COMPUTATION OF CORRECTIONS TO THE FOCK
ASYMPTOTICS FOR THE WAVE FIELD NEAR A
CIRCULAR CYLINDER AND A SPHERE

V. I, Ivanov ’ UDC 534.26

Corrections are computed to the asymptotics of V. A, Fock for diffraction fields in the region of
semishadow near surfaces of constant curvature. Numerical computations are carried out to

demonstrate the effectiveness of the corrections found in the computation of fields.

The shortwave asymptotics of a wave field in the zone of semishadow near an ideally reflecting, convex
body were obtained by Fock {1, 2] more than 30 years ago. However, the question of refining the Fock asymp-
totics has so far not been solved, i.e., the question of computing additional terms of the asymptotic series.

In the literature there are only a few results for the current on a reflecting surface. Thus, in [3] a graph is
presented for the correction function to the Fock asymptotics of the current on a circular cylinder {without
indication of a computational method). In [4] by means of an integral equation a correction (with a mistake)
was computed for the Fock asymptotics of the field on the surface of an ideally rigid body.

In the present paper we compute corrections to the Fock asymptotics for the wave field near a circular
cylinder and a sphere. A numerical comparison is made of the asymptotic expressions for the field with exact
solutions which demonstrates the effectiveness of using the corrections in numerical computations of diffrac-

tion fields.

1. Computation of the Correction for the Field

near a Circular Cylinder

We consider the problem of the diffraction of a plane wave u, = e ¥ = ¢~IKTCOS @ o a1 ideally reflect-
ing, circular cylinder of radius a (Fig. 1). Suppose that the wave field u = u; + v satisfies the equation Au +
kfu = 0 and the boundary condition Qul,., = 0, where

0 { 1 in the case of the Dirichlet problem,

BQVT in the case of the Neumann problem.

while the reflected field v satisfies the radiation principle.

Fig. 1
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It is known (cf. [5, 6]) that the solution of the problem uflr, ¢) can be represented in the form
oo
U=\ U(r,4+2%n), ()
Hx-00
where U(r, @) is a periodic solution of the Helmholtz equation on the infinitely sheeted plane —w < ¢ < =, r = a,

For the function U(r, ¢) it is possible to obtain (cf. [6]) the expression

i9(9-5f2)
Uit,d)= 5['},,@) m"“’ L& Wele ™ @)

where o =ka, o =kr., We set M = (a/2)1/3 and seek the asymptotics of the integral (2) as k — = (M — «), We
shall consider the field in the region p — @ = M {a boundary layer near the cylinder), alyp — 1/2) S —M? (zones
of semishadow and deep shadow).

It is known {6] that for the zone in question the essential interval of integration in (2) is a neighborhood
of the point v = @: lv — ol € M. To obtain the asymptotics of integral (2), the integrand should be expanded in
this neighborhood in the small parameter 1/M.

The asymptotics of the function H(l)(oz) and ite derivative as ¢ — o, lv — | € M, areknown [1, 7, 8]:
Hv (J.) [W(t) " OM® w‘ ('l’/)* O(M/e)} ) )
(!
(.g)— [’W )+ 60M£(10w (‘b)—’w )(t)+0(ﬂ1"_4)] s

where t = (v — @)/M, and w(t) is the Airy function in Fock's definition. The asymptotics of the functions
&, ’]",(e),) are expressed [because of the equality Fy)=Re Hv“) ()} by formulas analogous to {3) in terms of
the Airy function vit) = Im w{t).

For the function H,(ji)(p) we obtain an asymptotic expansion for (v — al €M, lp — ai € M from the integral
representation

" - svhzwz .
=g Se %) @

by expanding the exponent in a neighborhood of the saddle point z = 0 {cf, [7]}). We sety = (0 ~ @}/M and intro-

duce in (4) the new variable of integration v = Mz; then
. : . 3 ‘
—pshzevi=—(3+ M%)Sh %HMM’C)% = (t‘ij)f‘q% *6~01M7 (56*‘ {0%155)+ O(ﬁz)

We transform the contour of integration in (4) in the 7 plane into a broken line T’ going from we“-ﬂ/ % to 0 and

then to «, As a result, we obtain

4* Pr- e A o8 e’ 1
Hv M= M.TC {4'@1(’5 +H0T ‘j)"’O(W\)}d’E
- i ®, . e A
i {wr- g oy -l OG)}. ®)
For the Bessel function ?y (.P)=R(’, H,“)g)) we obtain
i 5) . {
H/?(.P):M'!\m’ {U'(t"%') "‘6““‘0MZ[V( (‘b—i‘l()HOtjv‘(ﬁ %)]4' O(W)} 6)

We obtain the desired asymptotics of the wave field (in the zones of semishadow and shadow) by substi-

tuting (3), (5), (6) into (2), expanding the integrand in powers of 1/M, and transforming the contour of
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integration (the real axis) into a broken line T going from ©e?M/3 to w. In the case of the Dirichlet problem

we have

=§—je - p- LD wte-yl-haly Tprogrtey

® 2
-2 e g - wrte-glat+ (), o
where s =alp - 7/2), ¢ = Mlp — 7/2). Here the first term

iks ;
) { wte v ]
Uo s_ﬁ Pe [’U'(t'%) Wy wit- %) d«t
is the well-known asymptotic expression of Fock; the other terms are correction terms, The expression for

the correction can be simplified by replacing the leading derivatives of the functions v(t) and wit) by Airy's

equation) in terms of the functions v{t) and w(t) and their first derivatives;

iks st ' ' _ 4 {
U=U,-be § ot ropact e t-p+apTet, )+ g wit-plat+ 0 () ®)

where

4t Y=vt-P-yrm V) it - t;), agt %)_- (9)

Similarly, for the Neumann problem we obtain %
U“"Uo _50__,_ 5@ {(thtj)‘l’(t HE-PEHIYYE, y) T Wt %)}d,ho(m); (10)

VY =vi-yp- l’v‘(%w(t Y Yt )= :jr, (11)

- gWS o
where UON s-%a-i—s e"st'{f(t,q)d,t‘is the asymptotic expression of Fock.
By the present method it is also possible to obtain subsequent corrections to the Fock asymptotics if we

use subsequent terms of the asymptotic expansions (3) (see, e.g., [8]). Thus, for the current on the surface

of the cylinder in the case of the Dirichlet problem it is possible to obtain

iks ' 50 of 3
ID=-I4(_g:'LIJr_ 1-aj_eM { Hz +4¥1 ] 72,0:)&1? [2¥s"¥1 ]—GSI;OM‘i P’5¥z+¥z+37¥’:”]+0(ﬂd3)} 4 (12)
where
mn wt;c [W(‘b)] m 13

~L (o
o~ e [wd]*
are the associated "current” functions of Fock. In the case of the Neumann problem the field on the surface of

the cylinder (the current) is

ik ' Mo, M 40
I=U@d=¢" (g + e [g2-690-49 ]
s 504G 16854 g+ 1502, - 12147+ 604g - 1 “1+0(3p)} 14)
where . .
. tot " [ur(t)]
b~ 1 war (15)
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The magnitude of the first correction for the current Iy in the Neumann problem was computed in [4]. In the

case of a circular cylinder, the result of [4] for the first correction has the form [in the notation of (15)}
31 ol 4
4 —60,~
savee 926927490
i.e., it is exactly twice as large as the first correction in (14).

2. Computation of the Correction for the Field

near a Sphere

Suppose that on an ideally conducting sphere of radius a there is incident a plane wave ug = ikz

e IKrcos 0 T optain the shortwave asymptotics of the diffraction field it is more convenient to proceed from

the integral representation of the field in the infinitely sheeted space ¢ =< § < = [9]:

1AL ,; ()

Utt,0)- S uQ ceosde  Liu- TS hﬂ{ﬁ)]dﬂ, (16)
where o =ka, p = kr; j, &), hy () are the spherical Bessel functions; Q,&z)(x) is the Legendre function of second
kind, )

i
[¢3) _ -
0P - ez le A~ Re0).

As in the case of the circular cylinder, the asymptotic behavior of the integral (16) in the zones of semishadow
and shadow (except for a neighborhood of the pole of the sphere) is determined by the behavior of the integrand
in a neighborhood of the point 4 = @. The asymptotic behavior of the Legendre function Qﬁ as y — « is known

[9]:

(a0 o i -9}
Asymptotic expressions for hy{e), h' (ae), by ) for @ —~ o, lp — al =M, lo - al ¢ M follow from {3}, (5):
LU\&- VN—-—- {w'(t) 60 (t +0 M/;)} (18)
h’ (—, {w (+ e [0 t)um& +4£w(i]+ O(—%—)} 19)
5)

where t = {u +1/2 — a)/M, y = (o — oz)/M. For the functions jy (@) = Rehy (@) analogous formulas are obtained
which contain the Airy function vi{t).

We obtain the desired correction to the Fock asymptotics for the wave field near the sphere as in the
case of the cylinder by substituting the asymptotic expression {17)~(20) and expanding the integrand in powers

of 1/M. In the case of the Dirichlet problem after transformations we obtain

ik i -
U= Vsﬁg - {UOD~ foMZW (o -“{(m%—ut)wt,zp +(t-gg)(ﬁgy)q(t,«%T‘%)-w(t-wdt+ 0Ggm)f- e
r

Similarly, in the case of the Neumann problem we have

U= 4 {UN“ o ks j‘ Lﬁfo
vsing Yo T poMIT Ft’/ [(N W (E,Y) +E-Y)E +Han Y, %)+__7%_w(¢ %)}dﬂo(__k,) (22)
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TABLE 1. Amplitude of the Wave Field luﬂ(z,qn pear
the Cylinder (Dirichlet problem, ke = 50, kr = 52)

(.P [l of Fock Ul withcorrection  |[U]| exact
70° 1.366 1.3239 1.3248
"800 0.937 0.9182 0.9189
90° 0.549 0.5416 0.5419
100° | 0.274 0,2703 0.2704
110° 0.II19 0.1I64 0.1164
120° 0.046 0.0449 0.0450

These expressions have the same form as formulas (8), (10) for the circular cylinder and differ from them
only in the factor 1/Vsin g and numerical coefficients.

For the currents on the surface of the sphere we obtain expressions analogous to (12), (149):

ks - 00 0 U
L=z 14+ a4t 4 1+ 0} @3)

ez,ks 0y 0 3 o /
IN== e {%+60Mz[ﬂ%1+9{2—24%21+O(W)}. (24)

The magnitude ofthe correction obtained in [4] forthe case of a sphere also differs from our correction (24) by

a factor of two.

3. Numerical Comparison of the Asymptotic Formulas

with the Exact Values of the Fields

The main purpose of the present work is to demonstrate the effectiveness of using the corrections found
in numerical computations of fields in the semishadow zone. The considerable increase in the accuracy of the
asymptotics formulas of V., A. Fock in using the corrections is clearly evident from the tables presented. In
Tables 1 and 2 results are compared of computing the amplitude of the wave field near a cylinder according to
the formulas of V. A. Fock without corrections (the first column) and according to formulas (8), (10) (second
column) with the exact values of the field amplitude (third column). The computations were carried out on the
BESM-6 computer. The programming of the correction functions reduced to a minor modification of the pro-

grams for computing the Fock functions described in [10],

TABLE 2. Amplitude of the Wave Field |un(r, ¢)I
near the Cylinder (Neumann problem, ka = 30, kr =

32)
G W] of Fock [U] with correction |jy| exact
70° 1.246 1.300 1.296
8@ 1.453 I.461 1.459
90° 1.418 1.404 1.402
100° 1.201 1177 1.179
II0° 0.917 0.887 0.890
120° 0.653 0.625 0.620
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TABLE 3. Amplitude of the Current |Iplon the
Surface of the Sphere (Dirichlet problem, 8 = 90°)

ka lIDl of Fock HD\ with correction IIDI exact
20 0.360 0.38176 0.38170
30 0.315 0.32878 0.32879
40 0.286 0.29536 0.29637
50 0.265 0.27371 0,27372

In Table 3 a similar comparison of asymptotic and precise results is made for the current on the surface
of the sphere (23) (on the equator of the sphere) in the case of the Dirichlet problem.*

The effectiveness of using the corrections to the Fock asymptotics in the simplest problems indicates
favorable prospects. for investigation of corrections for surfaces of general form.

The present work was carried out during the author's stay at LOMI. The author is grateful to V. M.
Babich for the opportunity of the visit, for attention to the work, and for discussion of the results in his

seminars.
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