1x2 — W X + 27}'1—8? 11) 2 0. (4156)

In the next Section I shall discuss ways on how to identify the remaining un-
known coefficients oy, &5, 1, %2, 0, and & These are called the transport coeffi-
cients.

If we take the intrinsic energy to be the vibrational energy of the molecules,
it is possible to show that the above results of extended thermodynamics are identi-
cal to those of statistical thermodynamics, if only the constants a;, a, and a;
are set equal to zero, see [7]. Therefore in the further development of this paper I
shall ignore these constants. In fact, several contributions from @, were already
ignored in writing (4.15¢) in order to make that inequality less cumbersome.

In conclusion I list the field equations, i.e. the balance laws (3.3) combined
with the constitutive Egs. (4.11) and (4.14).

é+@%=0, (4.16a)

ov; -+ Py _ g, (4.16b)
axj

ge —l—%gé“{"%—l—l’ij;;}l_zos (4.16¢)

Pajy T Pap ;;)k + 4 gz-g + 2Pk<ig%> = 0P (4.16d)
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r Ol 61)(, 200 Sp* T py, 3pjk
LR TR g T T 0T T aw

Tp or  p Opuy
o Puy s T T
20T ox, o Ox,

I\ RN AP
9(1—:—T)A+(1—f1)_gi~f3_‘£*fip..ﬂ:_%54, (4.16)

-+

- “lqt + X28i5 (4166)

T ep) 0x;  ep Ox;  ep” Y Ox;
o o 84 opy
g‘+g16 +g_;5;+PT8 ‘i‘paxl "axj
1 or T
+ STP(ik)a_; = 019 + X28i- (4.16g)

1 have reordered these equations somewhat compared to (3.3) with respect to
the equations of balance of energy. Thus (4.16¢) is the balance of internal energy,
viz. the sum of the trace of (3.3¢) and of (3.3¢). Also I have used (4.16¢) to eli-

minate T from the balance (3.3¢) of intrinsic energy. This was done in order to
facilitate a subsequent argument. 7 in (4.16f) stands for the derivative of ¢lp =
3
2% + e/(T) with respect to temperature.

Note that the left-hand sides of Egs. (4.16) are explicit in the variables

e, U, T;p(ij)’ qiT; A; 8>

k
provided we know & = &/(T). Of course, p is always equal to;gT.

5 Identification of tramsport coeflicients

5.1 The limit of ordinary thermodynamics

It is a most natural question, of course, to ask how to get back from extended to
ordinary thermodynamics of a molecular gas. In ordinary thermodynamics, in-
stead of the set (1.1), or (3.4) we should have the basic ficlds

Qa Ui, P (Or T)

and there would be conservation laws of mass, momentum and energy, or the ba-
lance of internal energy

ov;
— = 1
0 ”‘“an 0, (5-12)
2
iy -+ p” —o0, (5.1b)
Bql ov;

g8+ 5~ +p,,@x 0. (5.1¢)
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To close the system of equations, in ordinary thermodynamics we must have
constitutive equations for

the pressure deviator p;

the heat flux ¢, = g7 + g
. 3,
the internal energy ¢ = —2—9- + &(T) + 4.

Adapting an iterative scheme from the kinetic theory—the so-called Max-
wellian iteration, see [8]—we derive the desired constitutive equations from the
Egs. (4.16d-g) in an approximate manner as follows: In the first step we intro-
duce equilibrium values for p;, g%, A and g; on the left-hand sides of (4.16d-g)
and calculate first iterates.

23,-» = 2-5;)- % (5.2a)
gl -+ g = %p;- Z—i (5.2b)
(1): 25’:,‘3 g_;k:’ e (;;): ;_z L 2;:35 _2%:’ (5.2, d)
04"+ 18 = pey g : (5.2¢)

The iteration proceeds by putting these first iterates into the left-hand sides
of (4.16d-g) and calculating second iterates, etc. However, I shall not go beyond
the first step. Therefore in the sequel 1 omit the superposed index (1) in the equa-
tions (5.2).

From (5.2b, ¢) one gets for g; = g/ + g;

m
k ?35"(“1 —&y) — %(Zl ~ X2) oT
g4 = —Pp o 5;1 (5.3

KXy — X1X2

Thus with (5.2a), (5.2¢) and (5.3) we have the desired constitutive equations
which can be used to close the system (5.1).
Equations (5.2a) and (5.3) are recognized as the constitutive relations of Navier-

Stokes and Fourier, respectively, and we conclude that — %is the coefficient of

oT
shear viscosity x4 while the factor of — p in (5.3) is the coefficient of heat

conductivity x i
m
» k 7("3;(“1 — 0p) — "25‘ (tr — 22)
=—>  x=p— ; 5.4a,b
# o P m X2)¥1 — X1¥2 ( )



34 G. M. Kremer

Since p and x are measurable quantities, these equations permit the deter-
mination of ¢ and provide a restriction on the transport coefficients «;, «,, %4,
and x,. Thus there remain four unknowns in the theory at this stage.

5.2 Comparison with the kinetic theory. Eucken formulae

In the literature there is considerable interest in the ratio »/u which indicates
the relative efficiency of heat and momentum transfer. According to the elementary
kinetic theory we should have

>
STt er (5.5)

where ¢%.stands for the derivative of the translational internal energy 7 with respect
to the temperature. This reflects the fact that momentum exchange in a gas and
the exchange of intrinsic energy are less effective than the exchange of transla-
tional energy by a factor %, e.g.see [9], p. 279. Equation (5.5) is called the Eucken
formula and it has been revised several times as the kinetic theory has become
more and more sophisticated. Thus there is a proposition by Chapman and Cow-
ling [10] which reads

ey - —ek. (5.6)

Here D is the coefficient of self-diffusion. There is also a more complex for-
mula, due to Wang Chang and Uhlenbeck [11] which reads

% m m\>2
L ali- s T+ 5 (%) cer?). )

in which the coefficients are definite expressions that follow from the Chapman-
Enskog solution of the Boltzmann equation for molecular gases.
With g and x given by (5.4) we obtain in the present theory

” o 5k
= a0 e )
LGSV £ R ¥ £1 [2m Oz = 20) + erlon 2) (5.8)

and, if we abbreviate the positive expression on the left-hand side of (4.15¢) by
¢ we can recast (5.7) in the form

% m m\?2
= {1 — -‘;-?ba; + 5 (_k-) c(gg)Z} , (5.9)
where a, b, ¢ stand for

Ska(2y, — 1) x® 2015 e %

a= s = — , —_,
8myy(oi 2 — %a2%1) 20— @ — X1)2 Q2 — x1)*
(5.10a—c)
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Note that (5.9) has the same form as the Eucken formula in the Wang Chang-
Uhlenbeck generalization. A comparison between (5.7) and (5.9) would allow
us to have three restrictions on the values of the transport coefficients &y, &,, ¥;
and ¥, so that now only one transport coeflicient remains unknown in the theory,
say &.

There is a tempting special case to be considered, namely the case

%, =0 and y; =0 (5.11a,b)
so that the two equations (5.2b, e) uncouple. We call this case the case of negligible

»
coupling between translational and intrinsic energy. The ratio ;— in (5.8) becomes

5p?
¢ 20T
LZ_Q_“_‘__I]_S% (5.12)
“ “ HX2

By comparison with (5.2b) the numerator of the first term is seen to be equal
to the “translational heat conductivity”. If we accept, again from the kinetic theory

15k
(e.g. see [10], p. 247) that this heat conductivity is very close to I we may

write

X

S % S (5.13)

u 1743

This formula compares well with the Eucken formula (5.6) in the Chapman
and Cowling generalization and we conclude that there is a relation between y,
and the measurable coefficient of self-diffusion, viz.

—n=LD. (5.14)
e
Note that, here again, with the assumptions (5.11) and the identification
(5.14) of y,, we now have only one remaining unknown transport coefficient,
viz. £. One way of determining that coefficient is the measurement of the attenua-
tion of sound waves. I proceed to show this.

5.3 Plane harmonic waves of small amplitude

I investigate solutions of the system (4.16) in the form of plane harmonic waves
of small amplitude propagating in the x-direction and having the frequency
and the complex wave number k¢ = k" - ik’. I consider a constant reference state

with g, T and vanishing values of 4, v,, ¢!, g, and Dix

0 =5 + 0@ FW, y, = pel@ kN, (5.15a,b)
T =T+ Te@ 9 = A=k (5.15¢, d)
qu — 6ei(mﬁkcx), g, = §ei(wt~k"x)’ (5_1 56, f)

Py = P T, (5.15g)
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The barred quantities g through p are the amplitudes, products of them are
neglected. The phase speed ¥ and the coefficient of attenuation «* are given by

) )
V=—]? and oaF = —k". (5.16a,b)

For simplicity 1 shall consider the special case (5.11) of negligible coupling.
Insertion of (5.15) into (4.16) gives a system of linear homogeneous equations for
the amplitudes, viz.

K s é z z ol
1 ' —e= | 0 0 0 0 0 ¢
KT ke: ke k& i ke _
— 0 : - i == 0 0 : 0 v
m (U m w w : : :
kT k° 3kg ke 3 _
ol =2 5 0 @ —— i—g— 0 T
m o 2m : : o 20
} . 5 : S I T |
: 4 : : H —_—] —_—— ——
(kN K KT R G é
S AT — _1 : 7
0 0 Z(m)QTw§ mw§1+lw§ 0 0 q
kT, K : . kel k° Al
0 0 Ll Sl 0 0o X Ziiai2)a
m o N
L 4kT ke o 1 § i gk o o s
Y 3m oo +lw_ﬁg __g_
(5.17)

The determinant must vanish for this system to have a non-trivial solution
and that requirement leads to a dispersion relation which has the general form of

a bi-cubic equation for (k°/w).
k\© kot k°\?
(E) + X; (;) + X, (;) +X;=0 (5.18)

where the X’s are complex coefficients which are not given here. For the case of
small frequency, which is the usual case of sound waves one obtains a solution

for

K o1 o kim 1 e oD
= {1 — i — |2 o+ il
o V 2V5o er meplk +1 e+ kim p

}, (5.19)
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k \ kT2 .
where V, is the adiabatic speed of sound, ie. V= { ( 1+ ——) —-] ,and Dis
mer] m

the coefficient of self-diffusion that was introduced earlier. I have dropped the
tildes from (5.19).

From (5.19) one may easily calculate the absorption coefficient (5.16 b) which
is a measurable quantity and turns out to be a function of & Inversely we may

write
20°T [ k\? &k
7 (71') &
2Vien® 15k 1 e oD

0 4m ep(megfk + 1) ep(meglk + N

5:

(5.20)

Thus we have identified the last remaining unknown transport coefficient of
the theory.

If T had not restricted the attention to the case of negligible coupling in the
above analysis of waves, the absorption and dispersion of sound waves should
have provided information about other transport coefficients as well.

6 Final remarks

6.1 The role of temperature

The reason why temperature is such an appropriate variable in thermodynamics
is that it is considered to be easily measurable and the reason for that is its con-
tinuity at a thermometric (sic!) wall. Let us consider how this stands in non-
equilibrium.

A thermometric wall does not actively participate in the processes on either
side, in particular it does not produce or store entropy so that the entropy flux
coming in on one side is going out on the other side. Thus, if ¢; is the unit normal
to the wall, we have

T¢;] e;=0. (6.1)

The brackets denote the difference of the bracketed quantity on the two sides.

The heat flux ¢; = g + g;—or rather its normal component—is also con-
tinuous on a thermometric wall, since such a wall does not store energy either.
Therefore insertion of (4.12) into (6.1) gives

1 _ 1 y ’ m 2 r
T %Q*_Tze; gi—_ei—f— gﬁ—v—p(ir)qr-

If we neglect non-linear terms, the right-hand side is zero and (6.2) implies
that indeed the temperature is continuous. That result, however, is only as good
as the linear approximation, because—according to (6.2)—there is a jump of
T, if on either or both sides of the wall the bracketed expressions cannot be neg-

lected. In such a case, the temperature looses much of its value as a suitable
variable.

e;. (6.2)
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6.2 The dynamic pressure

3 3k
We recall (5.2d) where &7 = -2% = %T and &' = &/(T") holds and write

P 8T 30

I
(T)TZS Taxi

(6.3)

& =

_5_._

ov;
Thus ¢ contains a term proportional to -5)—;— In the kinetic theory of poly-

atomic gases, e.g. the works of Wang Chang, Uhlenbeck and de Boer [11] or of
Waldmann [12], this is not done. Rather these authors define ¢ as

e=2c' +& hence & =—=¢—¢. (6.4a,b)

Elimination of (¢ — ¢’) from (6.3) and (6.4) leads to

k T 317,- h . 4k92T8§~ 6.5 b
p=0 —Ca—xi where (= —5—-"—F—, (6.5a,b)

.oy
if non-linear terms in a—x" are neglected.

ov;
It is customary to call the term —{ 5}’— the dynamic pressure and ( is the volume
viscosity. By (4.15d) ¢ is non-negative.

0v; .
Thus it is possible to have either & or p depend on e Both versions are

i

possible and equivalent as was already remarked by Kogan [13].

Appendices

Appendix 1. Consequences of the entropy inequality

The Lagrange multipliers follow by insertion of the representation (3.20) of 4
into (3.15)

A 3QS h 68 ahl 2}1 931) A
_(a@ ‘80)+(3@ w) T
oh, oe! ohe o’
4 (ag — hs % )P(rs>P<rs> + ( — 3@) e

Ohg e’ oh1o o'y .
+ (% - h9 %) 8:8r + (TQ_ - hll %) 9r 8> ‘ (A‘I)

oh, 2\
( d0 3k 39) 4
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2 o'\ (oh 2 oh 2
@ZCQ_hﬁJ+(1 M2wd+(2 %”$A

T p op op
ok, o ohy  os
e (ap hS 2 )p(rs\p<rs> + ( h7 _é—l;) ququ
Ohg oe! ohy o oe’
I

e e s P8 (A2)
Ay, = 2hy + hs A) pgy + 3hiaPoPim + Pis@lqs, + haqlgy + Pisgigy, (A3)
Ay == 2hg + b A) gF + (ho + 1y ) g + 2h1317<ir)qr “+ RiaDr&rs (A.4)
b= (hio + i 4) q + 2hg + hy A) g; + hL4p(ir)qu + Zhlsp(ir}gn (A.5)

0h = hy + 2k, A4 + 3hy A* + hspogpisy + Baglq) + hogig, + hiigle,.  (A6)

On the other hand, the trace, the symmetric traceless part and the antisymmetric
part of Eq. (3.16a) read

h= QA + %prr/lss + %P(rs)/l(m + 2Arqu + % Z’rgr: (A7a)
2MiPjic + APy + 5 Aadf + gy =0, (A.7b)
24,405, + Apgiy + Augn = 0. (A7¢)

The substitution of the representation (3.20) of 4 and of the Lagrange multi-
pliers (A.1) through (A.6) into (A.7a) leads to a polynomial in ¢7, g;, Py and A,
which is equal to zero, so all its coefficients must be equal to zero

dos e’ dos e
oo -n) +ir (G -n). -
oh oh oe!
”1:9( o a@)+%f’(a—£—2’12“a;)’ (B2
oh oh oef
=0 (5~ =) i (), (419
oh, o'\ | 5 (Ohs et 10
h4‘9(‘35g—h5a_g)+?”(5”’15 ) e A1
b — Ohg P gel s ohg P el 4h AL
ohg e’ s (0hs oe’ s
t=e (e o) + 10 (G ) + e (A1
o ol 17/ 70 os!
o =e (2 i) + 30 (G~ hugy) + o A9
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In the same manner, we get from (A.7b) and (A.1) through (A.6)

; _ —1 (dps i e’ 5 —1 (0h, " e’ Al5a b
T e (6_17— 15)’ 5*-‘5;(5;— 23}))’ (A-132,0)

—9 -7 —1
hya :'ghm his =——hs, hia 23}110, hys 37}18- (A.15¢H)

S5p
Equation (A.7c¢) is identically satisfied.

Next, we obtain by insertion of (3.18), (3.19) and (A.1) through (A.6) into
(3.16b-f)

0 b o,

;Zl = kg f; + h1o"5gg, (A.16)
0, 350 o, vy

a—g' +h11 8 +h6 a@ +h10%, (A17)
@3 . 8[)’0 vy

¥—7h10%+2s%, (A.18)
op op ap

a—;=%h113—;+ + hmalJrz/ag6 : (A.19)
0 ap o

;zj_hua"wzm +h6a oz (A.20)
P o8

—9%6:%’1 aeo Tzh“a +2h1°a +2hsa , (A.21)
P &

a2 ()
0@, 980  5p g ) 0p4 (3111 )

P2 _ 4 Do _ -1 A23
o =, (ap @)+h11(3p e+ he 3p+h1° P ) ( )
ops 9o Sp o 4

=t (g =)+ (7 7): B2
7 8 5 ) 3 o

%:%hll (—%—7”) + 2k, (ai;—a) + 3 hyo fl + 2hg (—;— 1) (A.25)
ops o Sp vy ) ( 2)

s _ o _2# 2o <= A.26
% hls(&p 9)+h14(3p +h1oa + hg o 7] ( )
20s &Bo 5p) ; o, (('LV __2_)
—a;:%h (—81_7‘—‘? + h15 (—8;‘ &€ +2h8 ap + 2h10 ap Q B (A'27)

5 5p
7 = o (7 =2) + hio G =), ga =L (=2 + 2t — o,
' : (A.282, b)
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dos s’ ohy e’
@1 = % (% —hy 5) > P2 = % (_3; - 2}12—3;) > Ps5 = 2 hs, (A.292—¢)

@2 = hefs + hygvi, @4 = F hiofs + 2hgvy, (A.30a,b)
h 2h
%:—Q—I, pa=—", ¢c=0. (A31a—c)

The residual inequality (3.17) reads

3@5‘ 681 hl
2 = 2h40p Py + [% (5 —hy —5}-7—) 2% ¥

oh oe! h ,
-+ [% (“éi — 2h, 6) *?2] 4% + (2hexy + hioxy) ‘]rTqu

+ (Rhgys + hioxs) 8.8, -+ [2hso, + 2hgxy + hioloy + 22)] QrTgr =0, (A.32)

where use has been made of the Eqs. (3.18d-g) and (A.1) through (A.6). In (A.32)
I have omitted terms that are more than quadratic in {¢/, g, 4, py}-

2= 2o, p, pyj» g/, 4, 8)
assumes its minimum in equilibrium so that we have

Zje = 2(e,p,0,0,0,0) = 0. (A.33)

The necessary conditions for 2’ to be a minimum in equilibrium are

0 and 2z
anc  \ox, ox,

ox

— is non-negative definite (A34a,b)
0X,

E

where X, = {p(ij): qiTs 4, gi}'
From the first of these conditions we conclude that

, dos
30 7);
hy = —————y, (A.35)

and from the second

oh, oe! h,
hao =0, f[l (——-—2h ——)——]20, A.36a,b
4. 3 ap 2 8? @ ( )
2hgxy + hioxs =0, 2hgys + hion, =0, (A.36¢, d)

oy + 22\ ]?
(Cheoy + hioxr) Qhgys + hioxs) = |hetts + hgy1 -+ hyo 5 . (A36¢)
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Appendix 2. The absolute temperature as variable and the final results
We replace the pair of variables (g, p) by the pair (g, T) and use the relations

0~ .6, = @6, e

to rewrite the Eqgs. (A.8) through (A.31) in the form

_° I
h1 - T H hZ - 2T28§~ s (A38a’ b)
1 T dek —1
=i (1t m ). g (3.5
heo—0  hoo 2 A40a, b
s=0% e =g p (A.40a, b)
1 5p —-zﬁl
=gz (=) o= (Ad4la,0)
2 Bi(u — 51) Y1 3pBi(u — € 2w,
= Szl [ T g b bt (Sp - 1)
oy, 0,
— g 2
B Dl — DT (A4)
B — &) 1 5p 34  3p 5p
h9 = 3 1270 \2 + z 427 N2 \V T DY al Sr\Y — -
2T3A(L)? T 2T2A%(eh) 2T 72 0

21}1 ﬂl 5p a'Vl A dS;
<(1+3) - (5 - )“““ﬁ*(“ﬁﬁ‘zﬁl

(A.43)
-2 51 (% 5 )/ ( Sp) 29, )
h11—§m[515T(5p+1)+7.31T V—? ('?;—1*1
5p\ ov, 5p\ 9B:
—|-51(7—"g‘)5'i~“‘7’1(7—?)‘5]‘:}9 (A.44)
; ! i A45a,b
112—'@—27:, IS_ZSPTTA’ (A45a,b)
144, , —1 5p
14 = 35T hys *m(?'?), (Adb6a, b)
1 1
=7 92=0 g¢=7, (A.47a—<)
—1 —2
=0, ‘ (A.48a-—<)
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5p
B = T (1 —eh, (A.49)
0 5p ¢ 0 8
Bo S0 o (A.50a, b)
% e do’ 0o 99
dy 2 0p 1 ( Sp) o —1 ;
DL B), BT, A.51a, b)
G e e\ e o e (=2 (
0 0 0
Br_y on_0 (A.52a, b)
dop do oo
oo Spdp  Sp 5p I
ﬁ—‘gﬁ+ﬁ[(y_?)+2(/‘“£)]’ (A.53)
vy ap 5p r
T —}— Vi 2—];(,u — &), (A.54)
Blu r vlelT
T 2T(" —e)t (A.59)
dy 2 0p 5 5p 7 7
ﬁ_?ﬁ+ﬁ(y_?)+7(ﬂ_°)’ (A.56)
ﬁl 07’1 ap —5p 5p I]
Sp
— s [ebon + 20— ) (A57)
851 vy op —5p 5p I
hio == aT -+ 4hg ( ﬁ)~—2Th11 [(V“?) +2(ﬂ_"3)]
4 2 ) T delk A58
- 9[5T7’1+2T(ﬂ ]+ 1( +€§ﬁ- (A.58)

In the above equations &} stands for the derivative of &’ with respect to the
temperature and A is defined by

A4 =pi(p— &) — (a/ - %‘D) (A.59)

Insertion of (A.40b), (A.41b), (A.42) and (A.44) into (A.57) leads to
f1 =0, (A.60)
and we get from (A.49), (A.55), (A.41Db), (A.42), (A.44) and (A.46a)
w=c¢, vi=p, ho=h; =hy; =hy=0. (A.6la—c)

Moreover, Eq. (A.57) is identically satisfied and the other coefficients result
from integration of (A.50a), (A.50b), (A.51a), (A.53), (A.54), (A.56) and the
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Gibbs Eq. (4.7

Tp ( a1T5/2) 5 a, T
1+ (l+ )—I—a R A.62a,b
Y= 0 T Bo = 0 T 2 ( )
k
= z —— _— —T
=pl e, = + [FdT + a. (A.63a, b)

a, through a, are constants of integration.
I summarize the results

k. T &r 0 =
s =l +[FdT+a h=—, b= ST (A.642-)
hy = ——a (1 TdET ho— L h—o0 A.65
3T 3TE)? ( T3 ar ST 5T (A.65a-¢)
=0 alTs/z)_l B =1
h = 5o (1 +=5) o =0 he=gm (A.66a—c)
1 21 deb 1
h9:W(—f +s—§ﬁ)’ hio="h1; =0, hy, :6p2T’ (A.67a-¢c)
% alTS/Z\,_1 1
ho=gemp(14%5) + he=0. =g, (A682-0)
1 1 a
P = 75 Pz = Oa P3 = 7, (A.693.—C)
i _ 2 =0 A.70
(p4 — sz‘év, 975 — SP_T, ‘Ps — U, ( . a—c)
5 2 T5/2
‘80 - _g—“ (1 + al7p ) + as, ﬁl = 07 M= 619 (A.71 a—C)
7 a, T
y=— (1 + 2 ) vo=pel +as, ¥ = p. (A722-0)
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