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C o r r e c t i o n s  a r e  computed  to the a s y m p t o t i c s  of V . A .  Fock for  d i f f rac t ion  f ie lds  in the region  of 

s emi shadow n e a r  s u r f a c e s  of c o n s t a n t  c u r v a t u r e .  N u m e r i c a l  compu ta t ions  a re  c a r r i e d  out to 

d e m o n s t r a t e  the e f f e c t i v e n e s s  of the c o r r e c t i o n s  found in the computa t ion  of f ie lds .  

The shor twave  a s y m p t o t i c s  of a wave f ie ld  in the zone of s e m i s h a d o w  n e a r  an idea l ly  r e f l ec t ing ,  convex 

body were  ob ta ined  by Fock  [1, 2] m o r e  than  30 y e a r s  ago. However ,  the ques t ion  of r e f i n ing  the Fock  a s y m p -  

to t ics  has  so f a r  not  been  so lved ,  i . e . ,  the ques t ion  of compu t ing  addi t iona l  t e r m s  of the a sympto t i c  s e r i e s .  

In the l i t e r a t u r e  the re  a re  only a few r e s u l t s  for  the c u r r e n t  on a r e f l ec t ing  su r f ace .  Thus ,  in [3] a g raph  is  

p r e s e n t e d  for  the c o r r e c t i o n  funct ion  to the Fock a s y m p t o t i c s  of the c u r r e n t  on a c i r c u l a r  c y l i n d e r  (without 

ind ica t ion  of a compu ta t i ona l  method) .  In [4] by m e a n s  of an i n t e g r a l  equa t ion  a c o r r e c t i o n  (with a mis take )  

was computed  for  the Fock a s y m p t o t i c s  of the f ie ld  on the su r f ace  of an idea l ly  r ig id  body.  

tn the p r e s e n t  pape r  we compute  c o r r e c t i o n s  to the Fock  a s y m p t o t i c s  for  the wave f ield n e a r  a c i r c u l a r  

c y l i n d e r  and a sphe re .  A n u m e r i c a l  c o m p a r i s o n  is made  of the a sympto t i c  e x p r e s s i o n s  for  the f ie ld  with exac t  

so lu t ions  which d e m o n s t r a t e s  the e f f ec t i venes s  of u s ing  the c o r r e c t i o n s  in n u m e r i c a l  computa t ions  of d i f f r ac -  

t ion  f i e lds .  

1 .  C o m p u t a t i o n  o f  t h e  C o r r e c t i o n  f o r  t h e  F i e l d  

n e a r  a C i r c u l a r  C y l i n d e r  

We c o n s i d e r  the p r o b l e m  of the d i f f rac t ion  of a plane wave u 0 = e - ikx  = e - i k r  cos (p by an idea l ly  r e f l e c t -  

ing,  c i r c u l a r  c y l i n d e r  of r ad ius  a (Fig. 1). Suppose that  the wave f ie ld  u = u 0 + v s a t i s f i e s  the equat ion  Au + 

k2u = 0 and  the bounda ry  condi t ion  ~2Ulr= a = 0, where  

I in the case of the Dirichlet problem. 

] s in the case of the Neumann problem. 

while  the r e f l e c t ed  f ie ld  v s a t i s f i e s  the r ad i a t i on  p r i n c i p l e .  
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It is known (cf. [5, 6]) that  the solut ion of the p r o b l e m  u( r ,  ~0) can be r e p r e s e n t e d  in the f o r m  

it= ~ UC~: ~ +~n), (i} 

where  U(r ,  r  is a pe r iod ic  solut ion of the Helmhol tz  equat ion on the infinitely shee ted  plane - ~  < #o < ~ ,  r -> a. 

F o r  the function U(r ,  ~0) it is poss ib le  to obtain (cf. [6]) the e x p r e s s i o n  

z +~  ~"j'.~ Ca.,) ~,~ i,~cq-~;/~) 

where  ~ = k a ,  o = k r .  We se t  M =  (~/2)*/3 and seek  the a s y m p t o t i c s  of the in tegra l  (2) a s k ~  ( M - - m ) .  We 

shal l  c o n s i d e r  the f ield in the region P - ~ -< M (a boundary  l a y e r  n e a r  the cy l inder ) ,  ~(~o - ~r/2) > - M  2 (zones 

of  s e m i s h a d o w  and deep shadow).  

It is known [6] that  f o r  the zone in ques t ion  the e s s e n t i a l  in te rva l  of in tegra t ion  in (2) is a ne ighborhood  

of the point v = ~ :  I v - ~ I ~ M. To obtain the a s y m p t o t i c s  of in tegra l  (2), the in t eg rand  should  be expanded in 

th is  ne ighborhood  in the smal l  p a r a m e t e r  1 /M.  

The a s y m p t o t i c s  of the function Hv(1)(~) and its de r iva t ive  as  ~ - -  % iv - ~l  * 1~, a r e l m o w n  [1, 7, 8]: 

M~- M 
(~): b ~ r , ,u (6} 

H, +>=M-+mL ++ 

where  t = (v - ~ ) / M ,  and w(t) is the A i r y  funct ion in F o c k ' s  defini t ion.  The a s y m p t o t i c s  of the funct ions  

~(~)} ~ ( A )  a re  e x p r e s s e d  [because of the equal i ty  ~(~)=~r by f o r m u l a s  analogous  to (3) in t e r m s  of 

the A i r y  function v(t) = Imw(t ) .  

F o r  the function H(vl)(O) we obtain an a s y m p t o t i c  expans ion  f o r  Iv - ~1 ~ M, ]p - ~I  ~ M f r o m  the in tegra l  

r e p r e s e n t a t i o n  

by expanding the exponent  in a ne ighborhood  of the saddle  point z -- 0 (el. [7]}. We set  y = (o - @)/M and in t ro -  

duee in (4) the new var iab le  of in tegra t ion  r = Mz;  then 

We t r a n s f o r m  the con tour  of in tegra t ion  in (4) in the r plane into a broken line F going f r o m  me 4rd/a to 0 and 

then to ~o As a r e su l t ,  we obtain 

, : <~-~)~- 7at a e s 

F o r  the B e s s e l  function a (J~)--- ~r162 w e - - -  obtain 

We obtain the d e s i r e d  a sym pt o t i e s  of the wave field (in the zones  of s emi shadow and shadow} by subs t i -  

tut ing (3), (5), (6) into (2), expanding the in t eg rand  in powers  of l / M ,  and t r a n s f o r m i n g  the con tour  of 
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integration (the real  axis) into a broken line r going f rom ooe 27ri/3 to o~. 

we have 

In the case of the Dirichtet  problem 

tr(t) ( ~ _  "1: ,ufi~- + t 

where s = a(o  - g/2), q = M(~p - r /2) .  Here the f i rs t  t e rm 

P 

is the well-known asymptot ic  expression of Fock; the other  t e rms  are correc t ion  t e rms .  

the cor rec t ion  can be simplified by replacing the leading derivat ives  of the functions v(t) and w(t) (by Ai ry ' s  

equation) in t e r m s  of the functions v(t) and w(t) and their  f i rs t  der ivat ives:  

+ 

(7) 

where 

Similar ly ,  for  the Neumann problem we obtain 

The expression for  

whe re 

(8) 

- ~ (9) 

I " 

where ]J; " - q ~ e  v~'(l~,t~)t~t is the asymptotic  express ion of Fock. 

By the present  method it is also possible to obtain subsequent eorree t ions  to the Fock asymptotics  if we 

use subsequent t e rms  of the asymptot ic  expansions (3) (see, e . g . ,  [81). Thus, for  the cur rent  on the surface 

of the cyl inder  in the case of the Dirichiet  problem it is possible to obtain 

r 

a r e  the a s s o c i a t e d  " e u r r e n t "  f u n c t i o n s  of  F o c k .  In the ease o f  the  N e u m a n n  p r o b l e m  the f i e l d  on the  s u r f a c e  of  

the cyl inder  (the current)  is 
_ .  . i ksr  oo 4 r s4 . ~ 4o~ 

IN u(~,~) e t9~ +6-~M--~Lg~-6~-4~, J 

(15) 

where 
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The m a g n i t u d e  of the f i r s t  c o r r e c t i o n  f o r  the  c u r r e n t  I N in the Neumann  p r o b l e m  was  c o m p u t e d  in [4]. In the 

c a s e  of a c i r c u l a r  c y l i n d e r ,  the r e s u l t  of [4] fo r  the f i r s t  c o r r e c t i o n  has  the f o r m  [in the no ta t ion  of (!5)] 

i . e . ,  it  i s  e x a c t l y  twice  as  l a r g e  as  the f i r s t  c o r r e c t i o n  in (14). 

2 .  C o m p u t a t i o n  o f  t h e  C o r r e c t i o n  f o r  t h e  F i e l d  

n e a r  a S p h e r e  

Suppose  tha t  on an i d e a l l y  conduc t i ng  s p h e r e  of r a d i u s  a t h e r e  is  inc iden t  a p lane  wave u0 = e - i k z =  

e - i k r c o s  0 To ob ta in  the s h o r t w a v e  a s y m p t o t i c s  of the  d i f f r a c t i o n  f i e l d  i t  i s  m o r e  c onve n i e n t  to p r o c e e d  f r o m  

the  i n t e g r a l  r e p r e s e n t a t i o n  of the  f i e ld  in the i n f in i t e ly  s h e e t e d  s p a c e  0 -<- 0 < ~ [9]: 

where ~ = k a ,  0 = k r ;  j#(x) ,  hp(x) are the spher ica l  Bessel  funct ions; Q(2)(x) is the Legendre funct ion of second 

k ind ,  

As in the case of the c i r cu la r  cy l inder ,  the asymptot ic  behav ior  of the integral  (16) in the zones of semishadow 

and shadow (except fo r  a neighborhood of the pole of the sphere) is determined by the behavior  of the integrand 

in a neighborhood of the point # = e~, The asymptot ic  behav ior  of the Legendre function Q~ as # ~ ~ is known 

[9]: 

A s y m p t o t i c  e x p r e s s i o n s  fo r  h g ( a ) ,  h ; ( e ) ,  hp{p) f o r  e ~ ~ ,  II~ - c~l <- M, lp - c~l ~ M fol low f r o m  (3), (5). 

, ,, -[ ~ 4 (s) ' 4 

' I 'I 

' _ _ ( 5 )  #1 

w h e r e  t = (# + 1 /2  - a)/M, y = (0 - a ) / M .  F o r  the func t ions  j g ( e )  = Reh#(o~) ana logous  f o r m u l a s  a r e  o b t a i n e d  

which  con ta in  the A i r y  funct ion v(t).  

We ob ta in  the d e s i r e d  c o r r e c t i o n  to the F o e k  a s y m p t o t i c s  f o r  the wave f i e ld  n e a r  the s p h e r e  a s  in the 

e a s e  of the  c y l i n d e r  by s u b s t i t u t i n g  the a s y m p t o t i c  e x p r e s s i o n  (17)-(20) and expand ing  the i n t e g r a n d  in p o w e r s  

of I./M. In the case of the Diriehtet problem after transformations we obtain 

P 

S i m i l a r l y ,  in the c a s e  of the Neumann  p r o b l e m  we have 
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T A B L E  1. A m p l i t u d e  of the Wave F i e l d  1"~,9(7,~q)1 n e a r  
the  C y l i n d e r  (D i r i c h i e t  p r o b l e m ,  ka = 50, k r  = 52) 

I~1 ofroek I~1 with correction ~1 ~ x a c t  

70 ~ 

800 

90 o 

I00 o 

IIO o 

i20 o 

1.366 

0.937 

0.549 

0.274 

O. 119 

0.046 

1.3239 

0.9182 

0.5416 

0,2703 

0.II64 

0.0449 

I ~ 

0.9189 

0.5419 

0.2704 

0.1164 

0~ 

T h e s e  e x p r e s s i o n s  have the s a m e  f o r m  as  f o r m u l a s  (8), (10) f o r  the c i r c u l a r  c y l i n d e r  and d i f f e r  f r o m  them 

only  in the f a c t o r  1 / / ' s ] ' ~ ' a n d  n u m e r i c a l  c o e f f i c i e n t s .  

F o r  the  c u r r e n t s  on the s u r f a c e  of the  s p h e r e  we obta in  e x p r e s s i o n s  ana logous  to (12), (14) : 

i, KS r ~ 4 r" ~0 

e~kS r ~o $t 0f] 
�9 

The magn i tude  o f t h e  c o r r e c t i o n  ob t a ined  in [4] f o r t h e  c a s e  of a s p h e r e  a l s o  d i f f e r s  f r o m  our  c o r r e c t i o n  (24) by 

a f a c t o r  of two.  

3 .  N u m e r i c a l  C o m p a r i s o n  o f  t h e  A s y m p t o t i c  F o r m u l a s  

w i t h  t h e  E x a c t  V a l u e s  o f  t h e  F i e l d s  

The m a i n  p u r p o s e  of the  p r e s e n t  w o r k  is  to d e m o n s t r a t e  the e f f e c t i v e n e s s  of us ing  the c o r r e c t i o n s  found 

in n u m e r i c a l  c o m p u t a t i o n s  of f i e l d s  in the s e m i s h a d o w  zone .  The c o n s i d e r a b l e  i n c r e a s e  in the a c c u r a c y  of the 

a s y m p t o t i c s  f o r m u l a s  of V. A.  F o c k  in us ing  the c o r r e c t i o n s  i s  c l e a r l y  e v ide n t  f r o m  the t a b l e s  p r e s e n t e d .  In 

T a b l e s  1 and 2 r e s u l t s  a r e  c o m p a r e d  of compu t ing  the a m p l i t u d e  of the wave f i e ld  n e a r  a c y l i n d e r  a c c o r d i n g  to 

the  f o r m u l a s  of V. A.  F o c k  wi thout  c o r r e c t i o n s  (the f i r s t  co lumn)  and a c c o r d i n g  to f o r m u l a s  (8), (10) ( second 

co lumn)  wi th  the e x a c t  v a l u e s  of the f i e ld  a m p l i t u d e  ( th i rd  co lumn) .  The c o m p u t a t i o n s  w e r e  c a r r i e d  out on the 

BI~SM-6 c o m p u t e r .  The p r o g r a m m i n g  of the c o r r e c t i o n  func t ions  r e d u c e d  to  a m i n o r  m o d i f i c a t i o n  of the p r o -  

g r a m s  fo r  c o m p u t i n g  the F o c k  func t ions  d e s c r i b e d  in [10]. 

T A B L E  2. A m p l i t u d e  of the 
n e a r  the C y l i n d e r  (Neumann 
32) 

Wave F i e l d  l uN(r ,  ~o)1 
p r o b l e m ,  ka = 30, k r  = 

(~ [~[ of Fock ]~[ with correction [~1 exact 

70 ~ 
8OO 

90 o 

io0o 

no~ 

L~0O 

1.246 

1 .453 

1.416 

1.201 

0.917 

0.653 

I.SO0 

1.46I 

1.404 

I. 177 

O. 887 

0.625 

1.296 

1.459 

1.402 

I. I79 

0.890 

0.620 
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TABLE 3. Amplitude of the Cur ren t  I IDI on the 
Surface of the Sphere (Dirichl_et p rob lem,  0 = 90 ~ 

kc~ 

20 

30 

40 

50 

Ill) I of Fock 

0.360 

0.315 

0.286 

0.265 

}I~l with correction 

0.38176 

0.32878 

0.29636 

0.27371 

!lI l ox ct 

0.38179 

0.32879 

0.29637 

0.27372 

In Table 3 a s i m i l a r  compar i son  of asympto t ic  and p rec i se  r e su l t s  is made for  the cu r r en t  on the sur face  

of the sphere  (23) (on the equator  of the sphere)  in the case  of the Dir ichle t  p rob lem.*  

The ef fec t iveness  of using the co r r ec t i ons  to the Fock asympto t i c s  in the s imples t  p rob lems  indicates 

favorable  p rospec t s  for  invest igat ion of co r r ec t ions  for  su r f aces  of genera l  fo rm.  

The p resen t  work was c a r r i e d  out during the au thor ' s  s tay at LOMI. The author  is gra teful  to V. M. 

Babich for  the opportunity of the vis i t ,  fo r  attention to the work ,  and for  discussion of the resu l t s  in his 

s e m i n a r s .  
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