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Two current theories [11, 17] of interfacial debonding and fibre pull-out, which have been
developed on the basis of fracture mechanics and shear strength criteria, respectively, are
critically compared with experimental results of several composite systems. From the plots of
partial debond stress, ¢§, as a function of debond length, three different cases of the
interfacial debond process can be identified, i.e. totally unstable, partially stable and totally

stable. The stability of the debond process is governed not only by elastic constants, relative
volume of fibre and matrix but more importantly by the nature of bonding at the interface and
embedded fibre length, L. It is found that for the epoxy-based matrix composite systems, Gao
et al’s model [17] predicts the trend of maximum debond stress, 6%, very well for fong L, but
it always overestimates ¥ for very short L. In contrast, Hsueh’s model [11] has the capability
to predict o for short L, but it often needs significant adjustment to the bond shear strength
for a better fit of the experimental results for long L. For a ceramic-based matrix composite, ¥
predicted by the two models agree exceptionally well with experiment over almost the whole
range of L, a reflection that the assumed stable debond process in theory is actually achieved
in practice. With respect to the initial frictional pull-out stress, o, the agreement between the

two theories and experiments is excellent for all range of L and all composite systems,
suggesting that the solutions for o, proposed by the two models are essentially identical.
Although Gao et al’s model has the advantage to determine accurately the important
interfacial properties such as residual clamping stress, g,, and coefficient of friction, p, it needs
some modifications if accurate predictions of o} are sought for very short L. These include
varying interfacial fracture toughness, G, with debond crack growth, unstable debonding for
very short L and inclusion of shear deformation in the matrix for the evaluation of G, and fibre
stress distribution. Hsueh’'s model may also be improved to obtain a better solution by
including the effect of matrix axial stress existing at the debonded region on the frictionless

debond stress, 6.

1. Introduction

As the use of advanced fibre composite materials in
engineering application is extended, fundamental con-
siderations of cost and structural efficiency are aug-
mented by improving design reliability. This requires
a basic understanding of how the fracture process
initiates and progresses to final failure. Of particular
importance during fracture is the local response of the
fibre-matrix interface which has pronounced effects
on the mechanical performance and structural inte-
grity of the composite. Experience has shown that
when a crack moves through a matrix containing
fibres, energies are absorbed by the failure mech-
anisms such as matrix cracking, fibre-matrix inter-
facial debonding, post-debonding friction, fibre
fracture, stress redistribution, fibre pull-out, etc., am-
ong which debonding and frictional sliding during
fibre pull-out provide major contributions to the frac-
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ture toughness of most fibre composites with polymer-
and ceramic-based matrices. Therefore, optimal
conditions for toughening of fibre composites require
these mechanisms to occur properly, which in turn
needs proper control of the interfacial properties. A
comprehensive review on how the interfacial proper-
ties influence the strength and fracture toughness of
fibre composites, including the various methods for
improving the fracture toughness by means of inter-
face control, was recently given by Kim and Mai [1].

Several experimental techniques have been de-
veloped to characterize the interfacial properties in-
cluding the single fibre pull-out test [2], the single
fibre fragment test [3], the microdebond test [4] and
the fibre push-out (or indentation) test [5]. Among
these methods, the most popular and reliable method
seems to be the single fibre pull-out test which is the
subject of the present study. Theoretical analyses of
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the debonding and fibre pull-out problem can be
classified into two distinct approaches: one is based on
a maximum shear stress criterion such that when the
interfacial shear stress exceeds the shear bond
strength, complete debonding occurs unstably; and
the other is based on the concept of fracture mechanics
where the debonded zone is considered as an inter-
facial crack and its extension is dependent on the
energy criterion being satisfied. The first approach is
typified by the early work of Cox [6], Greszczuk [7]
and Takaku and Arridge [8] based on the “shear lag”
model, namely that the tensile stresses in the matrix
are negligible relative to those in the fibres, whereas
the shear stresses in the fibres are small compared to
those in the matrix. Lawrence and co-workers [9, 10]
have included the effect of frictional shear stress oppo-
sing the pull-out at the debonded region. The shear
strength criterion has been modified recently in a
series of studies by Hsueh [11, 12] who postulated
that a progressive stable debonding exists along the
interface and considered the effect of shear deforma-
tion in the matrix. Representative work of the fracture
mechanics approach includes those of Gurney and
Hunt [13], Outwater and Murphy [14] and Stang and
Shah [15]. Following the argument of previous
workers [15, 16] that the fracture mechanics approach
to the debonding problem is preferred to the max-
imum shear stress criterion, Gao et al. [17] have
presented a rigorous analysis where a pre-debonded
interface is modelled as a crack propagating stably
along the interface with a constant interfacial fracture
toughness (or specific energy absorption) under plane
strain condition. Both the effects of friction at the
debonded region and Poisson contraction of the fibre
are included in the Hsueh [11, 12] and Gao et al. [17]}
analyses. All these above studies assume zero interface
thickness and uniform homogeneous matrix proper-
ties so that any difference in properties of the matrix
material immediately surrounding the fibre (i.e. com-
monly referred to as the “interphase” as contrast to
the bulk matrix material) is neglected.

The principal aim of the present study is to enhance
our understanding of the debonding and fibre pull-out
problem by (i) identifying the similarities and differ-
ences between the two debond criteria mentioned
above, (ii) evaluating critically the validity and dis-
crepancy of the assumptions made in each criterion,
and (iii) providing possible solutions for improved
theories. For this purpose, two typical models, i.e.
Gao et al. [17] and Hsueh [11, 12], representing the
fracture mechanics- and shear strength-based criteria,
respectively, are used to compare with experimental
results of several different composite systems.

2. Current theories for fibre debond and
pull-out
Both Gao et al. [17] and Hsueh [11, 12] considered a
shear lag model where a fibre (with radius a) is located
at the centre of a coaxial cylindrical shell of matrix
(with an outer radius b) as shown in Fig. 1. z is the
direction parallel to the fibre axis and L is the total
embedded fibre length. In the fibre pull-out experi-
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Figure | A schematic drawing of the partially debonded fibre in a
fibre pull-out model.

ments, the composite is fixed at one end (z = 0) and a
tensile stress is applied at the other end (z = L) of the
embedded fibre with a constant displacement or load-
ing rate. Both models assume that the debond crack
propagates from the loaded end of the fibre so that
any effect arising from considering debond crack
propagation from the embedded fibre end (z = 0), the
so-called “two-way debonding” [18-20], is neglected.

2.1. The Gao—Mai—Cotterell model

Gao et al’s model [17] assumes a pre-debonded
region (L — z) as a pre-crack in the context of fracture
mechanics, deriving the partial debond stress, c§, as a
function of the partial debond length (L — z)

o _ - exp[AML — 2)]— 1

i = G+ (6 GO){exp[X(L “]- 1+ e}
~ Op+ (6 — op){l —exp[ — ML — 2)]} (la)

where

1+ (/) (Ve /Ve)

—_ ~

1+ (v/oL(I — 2kvq)/(1 — 2kve)]
for b*>a? (1b)

where o is the frictionless debond stress independent
of z, A is the reciprocal length giving the effective shear
stress transfer distance and & is the asymptotic de-
bond stress for long embedded length, L. The experi-
mentally determined parameters oy, A and & are
related to the interfacial fracture toughness, G, the
coefficient of friction at the interface, u, and the re-
sidual clamping stress, g4, by

o - {4EfGic[(1 = 2kve) + (y/0)(1 — 2kvm>1}”2

a(l — 2 kv,)?
N 4EG, ?
= [a(l — 2kvf)] 22)
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& = —(qo/R[1 + (v/0) (Vm/Ve)] (20

where o = E_/E; (Young’s modulus ratio of the
matrix-to the fibre), v = a?/(b* — a?) (fibre volume
fraction) and k= (ovy + yvn)/[o(l — v+ 1+ v,
+ 2v]. v; and v,, are the fibre and matrix Poisson
ratios. The solution for the initial frictional puil-out
stress, oy, after complete debonding can be obtained
by substituting o, = 0 and the partial debond length



(L —z) by the full debond length L (ie. z=10) in
Equation la

_ exp(Al) — 1
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2.2. The Hsueh model
In Hsueh’s model [12], the solution for the partial
debond stress, o8, is given by

Oy + (6 — o)

X{l _ Bi[1 + (v/o) (Vi /Ve)] }
A+ Bi(y/0)(V/Ve) + B,

0o + (6 — oo)[1 — B,/(A+ B,)]
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In Equation 4, the {rictionless debond stress, &, for
the full embedded length, L, is determined from the
analytical solution for the fibre stress at the free matrix
surface [21] when the interfacial shear stress exceeds
the shear bond strength, T,

6o = {2%[1 + (v/o)]/Bajtanh (BL)  (5a)

1/2
} (5b)

The instantaneous o, values during progressive
debonding can be determined by replacing L with the
bond length z. It should be noted that for b?>>a? as in
usual fibre pull-out experiments, Equation 5a is sim-
plified to o, = [21,/Ba] tanh(BL), which is the same
solution for maximum debond stress, o, given in
earlier papers [6-8], when there is no friction at the
debonded region. The parameters B; and B, are a
function of partial debond length (L — z)

where
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where m; = — [Q + (Q? — 4Q))Y2]/2 and m, =
—[Q— (@ —40)!2)2. Q= — (B*/W{[1 + (a/7)
(V¢/Va)J/[1 + (o/v)]1}, which can be simplified to Q ~
— (B*/A)(v¢/V,) for b? > a?. The solution for the initial
frictional pull-out stress, o, is obtained by substitu-
ting o, = 0in Equation 4 in a way similar to Equation
3 as

B,
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In Equation 7, the parameters B, and B, are deter-
mined from Equation 6 with z = 0.

The two theories discussed above are similar in that
o8 is composed of two components: a frictionless
debond stress component and a friction stress com-

ponent. The second component is directly propor-
tional to (G — 6,) and is also controlled by A (or the
coefficient of friction, p). However, there is an obvious
difference in the first component regarding the fric-
tionless debond stress, 6, as can be seen in Equations
2a and 5a. In Gao et al’s model, o, is invariant with
the embedded fibre length, L, and it depends only on
the interfacial fracture energy, G,.. In contrast, in
Hsueh’s model, o, is a function of bond length, z, and
it approaches a constant value for long z as tanh Bz
becomes unity. Instead of G, the frictionless debond
stress, oy, is now controlled by the shear bond
strength, T,.

3. Comparison between theories and
experiments
3.1. Single-fibre pull-out tests
Single-fibre pull-out tests were performed on com-
posite systems of (both untreated and electrolytically
oxidized) carbon fibres (XAU) embedded in an epoxy
matrix (a DGEBA, Araldite MY 750 with hardener
HY 951 in the ratio of 100:12 by weight) with elastic
constants and radii given by E;=230GPa,
E,=30GPa, v, =02, v, =04, a = 0.003 mm and
b=10mm. Tests were also performed on model
composites of (both uncoated and release-agent
coated) stainless steel wire—epoxy matrix (a DGEBA,
Araldite GY 260 with curing agent piperidine in the
ratio of 100:5 by weight) for which E; = 179 GPa,
E.,=30GPa, v, =03, v, =0.35a = 0275 mm and
b = 6.5 mm. Fibres were pulied from the matrix using
an Instron testing machine with cross-head speed 0.05
and 0.5 mm min !, respectively, for the carbon fibre-
and steel wire-epoxy matrix composite systems. The
pull-out force—displacement curves were obtained and
used to determine the maximum debond stress o} and
the initial frictional pull-out stress, o;, based on the
force values at the points just before and after the
instantanecous load drop. The frictionless initial de-
bond stress, 6, for Gao ef al’s model is also recorded
when an instantaneous small load drop was first
observed in the rising stress—displacement record, as
suggested previously [17]. For the carbon fibre-epoxy
matrix composite system the embedded fibre length,
L, was measured after the pull-out test using a scan-
ning electron microscope.

In an effort to provide more general comparisons,
published data for a composite system of SiC
fibres embedded in a borosilicate glass matrix [22]
(Ef =400 GPa, E =70GPa, v;=017, v, =02,
a = 0.071 mm and b = 2.8 mm) were also analysed.

3.2. Evaluation of interfacial parameters
Gy, A and 6

To calculate the predicted values for the maximum
debond stress, o, and the frictional pull-out stress,
Oy, it is necessary to determine the parameters o, &
and & which are functions of the material properties,
G, (or 1,), 4 and q,, respectively. These properties are
seldom measured accurately and reported values for a
similar composite system (even if available) cannot be
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TABLE I Fibre pull-out parameters and interfacial properties for different fibre composites

Composite Fibre surface Fibre pull-out parameters Interfacial properties
system condition
oo s ) Zmax G’ H do 7> T
(GPa) (mm~!) (GPa) (mm) Jm™?%) (MPa) (MPa) (MPa)
Carbon fibre—- Both untreated 34 1.5 54 0.152 377 1.25 —-997 727 12.2
epoxy matrix and oxidized
Steel wire— Uncoated 1.95 0.0142 241 7.8 1316 0.48 — 885 435 5.0
epoxy matrix
Release-agent 0.316 0.0065 1.98 6.5 347 022 —728 896 1.77
coated
SiC fibre—- Untreated 0.149 0.0304 292 0.06 0.964 0.048 —64.5 3,18 311
glass matrix
Acid treated 0.235 0.049 327 0.08 240 0.078 — 723 5.83 5.60

2 Applies to Gao et al’s model.
® Applies to Hsueh’s model.

directly applied. This implies that fibre debond theor-
ies should provide a systematic means to determine
these properties with reasonable accuracy, rather than
adjusting them to fit the theoretical predictions to
experimental results based on a trial and error
method.

In fact, Gao et al.’s model has such an advantage to
evaluate these parameters. It will be shown later that
for Gao et al’s model, the maximum debond stress,
¥, is always obtained at the moment of complete
debonding when the debond crack reaches the full
embedded length, L, and the initial frictional pull-out
stress, o, after complete debonding is also a function
of the full debond length, L. Therefore, once the
relationships of ¢ versus L and o, versus L are
empirically obtained, the independent parameters oy,
A and & can be determined on the basis of the solu-
tions for o} and o;. Rearrangement of Equations 3
and la which are a function of L gives

A = —(1/L)n[1 — (54/6)] (8a)
6o = (6§ — or)exp(Al)
= &(c} — o)/(6 — o) (8b)

If data for the frictionless initial debond stress, o, are
available directly from the fibre pull-out tests, A and &
are easily determined using a linear least squares
analysis of Equations 8a and b. Alternatively, the
initial gradient can be taken from the linear region of
the experimental o, versus L curves which is equal to
the derivative of the solution for o, in Equation 3 with
respect to the full debond length, L

(do¢/dL),-o = A& (8¢c)

In using Equation 8b in conjunction of Equations 8a
and c, it is necessary to avoid the experimental ¥
data obtained for very short embedded fibre length, L,
since Gao et al’s model was developed basically for
long L.

A similar treatment cannot be made for Hsueh’s
model to determine the fibre pull-out parameters. This
is because the maximum debond stress, cf, is a
complex function of the bond length z as well as the
partial debond length (L — z) for a given embedded
fibre length L, to be shown in Section 3.3. However, an
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average value for the shear bond strength, t,, can be
determined from the initial gradient taken of the
experimental maximum debond stress, o¥, versus L
curve as

dof/dl) -0 = 2%[1 +(v/Wla  (8d)

The values of the fibre pull-out parameters and the
interfacial properties determined based on Equations
8a—d for the different composite systems are given in
Table I. It is worth noting that the frictionless initial
debond stress, 6,, value ( = 316 MPa) determined by
using Equation 8b for the release-agent coated steel
wire—epoxy matrix composites is approximately equal
to the average value ( = 304 + 102 MPa, as shown in
Fig. 2) of those obtained directly from the experiment
during stable debonding. However, for the reasons to
be described later, only a few observations of such
initial debonding were obtained for the other com-
posite systems tested by the authors. It is, therefore,
not possible to make similar comparisons. Details on
the experimental 6, values have not been reported for
the SiC fibre—glass matrix composites [22].

3.3. Partial debond stress, of, and instability
of debond process

In a previous study by the authors [23], three different

cases of debond process with regard to instability have

1
°
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Figure 2 Frictionless initial debond stress, g, values determined

from the pull-out test of release-agent coated wire—epoxy matrix
composites.



been identified by comparison of the partial debond
stress, 6§, which is the sum of the frictionless debond
and friction stress components, for different embedded
fibre lengths. In the present study, the results for the
carbon fibre—epoxy matrix composite are plotted
against partial debond length (L — z) (Fig. 3), and its
implication on the instability condition of the debond
process which, in turn, determines the maximum de-
bond stress, o¥, is discussed in more detail.

For a given L, as debond length (L — z) increases
the friction stress component always increases steadily
in both theories, the increase being non-linear due to
Poisson contraction of the fibre in the debonded
region. However, the frictionless debond stress com-
ponent varies according to the assumptions made in
each theory. If a constant o, value is assumed regard-
less of the embedded fibre length L (i.e. constant G, in
Gao et al’s model [17] and a maximum o, value for
long L where tanh (Bz) ~ 1 in Hsueh’s model [11]), the
partial debond stress, o8, increases with the same rate
as the friction stress component (Fig. 3a). Therefore,
the maximum debond stress, o}, is obtained always at
the moment of complete debonding when the debond
crack reaches the full embedded length (i.e. z = 0), and
consequently the solutions for the maximum debond
stress, o ¥, in Gao et al’s and Hsueh’s models become

Partial debond stress, 0'5 (GPa)

0 100 200 300 400 500
(a) Debond length, L~z (um)

Partiat debond stress, de {GPa)

0 100 200 300 400 500
(b) Debond length, L~z (um)

Figure 3 Plots of partial debond stress, o8, as a function of debond
length (L — z) calculated based on (a) Equation 1 of Gao et al’s [17]
model and (b} Equation 4 of Hsueh’s [12] model for carbon
fibre—epoxy matrix composites: (-—-) frictionless debond stress
component; (...) friction stress component; (——) partial debond
stress.

always a function of the entire embedded length, L, i.c.
for Gao et al’s model [11]

Of = 0o + (6 — o)l —exp(—AL)] (9

Indeed, with this assumption, good agreement was
reported [ 11, 17] for the maximum debond stress, o},
as well as the initial frictional pull-out stress, o,
predicted by both theories when compared with the
same experimental results obtained by Takaku and
Arridge [8] on sufficiently long embedded fibre
lengths. In this comparison [11], Hsueh used a con-
stant (i.e. maximum) value for o, independent of L, in
contrast to the adoption of a non-constant o, in his
later study [12].

However, if it is assumed that the instantaneous o,
values vary as a function of bond length z during the
fibre debond process as in Hsueh’s model [12], the
debond stress component decreases toward zero de-
pending on the fibre embedded length, L: for short L,
it decreases from the beginning while for long L it is
initially constant (i.e. tanh(Bz) = 1) and decreases to
zero (Fig. 3b). Because the friction stress component
always increases with (L — z) these two stress com-
ponents balance each other to determine the in-
stantaneous values of partial debond stress, o§. This
implies that whether 6§ decreases from the beginning
or increases to a maximum and then decreases during
the fibre debond process for a given composite system
depends on the embedded fibre length, L. In this case,
the maximum debond stress, c¥, is significantly
greater than the stress obtained at the moment of
complete debonding at z = 0 as can be seen in Fig. 3b.
In practical fibre puli-out experiments, however, the
maximum stress leads immediately to complete
debonding followed by a precipitous load drop so that
the gradual stress decrease after the maximum as
shown in Fig. 3b can never be visualized in the pull-
out stress versus displacement curve. For this reason,
the maximum debond stress is often incorrectly inter-
preted as being the same as the complete debond
stress.

The instability condition requires that the deriva-
tive of the partial debond stress, ¢§, with respect to
the bond length, z, is equal to or less than zero, ie.
dof/dz < 0 [23]. In other words, the fibre debond
process becomes unstable when the slope of the curve
ol is zero where the maximum debond stress, o ¥, is
obtained. For an assumed constant frictionless de-
bond stress (Fig. 3a), fibre debonding is always stable
until complete debonding at z = 0 where of = o¥.
However, for a varying debond stress component
(Fig. 3b), the stability of the debond process is depend-
ent on the partial debond length (L — z) relative to the
embedded fibre length, L, and there is a maximum
bond length, z_,,, below which the debond process
becomes unstable [9, 10]. The values for z,,, deter-
mined by numerical treatment of Hsueh’s theory in
Equation 4 with the bond length (z)-dependent fric-
tionless debond stress, G, are given in Table 1. It is
interesting to note that for the SiC fibre-glass matrix
composite, z.,, values are very small (ie. z,,, ~ 0)
whether the fibres are acid treated or not. If a simpli-
fied solution for the partial debond stress proposed
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by Karbhari and Wilkins [24] (ie. 0§ = o, + 2%;
(L — z)/a) is used, neglecting the effect of Poisson
contraction of the fibre and assuming a constant
friction shear stress, 1;, at the debonded region in the
context of the maximum shear strength criterion, the
above instability condition gives a closed form solu-
tion for the maximum bond length, z,, [24]

mx = (1/B) cosh™ [(to/1)(1 + v/)]'*  (10)

which is basically the same equation given earlier by
Lawrence [9]. It is obvious from Equation 10 that the
ratio of 1, to 1;, Young’s modulus ratio, a, fibre
volume fraction, y and B (which is again a function of o
and v), determine the fibre debonding instability for a
given composite system, with the limiting value of zero
when 1, ~ 7, (e.g. SiC fibre—glass matrix composites
[22], as shown in Table I, where the interfacial
bonding is principally mechanical in nature) and
b?>a?. Tt is noted that the z,,,, values (e.g. 116 pm and
5.8 mm for the carbon fibre- and release-agent-coated
steel wire—epoxy matrix composites, respectively) es-
timated based on Equation 10 are slightly smaller
than the values (152 pm and 6.5 mm) obtained by
using Hsueh’s theory due to the effect of Poisson
contraction of the fibre in the debonded region being
neglected which therefore overestimates the friction
stress component in the simplified solution. The con-
stant 7, values given in Table I were determined from
the initial gradient taken of the experimental o; versus
L curves for the different composite systems.

Based on the discussions presented above, three
different fibre debond processes can be identified in
terms of stability and the corresponding pull-out
stress versus displacement curves are schematically
shown in Fig. 4. If L < z,,,, the debond process is
totally unstable and initial debond leads immediately
to complete debonding (i.e. o, = o). Therefore, the
stress—displacement curve shows a monotonic in-
crease in stress until debonding is initiated, followed
by an instantaneous load drop (Fig. 4a). In this case,
neither theories proposed by Gao et al. [17] and
Hsueh [11, 12] can be directly applied to predict the
maximum debond stress, o¥. This is because Gao
et al’s model is developed basically for very long
embedded fibre lengths and in Hsueh’s model the
friction stress component no longer exists and stable
debonding cannot be obtained. Instead, the maximum

Z

-0y

<—0'f

debond stress, o}, is simply given by Equation Sa
which is based on the assumption of unstable de-
bonding [6-8]. Totally unstable debonding may also
occur when the frictional shear stress in the debonded
region is negligible so that z,,,, approaches an infinite
value as can be envisaged from Equation 10. In this
circumstance, Equation 5a also satisfies the solution
for the maximum debond stress, o}. However, when
considering the fact that a major toughening mech-
anism in most advanced fibre composites is related to
the frictional resistance at the interface during fibre
pull-out, the situation of zero interfacial friction (i.e.
either zero residual clamping stress, gy, or zero coeffi-
cient of friction, p) seems unlikely in practice. If
L >z, then the debond crack propagation takes
place in a macroscopically stable manner, though
“stick—slips” are observed in the rising stress—displace-
ment curve (Fig. 4b). Stable debonding proceeds until
the debond length reaches (L — z,,,), followed by
unstable debonding (i.e. partially stable). Therefore,
the maximum debond stress, o, can be determined
by replacing z with z,,, in Equation 4. In the extreme
case of z,,, ~ 0 as for some ceramic matrix com-
posites, the debond process is always stable until
complete debond takes place regardless of embedded
fibre length, L. The rising portion of the debond stress
versus displacement curve schematically shown in
Fig. 4c is typically linear without “stick-slips” and
there is no substantial load drop after complete
debonding [25]. This is because the interface is, in
principle, frictionally bonded and there is little chem-
ical bonding (i.e. G,, or 1, is small). Therefore, the
linear increase in stress represents primarily the fric-
tional shear stress transfer across the interface without
virtual debonding until the frictional resistance over
the entire embedded fibre length is overcome. The
maximum debond stress, o, is then approximately
equal to the initial frictional pull-out stress, o;, be-
cause the frictionless debond stress, o, is negligible
(due to small G,_ or 1,,) and the friction stress compon-
ent is a function of the entire embedded length, L.
Therefore, for three different debond processes, solu-
tions for the maximum debond stress, o}, in Hsueh’s
model can be itemized correctly as

of = {2t[l + (v/o)]/Ba}tanh (BL)

L < Zpay (11a)

{a) ) {b)

- —
b {c) 6

Figure 4 Schematic representation of applied stress, o, versus displacement, §, relationship during single-fibre pull-out tests for (a) totally
unstable (L < z,,,) (b) partially stable (L > z,,,,) and (c) totally stable (2, = 0) debond processes.
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Gy + (6 — o)

X{l _ B[ + (/) (vin/Ve)] }
A+ Bi(y/o)(vim/Vf) + B,

o¥ =

(11b)

Bl + (/) (Ve /Vr)] }
A + Bi(y/®)(Vm/Ve) + B,

(11c)

In Equation 11b, o, is a function of z,,,, and B, and
B, are a function of (L. — z,,,,) while in Equation 1lc,
B, and B, are a function of the full debond length, L.

It should be noted that in reality the stability for
fibre debonding is impaired significantly by the testing
conditions {e.g. soft testing machine, long free fibre
length, etc.) so that debonding could become unstable
even for L > z_,. and in composites with z,,, = 0. In
fact, the experimental value z,, = 15mm, above
which stable debonding is observed, for release agent
coated steel wire—epoxy composites (Fig. 2) is greater
than the predicted values of either 6.5 or 5.8 mm based
on Hsueh’s theory or the simplified solution given in
Equation 10 by a factor of about two. Moreover, when
the embedded fibre length, L, is very short, the pre-
cipitous load drop after complete debonding may be
aggravated by the release of the strain energy stored in
the stretched fibre. The load drops to zero if the fibre is
completely pulled out from the matrix. Alternatively, if
the fibre is regripped by the clamping pressure exerted
by the surrounding matrix material frictional pull-out
of the fibre recurs.

The maximum embedded fibre length, L., above
which the fibre breaks without being debonded and
pulled out for a given composite system can be evalu-
ated by equating the solution for the maximum de-
bond stress, o}, to the fibre tensile strength, o, (which
is measured on a gauge length identical to the free
fibre length used in fibre pull-out tests). Gao et al’s
model gives

Lyax = (/W In[(6 — 00)/(6 — o)]

For a similar treatment in Hsueh’s model, z,,,, value
needs to be determined beforehand. If the simplified
solution [24] is used

(12a)

Lmax = a(Gt - 0-0)/2Tf + Zmax (12b)
In Equation 12b, o, is the frictionless debond stress
determined at z = z,, .. It is noted that the L, values
(=800 pum, 493 mm and 23.3 mm for the carbon
fibre—epoxy matrix and untreated and acid-treated
SiC fibres—glass matrix composites, respectively) es-
timated by using Gao et al’s model in Equation 12a
are comparable to those (L., = 914 um, 51.0 and
25.0 mm) obtained from the numerical treatment of
Hsueh’s model. These predictions are approximately
the same as the experimental L,,, values (51.0 and
217 mm) for the untreated and acid-treated SiC
fibres—glass matrix composites. For the carbon
fibre—epoxy matrix composite, up to £ = 420 pm has
been tested without fibre breakage (i.e. the experi-
mental L, value should be greater than 420 um for

this composite). However, the simplified solution in
Equation 12b which is based on a constant 1, value
predicts significantly smaller L, values ( = 300 um,
25.9 and 14.4 mm), by almost a factor of two, due to
the overestimate of the friction stress component
which results in unnecessarily large maximum debond
stress, o, as mentioned earlier. A similar comparison
may not be worthwhile for the steel wire—epoxy
matrix composites because the steel wire exhibits non-
linear plastic deformation near the breaking stress
which makes the estimation of L., values rather
inaccurate.

3.4. Comparison of maximum debond stress,
o4, and frictional pull-out stress, o,
between theories and experiments

The maximum debond stress, o, and the initial

frictional pull-out stress, o, calculated based on the

two theories (i.e. Equations 9 and 3 for Gao et al’s
model and Equations 11a— and 7 for Hsueh’s model)
are compared with experimental results for different
composites as shown in Figs 5-7. Although slight
improvement in the interfacial bond strength were
observed for some electrolytically oxidized carbon
fibres, for simplicity they are treated in the same data

1 . 1 " ] s 1

0 b— -
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3
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b o
L o
®0 /°©
°
O % Q | M l L 1 L 1 N
0 100 200 300 400 500
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Figure 5 Comparison of experimental results and theoretical pre-
dictions of (a) maximum debond stress, 6%, and (b) initial frictional
pull-out stress, o, as a function of embedded fibre length, L, for
carben fibre-epoxy matrix composites. Experiments: (O) untreated
fibres; (@) oxidized fibres. Theories: (——) Gao et al. [17]; (—--)
Hsueh [12].
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(b} L (mm)

Figure 6 Comparison of experimental results and theoretical pre-
dictions of (a) maximum debond stress, a¥, and (b) initial frictional
pull-out ‘stress, o as a function of embedded fibre length, L, for
stainless steel wire~epoxy matrix composites. Experiments: (O)
uncoated wires; (@) release-agent coated wires; ( x) broken wires
without being pulled out. Theories: (——) Gao et al. [17}; (——-)
Hsueh [12].

group as the untreated fibres with identical interfacial
properties in Fig. 5.

Varying degree of agreement is obtained for ¢}
between both theories and experiments depending on
the composite systems used and embedded fibre
lengths (Figs 5a, 6a and 7a). For the two epoxy-based
matrix composite systems (Figs 5a and 6a), Gao et al’s
model predicts the trend of o} well for long L, but it
always overestimates o} for very short L (ie.
L < z,,,). This raises several problems on the validity
of the assumptions made in Gao et al.’s model which
include: a constant G,, (or o,) value for debonding,
stable debond propagation for all embedded fibre
length, Z, and more importantly, the strain energy
stored in the bonded region which is neglected in the
analysis. In contrast, although Hsueh’s model has a
capability to describe the details of o} for very short L
(ie. L < z,,,,), it tends to underestimate slightly o} as
L is increased. Therefore, in using Hsueh’s model
significant adjustment to the pull-out parameters (par-
ticularly the bond shear strength, 1, or the frictionless
debond stress, 64) is necessary if the predicted curves
are to fit the experimental results for long L. For
example, provided that the values for other para-
meters A and & are correctly determined and thus are
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Figure 7 Comparison of experimental results and theoretical pre-
dictions of (a) maximum debond stress, 6§, and (b) initial frictional
pull-out stress, o, as a function of embedded fibre length, L, for SiC
fibre-borosilicate glass matrix composites. Experiments: (O) un-
treated fibres; (@) acid treated fibres. Theories: (——) Gao er al.
[17]; (---) Hsueh [12].

kept the same, a better agreement of Hsueh’s model
with experimental results for steel wire-epoxy matrix
composites (Fig. 6a) for long L requires t, to be
increased from measured values of 43.5MPa to
approximately 65 MPa (which 1s rather impractical
because this vaiue is close to the tensile strength of the
epoxy matrix 66.5 MPa) and 9.0 MPa to approxi-
mately 15 MPa for the uncoated and release-agent
coated wires, respectively. A similar conclusion may
be drawn for the carbon fibre-epoxy matrix composite
(Fig. 5a) where the measured 1, value (72.7 MPa,
which is already greater than the tensile strength of the
epoxy matrix) needs to be further increased for better
fit of the experimental data. In contrast to the results
for other two epoxy-based matrix compaosite systems,
for the ceramic-based matrix composite system
(Fig. 7a), o} curves predicted by both theories agree
exceptionally well with experiments over almost the
whole range of L. This is because G, or 6, are so small
that the two models give similar predictions.

With respect to the initial frictional pull-out stress,
o;, there is very good agreement between theories and
experiments for all the composite systems used (Figs
5b, 6b and 7b). Clearly, the predicted o, from the
two theories agree well with each other, particularly



for the carbon fibre-epoxy matrix (Fig. 5b) and SiC
fibre—glass matrix composite systems (Fig. 7b). This
suggests that the solutions for o; proposed in the two
different models are physically the same for fibre pull-
out after complete debonding. In fact, such a sugges-
tion has been proven by comparing the pull-out para-
meters used in the two models. It was found for all the
composite systems used that the calculated value m,
(positive) was at least two orders of magnitude greater
than the value m, (negative) in absolute terms (ie.
my>»m, ). Therefore, except for very short L, the co-
efficients B, and B, given in Equations 6a and b
(which are now a function of the entire embedded fibre

length, L} can be simplified as
B, ~ (13a)

(13b)

(my — my)exp(m, L)
B, = m,

Combining Equations 13a and b with the solution for
the frictional pull-out stress, o, in Equation 7 in
Hsueh’s model, this gives

my Jexp(m, L)

very short L, particularly for the epoxy-based matrix
composite systems, giving a constant frictionless de-
bond stress, o,, for zero L. However, it should be
pointed out here that single-fibre pull-out tests with
very short L would not provide much practical signifi-
cance because the maximum debond length which can
be observed in fracture of fibre composites (whether
fibres are continuous or randomly oriented unless
exceptionally short fibres are used) is approximately
the same order as the critical transfer length (which
corresponds to half the longest embedded fibre length
in pull-out tests) [16].

To predict more accurately the maximum debond
stress, ¥, for very short L, two modifications can be
made in Gao et al’s model. The first is a rising crack
growth resistance behaviour (namely, the R-curve be-
haviour) for the interfacial fracture toughness, G,
rather than a constant value. This modification is
supported by the work of Atkinson et al. [18]. In a
study of the pull-out of glass rods from a polyurethane

A

6|:1 . (my — ml)eXp(mlL)] b2 g
A+ m,

o = (5{1 [1 + (yo) (Ve /Ve)1(my —

X

It is also noted that when b? > a? (say, the fibre volume
fraction y < 10~ 3, as for the carbon fibre-epoxy ma-
trix and SiC fibre—glass matrix composites), the mag-
nitude of m, is very much the same as — A with less
than 0.1% in error. Therefore, the simplified form of
Equation 13c becomes exactly the same as the solu-
tion given in Equation 3 of Gao et al’s model. The
physical significance of the resemblance between the
two models represented by the parameters m; = — A
is yet to be clarified, but it seems that the coefficient m,
must be related to the shear stress transfer distance at
the interface as the pull-out parameter, 2, itself indi-
cates. The slightly underestimated o, values by
Hsueh’s theory relative to Gao et al’s theory as
observed in the steel wire—epoxy matrix composites
(Fig. 6b) appears to be associated with the finite value
of v ( = 0.0018) which cannot be neglected in Hsueh’s
equation. This result also suggests that the solution of
Hsueh’s model may be more sensitive to the fibre
volume fraction, ¥y, than Gao et al.’s model.

The good agreement with experiments over the
whole range of embedded fibre lengths also proves
that the parameters 6 and A (which in turn determine
the interfacial properties, g, and ) evaluated based on
Gao et al’s model (Equations 8a, b and c) are properly
chosen.

4. Discussion

As noted from the comparisons for the epoxy-based
composite systems shown in Figs 5a and 6a, the
maximum debond stress, ¢ ¥, obtained from fibre pull-
out tests diminishes toward zero as the embedded fibre
length, L, is decreased to zero, which is exactly the
same trend as what Hsueh’s model predicts. In con-
trast, Gao et al’s model overestimates o} values for

m,)exp(m,L) + mz}

(13c)

matrix based on the continuum mechanics approach
using a finite element model along with the corres-
ponding singularity analysis, they show that the inter-
facial fracture toughness, G,,, increases gradually with
increasing debond crack length from the surface, the
maximum G;, value at the full debond length reaching
approximately three to five times the initial value at a
small crack length depending on the method of predic-
tions. It is also noted that the mode 1 component of
the interfacial fracture toughness is important only at
the initiation of the surface crack while the mode II
component becomes dominant with debond crack
propagation. The increasing G;, value with debond
length also requires that the debond crack must not
propagate exactly along the fibre-matrix interface, but
that failure occurs predominantly within the matrix
material immediately surrounding the fibre (or the
interphase) so that a fracture process zone of some
substantial size can be developed ahead of the debond
crack. This may be partly confirmed by the recent
work of Cazeneuve et al. [26] where scanning Auger
microscopy reveals a thin layer (0.6-2 nm) of epoxy
matrix on the surface of pulled out carbon fibres
(which otherwise could not have been detected if
optical or scanning electron microscopes were used).
They propose that matrix molecules are absorbed on
the fibre through bonding to the surface oxygen
groups during the cure cycle and that failure occurs
between the first layer of these matrix molecules and
the rest of the matrix. A similar conclusion has also
been established from the study using scanning sec-
ondary ion mass spectroscopy [27]. With regard to
the properties of the interphase compared to the bulk
organic matrix material, a clear emerging view [28,
29] is that the interphase is significantly softer and is
capable of very high deformation, supporting an
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earlier similar hypothesis [30]. For example, Williams
et al. [28] showed that the average modulus of the
interphase of thickness about 250 pm in a single car-
bon fibre—epoxy matrix composites is about one-
quarter of that in the bulk matrix. The effect of this
soft interphase is severely mitigated by the presence of
the rigid fibre which may effectively increase the
modulus at the interphase very close to the fibre
[28, 31]. However, details on the fracture toughness at
this interphase region have not been reported.
Whether the interfacial fracture toughness, G,., values
increase or not, once the G,—~debond length (L — z)
relationship is known it is possible to obtain a new
solution for o, as a function of embedded fibre length,
L. However, this requires the exact mechanisms of the
R-curve to be established. Moreover, this modification
cannot avoid a limitation that the R-curve still has a
finite non-zero G,, for debond initiation, and con-
sequently does not exactly satisfy the requirement of
zero debond stress at zero embedded fibre length.

Another modification which is more convincing
than the one described above is that for very short L
(ie. L < z,,,) the debond process becomes unstable
[9, 10] and thus the original shear strength criterion
[6-8] could control the whole fibre debond process as
discussed in Section 3.3. In fact, a similar conclusion
has been reported previously by other workers 32,
337. Piggott [33] suggests that for very short L the
fibre debond process in an organic matrix may be
accompanied by a yielding process, an indication that
shear deformation in the matrix plays an important
role to determine stress distribution in the fibre for
short L. To accommodate the unstable debond pro-
cess in the context of fracture mechanics approach
requires proper modification to the assumptions made
in Gao et al’s model.

The fact that Hsueh’s solution tends to under-
estimate slightly the maximum debond stress o¥ as
the embedded fibre length L is increased (Figs 5a and
6a) needs further discussion. It is worth recalling that
the interfacial parameters A and & are determined on
the basis of the experimental results for the initial
frictional pull-out stress gy which is a function of the
entire embedded fibre length, L, while the solution for
the maximum debond stress, o ¥, in Hsueh’s model is a
function of the partial debond length (L — z,,,). The
above discrepancy appears to arise mainly from an
underestimate of the frictionless debond stress o, in
Equation 11b due to the incorrectly defined boundary
condition with associated simplifying assumptions.
Therefore, Hsueh’s model frequently needs an artifi-
cial increase in 1, (and thus o) for a better fit of the
experimental ¥ data, provided A and & are correctly
chosen, as mentioned in Section 3.4. In Hsueh’s ana-
lysis [11] a second-order differential equation for the
axial fibre stress derived from the approximate equi-
librium of stresses in the fibre, matrix and interface
was solved for the boundary conditions at both ends
of the debonded region (Equations A16, A17 and A18
in Reference 11). Therefore, the condition for the
continuity of the fibre stress distribution along the
fibre direction was satisfied. Then, the partial debond
stress was determined by considering the free-surface
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condition of the matrix (i.e. the matrix axial stress at
the surface where fibre enters the matrix is zero,
Equations Al5 and A20 in Reference 11). All these
formulations were performed for the debonded region
where there was frictional resistance. However, the
compatibility of the matrix axial stresses between the
bonded and debonded regions was not properly ac-
counted for. If a constant o, is assumed as in [ 11] this
condition does not cause any problem. However, if it
is assumed that the instantaneous o, values vary as a
function of bond length z as in Reference 12, the
boundary condition given by Equation A17 in Refer-
ence 11 (i.e. the fibre axial stress is equal to o, at the
boundary of the bonded and debonded regions) be-
comes invalid as the effect of matrix axial stress exist-
ing at the debonded (but frictionally connected) region
is completely neglected. This would result in a dis-
continuity of the matrix stress distribution along the
fibre direction as shown in Fig. 8 though the correct
stress value at the debonded region may not be signi-
ficant compared with the applied fibre stress, parti-
cularly for small fibre volume fractions (i.e. b*»a?).
The matrix axial stresses plotted in Fig. 8 are calcu-
lated based on Equations 6 and 8 of Reference 21 for
the bonded region and Equations A10 and Al5 of
Reference 11 for the debonded region with assumed
varying o, values for the carbon fibre-epoxy matrix
composite system. It is noted from Fig. 8 that the
matrix stresses close to the outermost surface in the
bonded region are predominantly compressive. This
anomaly seems to be associated with the simplifying
assumptions that stress components in the radial and
circumferential directions are not considered for the
stress—strain relationship in both the fibre and matrix
[21]. It is expected that if the above conditions are
correctly formulated in Hsueh’s analysis the finite
value of the matrix axial stress gives rise to the corres-
ponding fibre stress which, in turn, increases the fric-
tionless debond stress, o, for a given bond length.
This could effectively bring up the maximum debond
stress, 6%, close to the experimental values for long L.

In contrast to the resuits for the other two com-
posite systems shown in Figs 5a and 6a that the
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agreement for o} between theories and experiments is
varied depending on the embedded fibre length, L, for
the SiC fibre—glass matrix composites (Fig. 7a), the
agreement by both models is excellent over almost the
whole range of L. This appears to be a reflection of the
correct assumption made in both models regarding
the stability of interfacial debonding, It is worth itera-
ting that both models originally assume stable de-
bonding regardiess of L, a condition which is actually
satisfied by this ceramic composite (i.e. negligible z,,,
values both for untreated and acid-treated SiC fibres
as given in Table I). If z,,,, (which is a measure of
maximum embedded fibre length for unstable debond
process) is compared to L, (the maximum embedded
fibre length which can be pulled out without fibre
breakage), it is found that the SiC fibre—glass matrix
composites have a ratio z,,,/L.., = 0.0008 and
0.0036, respectively, for the untreated and acid-treated
SiC fibres. For the carbon fibre—epoxy matrix com-
posites, the ratio is approximately 0.15, and for the
uncoated steel wire—epoxy matrix composites this is
even larger, ie. 0.66, if the experimental value
Lax = 11.9 mm is used. Therefore, the existing solu-
tions of the two models can be reliably used without
any modification to predict both o} and o if the
Zmax/ Lmax Tatio 1s negligible.

In the comparison of the two current theoretical
models, the effect of fibre radius relative to the matrix
radius (or the fibre volume fraction, y) has not been
specifically examined. Certainly, one can carry out
pull-out tests with different fibre radii embedded in a
given matrix of constant outermost radius. This para-
metric study may help to evaluate whether the inter-
facial debonding is fracture governed or strength gov-
erned for a certain composite system [34]. In fact, Gao
et al. [17] compared the maximum debond stress, o ¥,
predicted by the fracture mechanics-based models of
Gurney and Hunt [13], Outwater and Murphy [14]
and Gao et al. [17] and the early shear strength-based
model of Takaku and Arridge [8] with experimental
data [16] on a steel wire—epoxy matrix composite
systems. Gao et al. [17] showed that the fracture
mechanics models are better and more accurately
describe the debond stress than the shear strength
model for a range of fibre volume fraction, v, between
0.0001 and 0.0064 (i.e. with varying wire radii from
a = 0.1-0.8 mm in a matrix radius b = 10 mm). How-
ever, this comparison for the very small range of y
does not lend any support to the conclusion that
which model predicts more accurately the interfacial
debonding and friction pull-out behaviour in practical
fibre composites, particularly when the fibre volume
fractions, v, are as large as 0.65-0.7. In view of the fact
that most debonding theories developed based on a
shear lag model invariably assume a zero stress at the
matrix free surface, their application to practical fibre
composites may be limited to only a small y so that
any effect of interaction between fibres can be neg-
lected. To accommodate this problem in a more rigor-
ous analysis, it may be necessary to regard the matrix
material surrounding a centrally located fibre as a
circular composite the properties of which vary with y
rather than a constant value as assumed in the tradi-

tional analysis. Experimentally, pull-out specimens
can be made by varying the number of fibres of a
constant radius in a given matrix radius.

5. Conclusion

The present study critically examines two current
theories (i.e. Hsueh [11, 12] and Gao et al. [17]) of
fibre debonding and pull-out stresses based on the
shear strength and fracture mechanics criteria, re-
spectively. Plots of partial debond stress, 68, as a
function of partial debond length (L — z) identify three
different cases of interfacial debond process using the
instability condition (do}/dz < 0): (i) totally unstable
for L <z, (i) partially stable for L > z_,.; (iii)
totally stable when z,,, = 0, where z_,, is the max-
imum bond length below which the debond process
becomes unstable. The stability is governed not only
by elastic constants, relative volume of the fibre and
matrix but more importantly by the nature of bonding
at the interface and embedded fibre length. For each
debond process, solutions for the maximum debond
stress, o, in Hsueh’s model are given.

Comparisons of the maximum debond stress o
between the two theories and experimental results of
epoxy-based matrix composite systems show that
Gao et al’s model predicts the trend of o very well
for long L but it always overestimates o for very
short L. In contrast, Hsueh’s model has the capability
to predict o for short L, but it frequently needs
significant adjustment to the parameter 1, for a better
fit of the experimental data for long L. For a ceramic-
based matrix composite, o} predicted by the two
models agree exceptionally well with the experiment
over almost the whole range of L, a reflection that the
stable debond process assumed in these theories is
achieved in practice because z,,, ~ 0.

With respect to the initial frictional pull-out stress,
o, after complete debonding, the agreement between
the two theories and experiments is excellent for all L
and all composite systems. Comparison of the calcu-
lated values for the pull-out parameters reveals that
the solutions for o, proposed by the two models are
essentially identical if the fibre volume fraction, v, is
negligible. This means that Gao et al’s model can be
more conveniently used than Hsueh’s model to deter-
mine accurately the important interfacial properties
such as residual clamping stress, g,, and coefficient of
friction, p.

It is quite obvious that Gao et al’s model needs
some modification if an accurate prediction of ¥ is
sought for very short L. These include varying inter-
facial fracture toughness, G;., with debond crack
growth, unstable debonding for very short L, and
inclusion of shear deformation in the matrix for the
evaluation of G,, and fibre stress distribution. Further
work is required to obtain refined solutions of Gao
et al’s model in the context of a fracture mechanics
approach. The details of this will be reported in Part 2
[35]. Hsueh’s model may also be improved to obtain a
better solution for the fibre stress during progressive
debonding by including the effect of matrix axial stress
existing at the debonded region.
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