SIMPLE PURSUIT OF ONE EVADER BY A GROUP

A. A. Chikrii and P. V. Prokopovich UDC 518.9

The pursuit of one evader by a group of controlled pursuers is considered for the case of simple motion of the
players in nonempty compact sets. Sufficient solvability conditions are derived. These conditions are sometimes
also necessary.

The theory of differential games [1-3] contains many studies of the pursuit of one evader by a group of controlled
pursuers [4-9]. These studies usually supply sufficient solvability conditions for the pursuit problem, which are sometimes also
necessary. It is important to restate these conditions in a visual geometric form (for instance, zero is an interior point of the
convex hull of some set). We consider this topic for the case of simple motion of the players, when the control regions are
nonempty compact sets. These control regions, however, are not constrained by the traditional condition that the evader control
region can be fitted by translation inside the control region of any pursuer. The results of this study are the most complete so
far for the problem of simple group pursuit [4, 6, 7, 9].

1. Consider the differential game

Z;=u;—v, zER", u; eU, veV, z0)=2) i=1n M

Here R is the k-dimensional Euclidean space, U; and V are nonempty compact sets. A family of nonempty convex compacta
M,....,M,, are given in K, defining the terminal set M.

We say that the game (1) can be terminated from the initial state L= (zlo,...zno) not later than in time T(zo) if there
exist Borel measurable functions u;: V- U;, i = 1,...,n, such that for any Lebesgue measurable function v: [0, I(zo)] - Vwe
have the inclusion z;(r) € M for atleastone i € {1,...,n} for some r = t*, { < T(zo), where z;(2) is the solution of the system
of differential equations ‘

2 () = u; (v () — v (D). 03]

We say that the game (1) starting from the initial state ° € R™M" allows evasion of the set M if there exists a
Lebesgue measurable function v: [0, + o) — V such that z;(1) & M, for alli € {1,...,n}, t € [0, + o) for any Lebesgue-
measurable functions u;: [0, + o)~ U, i = 1,...,n. In this case, the evader control is programmed, i.e., it is constructed using
only information about the initial state z°. .

Denote by int H, I_I, 0H, co H, and con H respectively the interior, the closure, the boundary, the convex hull, and
the conical hull of an arbitrary subset H of the space o , and by [con H]* the conjugate cone of con H. By S,(x) we denote a
closed ball in R* centered at the point x with the radius r > 0, i.e., S,(x) = {y € R": Iy — x| < .

Let Q(Rk) (co Q(Rk)) be the metric space of all nonempty compact (and convex) subsets of the space RF with the
Hausdorff metric. For the set F € Q(Rk) we define the supporting function c(F, ) = max;cg(f, ¥), ¥ € R,

Let Yo € R, [[Yoll # 0. The set UF, yo) = {f € F: (£, ¥o) = c(F, vo)} is called the supporting set to the set F
in the direction yq. If the supporting set U(F, y) consists of a single point, we say that the set F is strictly convex in the
direction y5 € e [10]. The set F € Q(Rk) is strictly convex if it is strictly convex in every direction y, € R, Ivol # 0.
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The set F € Q(Rk) is called a compactum with a smooth boundary if U(F, y) N UF, y') = & vy, ' € 38,(0),
VZERVAN

The mapping C of the set X C R™ to Q(Rk) is called a multivalued mapping; the mapping C: X - Q(Rk) is measurable
ﬁ’:—measurable) if the set X is Lebesgue-measurable (Borel-measurable) and for every D € (Z(Rk) the set {x € X: C(x) C D}
is Lebesgue-measurable (Borel-measurable).

We give several auxiliary propositions. »

LEMMA 1. Let X, M € Q(Rk), XNM= O, Y € QR™), assume that the mapping 4: ¥ — Q(Rk) is upper
semicontinuous, and

con(M—~x)NA(y) 7 &, VrEeX, ycY.

Then the function a: X X Y - R defined by the formula afx, y) = max{a = 0: (M — x) N A(y) # D} is upper
~ semicontinuous.

LEMMA 2. Let X € QRY),0 € X, Y € QR™), and 4: Y~ co QR") is a continuous strictly convex valued mapping,
—con x NA@) # T vx €E X, vy € V.

Then the function a: X X Y —» R defined by the formula a(x, y) = max{o = 0: —ax € A(y)} is continuous.

Proof. Assume the contrary: at some point (xg, o) from the set X X Y the function «(x, y) is not lower semicontinuous,
i.e., there exists a sequence {(x,, y,)}, (x,, ¥,) € X X Y, converging to the point (xg, o) such that

lima(t,, y,) = ay<<a, a,=0a(x,y,)-
>0

From the definition of the function «(x, y) we have

T OLOxO E aA (yo)’ —a (xr’ yr) xr E aA (yr)'

Since the continuous multivalued mapping A(y) is convex-valued, the mapping 04: Y - Q(Rk) is also continuous [11].
Thus, '—CYOIXO € aA(yo).

Letp = o — og'. The sequence {a(x,, y,)} converges to o', and therefore for € = p/3 there exists a natural N such
that

: I“(xr,yr)—%i<8, VT>N1' 3

Since the set A(y,) is convex and strictly convex, the point p = —1/3(ag’ + 2p)x; is in the interior of A(y,) and there
exists a natural N, such that p € int A(y,) Vr = N,. Thus, for r = max{N;, N,} we have

a (%, ) 2= 1/30g + 2/3a, = oy + 2/3p,

which contradicts the inequality (3).

COROLLARY 1. Let M € QRY), Y € QR™), x € R\M, and A: Y- co Q(R") is a continuous strictly convex valued
mapping, con (m — x) N A(y) # & vm € M,y € Y. Then the function a: ¥ -> R defined by the formula a(y) = max{a >
0: (M — x) N dA(y) # &} is continuous.

Proof. Consider the function

a(m,y)=max{a>0:a(m—x)N0A(y) += T}, meM, yev.

It is easy to see that max{a = 0: c(m — x) N A(y) # D} = max(e = 0: e ~ X) N A(y) = D} Vm € M,
y € Y. Therefore the function a(m, y) is continuous on the set M X Y.

Now, using the relationships a(y) = max,,cy am, y), we conclude that the function a(y) is continuous on Y.

2. Let us state the most general solvability propositions for the differential game (1), which will be used in subsequent

analysis.
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Consider the multivalued mappings
W, (2;,v) = con (M;—z,) N (U; — v),
Wi (zi’ U) = c.al-(Mi _zi)n(COUi_U)) ZieRk\Mi, UEV9 i - _9;?'
Condition 1. For a fixed point z = (z{,...,z,) € R*™\M" we have the relationships Wi(z;, v) # Q,i = 1,...,n, for any
vev ' _
Condition 2. For a fixed point z = (z4,...,2,) € R™M" we have relationships Wiz;, v) # @, i = 1,...,n, for

anyv € V.
Take fixed points z, z which satisfy conditions 1 and 2 respectively and define the decision functions

oa-(zi,v)=max{oc>0:oc(M-——zi)ﬂ(U-—v)#:Q}, 4)
;(2;, 0) = max{e>0:a(M;—z;){(co U, — )=, veV, i=T1,n )

Denote
Az, ) = l—mf max Soc (2;, v (1)) dr. (6)

%() i=1,n 6
TE=inf{{>0:1r(z§) <0} : Q)
The infimum in (6) is over all V-valued functions that are measurable on [0, f].
Let
f » - f ]

o (2) vlenV Lrillaf a;(z;,v), «(@)= Lr;y{rfxﬂoc ; (25, 0). ®)

THEOREM 1. Suppose that the point ° = (zlo,....,z,,o) € R"™\M’ satisfies condition 1 and az®) > 0. Then the game
(1) can be terminated from the initial state z° not later than in time T(zo) bounded by T(zo) < n/oz(zo).

Proof. By Lemma 1, the function ai(zio, v): V=R, i € {l,...,n} is upper semicontinuous and thus Borel-measurable.
Therefore, the multivalued mapping

M; (v) ={m; € M; 2 a; (20, v (m; — 2% € (U;—v)} O

is B [measurable [12, 13]. Separate a Borel single-valued branch (v} of the multivalued mapping M;(v). Then
2, 0) = 0+ ; (28, 0) (m; (v) — 20) (10)

is zi Borel function.
Let v: [0, 7(20)] - V be some Lebesgue-measurable function. We will show that for at least one i € {I,...,n} the
solution of the system of equations (2) hits the set M; at t = ¢ when for the first time
4
1—-—max§oa (2 v(m)dv=0.
i=1,n §
This £ obviously exists and ;< ).
At time 7 for some i € {1,...,n},
t*
1— So:i (% v (1)) dv = 0.
0

From (2), (10) we have
- fAd *
7 () =2+ [ (0 (@) — v (D) dr = | @, (2 v (v) my (0 (1) d,
[i} 0
and thus z,(f') € M,.
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Let us prove the upper bound for T(zo);

t
I— inf max | &; (20, v(v)dv <1 —
U) i=Ton §

a; (25 v(t))dr <

S|
&
ZE
Py
g

1

1.
<1— inf {maxa, (2, v(@)do=1— L a(),

() ¢ i=Ta

and so T(2°) < n/a(2%).

THEOREM 2. Suppose that the point L= (210,....,2,,0) € R™M" satisfies condition 2 and &(zo) = 0, while the
infimum in inf, ¢y max;_; &i(zio, v) is achieved on some vector v, € V. Then the game (1) starting from the initial state
2® allows evasion of the set M.

Proof. Take v(t) = v, fort = 0. Since &,-(z,-o, vo) = 0Vi € {1,...,n}, we have con(M; — z,-o) NolU;, —vy) =90
vi € {1,...,n}.

Hence we obtain z° + #(co U, — vp) N M; = @ vi € {l,...n}, t > 0. Clearly, z;(t) C z° + #(co U, — vp)
vi € {1,...,n}, t > 0, and therefore z;(t) € M;, i = 1,...,n, t = 0, for any Lebesgue-measurable functions u; [0, +00) -
U,i=1,..,n

LEMMA 3. Let M € co Q(Rk), Y € QR"), x € Rk\M, and A: Y - Q(Rk) is a continuous strictly convex valued
mapping, con(m — x) N Afy) # G Vvm € M,y € Y. If afy) = max{e = 0: (M — x) N A(y) # O}, then the mapping
M(y) = {m € M: afy)(m — x) € A(y)} is single-valued and continuous.

Proof. Since the values of the multivalued mapping A(y) are strictly convex sets, we have

max{e=0:a(M—x)NA(y)s= F} =max{a=0:a(M—x)(|
Necod(y)s= @, wuveV. an

By Lemma 2, the function «(y) is continuous, and the multivalued mapping M(y) is upper semicontinuous [14]. We
will show that it is single-valued.

Assume the contrary: for some yo € Y the set M(y,) consists of more than one point, i.e., there exist m;, m, € M(y,),
my # my. From the inclusions a(yp)(m; — x) € co A(yo), a(yo)(my — X) € co A(yg), we obtain a(yg)hm; + (1 — Nm, —
x) € co A(yy) YA € [0, 11.

The set co A(yp) is strictly convex, and therefore cl(yg)(Am, + (1 — M)m, — x) € int co A(yg) YA € (0, 1), which
contradicts the equality (11). Thus, the miapping M(v) is single-valued and therefore continuous.

3. Consider the differential game

éi:ui—v, ziERk, u;€0coP, vch, z,-(O):z?, i=1,n. (12

Here P € Q(Rk), zio ¢ M;, i = 1,...,n. The nonempty convex compacta M 1>---»M,, define the terminal set M*, as in the game
.

Any point 2% = (z,%,....,2,%) € R*\M" obviously safisfies condition 1. Using Theorems 1 and 2, we will obtain
necessary and sufficient conditions of solvability for the pursuit problem in this differential game.

LEMMA 4. Let X,,...,X,, r = 1, be nonempty subsets of the space R*. The inclusion 0 € int co(U;~y, ., X;) holds
if and only if [con(U;_;  , x)] = {0}.

Proof. Let 0 € int co(U;_y . X;). This means that there exist points x;,...,x,, m 2k + 1,intheset U,_; X
such that 0 € int co(U;_;  ,, x;). Therefore, for any nonzero y € R* there exists an index i € {1,...,m} such that (x;, ¥) <
0. In other words, [con(V;_; )" = {0}

Since

f=

[con (’;LT],—’Xi)J‘c: [crm( %xi)]'andoe [con ( _[iXi)]',

we obtain [con(U;—; _, X)I” = {0}.
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Conversely, let [con(U;—; _, X)I" = {0}. If 0 & int co(U,_ L , X)), then there exists a nonzero y € RX such that

(¥, x) = Oforeveryx € U, ,X,, ie,y € *[con(U or X,)] , a contradlcnon
It is easy to verify that [con(U;—;,  , X)] = N;= [con X]

Let us state the main proposition of this section.
THEOREM 3, Let P be a strictly convex compactum with a smooth boundary. Then in the game (12) the inequality
a(zo) > 0 is equivalent to the inclusion

Q€ int co ( U (Mi—-zg))

i=T.n

(13)

Proof. We will show that the inequality oz(zo) > 0 implies (13). Assume the contrary: there exists
v € 351(0) N [con(U,- 1 oM =z )]* Since P is a strictly convex compactum, the set U(co P, ) consists of a single
point vg. Obv1ously oz,(z, , vo) > 0 for some i € {l,...,n} and there exists a vector m; € M; such that vy + ai(zio,
Volim; — z; %) € 8 co P. Hence we obtain (vo, ¥) + a,(z, » Vo)m; — z,-o, ¥) £ o(P, ), and so (m; — zio, ¥) = 0and vy +
a,-(z,-o, VoX(my — z; ) € U(co P, ). This contradicts the condition of strict convexity of the set P.

Conversely, assume that the inclusion (13) holds Let a(z ) = O Since the function max;_; ,-(zio, v) is continuous
in v, there exists a vector vy € P such that a,(z, V) =0,i = .,h. Hence vy € 3 co P. Take an arbitrary index
i € {1,...,n} and an arbitrary point m; € M;. Consider a sequence of points v}, v, = vy + N(m; — zio), A, > 0, that are
not elements of the set co P and converge to the point v,. By the separation theorem for convex sets, for any natural r there
exists a vector ¥, € 85,(0) such that

(Vg + A (my — 205, ) = ¢ (P, ¥y, (14)

Then

fm; — 2, 9,) >0. (15)

Since the unit sphere is a compact set, we can extract from the sequence {y,} a subsequence that converges to some
point Yy € 6S1(0) Denote this convergent subsequence again by {y,}. By inequalities (14) and (15), we have (v, ¥o) = (P,
Vo), (m; — 20, Yp) =

Since i € {1,. n} m; € M; are arbxtrary, and boundary of set P is smooth, we obtain y, € [con(U;_; , (M —
g 1", and thus 0 € int co Uist,.n M; — z; 9), a contradiction.

Let us consider some examples which show that the assumptions concerning the boundary of the set P are essential

Example] Inthe game (12), letk =2,n =3, P = co(U;_; , §;((— 1,0)), U,_ 123 M; = {0}, zl =(1,0), 22 =
(-1, 0), z3 = (0, —1).

The set P has a smooth boundary but it is not strictly convex. It is easy to see that o) > 0, although 0 &
int co (U153 zo)

Example 2. In the game (12), letk = 2, n = 3, P = S5(4, —3)) N S5((—4, =3)), U123 M; = {0}, zlo = (0,
D, 22 =(~-1, =D, z3 = (1, ~1).

The set P is strictly convex, but its boundary is not smooth. The point 0 € P and a,-(zl-o, 0)=0,i
same time, 0 € int co (U;—; 3 z,o).

COROLLARY 2. Assume that P is a strictly convex compactum with 2 smooth boundary. If 0 € mt co(U; .
M; — z; %), then the game (12) may be terminated from the initial state z° not later than in tlme ).

If0 & int co(U;_; ., (M; — z%), then the game (12) starting from the initial state z° allows evasion of the set M.

4. Consider the following differential pursuit game:

1, 2,3. At the

eyt

,;1.=ui——v, ziERk, uiEU,-(Z?,Mi), vEP, zi(()):z?, i=1,n. (16)
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Here P is a strictly convex compactum with a smooth boundary in R,

Ui (2?1 Ml) = U U(P1 ‘p)» S (Z?, Mz) = aSi (O) ﬂ [COH (A/Ii - Z?)r'

0
q;eS(zi.Mt.)

The terminal set is the same as in the game (1).

Let’ = (zlo,....,zno) € R"™M" and assume that the inclusion (13) holds. We will show that with these pursuer control
regions the point 2° satisfies the condition (1) and the game (16) may be terminated from the initial state z° not later than in
time (") (see (7).

To this end, let us return to the game (12). The set P is strictly convex, and therefore the multivalued mapping

Uiy ={u;€0coPru;c v+ a; (20, v) (M; — 2}

is single-valued and continuous, i.e., U;(v) = {u;(v)}. We will show that for any fixed i € {1,...,n} and v, € V, we have the
inclusion u;{(vy) € Ul-(zl-o, M). It al-(zio, Vo) = 0, then u;(vy) = v,. Repeating the argument used in the second part of the proof
of Theorem 3, we conclude that v, € U,-(zio, M;).

Now consider the case when ozi(zio, Vo) > 0. The set ai(zio, voy(M; — zio) N (co P — vy) consists of a single point
u;(Vg) — V. Therefore,

e(co P — vy, §) = — o1, (2%, v) € (My— 2%, — ), an
Y is a supporting vector to the set co P — v, at the point u;(vy) — V. From the inequality ¢(co P — vy, ) = 0 and the
equality (17), we obtain ¢(M; — z,-o, —¥) <0, 1ie., uyy) € U,-(z,-o, M).

By Corollary 2, if the inclusion (13) holds, then the game (12) can be terminated from the initial state 2 not later than
in time T(zo), and we have previously shown that in the process of pursuit y,(7) € Ui(zio, M) forany i € {1,...,n}, 7 € [0,
t*), where ¢ is the game termination time. We thus have the following proposition.

THEOREM 4. Let 2 = (z,°,....,2,>) € R™M" and assume that the inclusion (13) holds. Then the game (16) can
be terminated from the initial state z° not later than in time T(zo).

Example 3. Consider the game (16) withk = 2, n = 3, M; = §;(0), i = 1, 2, 3, P = §,(0), zlo = (0, —2), zzo =
(~1,3), 230 = (1, +/3). The control region of pursuer i is 35,(0) N [con(S;(0) — zio)]*. It is easy to see that

[eon (S4(0) —2)]" = {x = (xy, %) : 1, > V3| 1, },
feon (S, (0) — 2)]” = {x = (x,, x,) : X, < min {0, V'3x,},
[con (S (0) — 2] = {x = (xy, %y) : X, < min {0, — V3x,).

By Theorem 4 we conclude that in this game the pursuit problem is solvable in a finite time.
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