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1.1, Summary

Let G be a locally compact group with left Haar measure m; on the Borel
sets IB(G) (generated by open subsets) and write | E| =mg(E). Consider the
following geometric conditions on the group G.

(FC) If ¢>0 and compact set K< G are given, there is a compact set U
with 0<|U|< o and |[x UAU|/|U|<¢ for all xek.

(4) If >0 and compact set K< G, which includes the unit, are given there
is a compact set U with 0<|U| <o and |[KUAU|/|U|<e.

Here A AB=(A\B)u(B\A4) is the symmetric difference set; by regularity
of myg it makes no difference if we allow U to be a Borel set. It is well known
that (4) = (FC) and it is known that validity of these conditions is intimately
connected with “amenability” of G': the existence of a left invariant mean on
the space CB(G) of all continuous bounded functions. We show, for arbitrary
locally compact groups G, that (amenable)<>(FC)<>(A4). The proof uses a
covering property which may be of interest by itself: we show that every locally
compact group G satisfies.

(C) For at least one set K, with int(K)#+® and K compact, there is an
indexed family {x,: xeJ} < G such that {Kx,} is a covering for G whose covering
index at each point g (the number of aeJ with ge Kx,) is uniformly bounded
throughout G.

1.2. Preliminaries

Let L (G) be the Banach space (with ess. sup norm) of all bounded Borel
functions, identifying functions which differ only on a locally mg-nuil set in G
(as in HEWITT-RoOsS [3], section 11). A linear functional m on L% is a mean if

(1) m(f)=m(f);
@ 120 = m(f)z0;
and

3 m(1)=1,

where 1 is the constant function. Obviously |[m| =1 and the means on L*®
form a weak = compact set X< (L*)*. A mean is left invariant (m is a LIM)



Covering Properties and Felner Conditions for Locally Compact Groups 371

if m(, f) =m(f) for all xe G, where we define , 7(¢) =f(x"*¢), and we say that G
is amenable if there is at least one LIM on L*, Similar considerations hold for
other left invariant spaces X of functions on G, such as X=CB(G), and for
these spaces there is a corresponding notion of amenability; however, all of
the standard variants of the definition of amenability are now known to be
equivalent, see [2], section 1.

In an early paper FOLNER showed that for discrete groups we have (ame-
nable)<(FC); recently the same result has been proved [2] for a large class
of locally compact groups: those which have an open normal subgroup H
which is almost connected (H/H, is compact, where H, is the identity com-
ponent). At the same time LeEpTIN [7, 8] considered the group invariant I1(G):

1(G)=sup {inf{lﬁﬁl Ued, EU|>O}: Ke%}gl,

where /" is all compacta in G; it is easily verified that I(G)=1<>-(4) holds.
In [8] LepTiN shows that, for the class of groups just described, G is ame-
nable<>(A) holds. The methods in [2] and [7] depend on structure theory of
locally compact groups and do not seem to extend to general locally compact
groups.

For any G we have (4)=(FC): for if (e, K) is given let U be chosen to
satisfy (A4) for (¢/2, K;) where K, =KUK " *UKK™ ! If keK then

lkUAU|=|kU\U|+|UNkU|=1k U\U|+|k"  U\U|<2 [K, U\U|
=2]K, UAU|<e|U]

as required. Conversely if G is discrete we have (FC)=>(4): let (¢, K) be given,

with K={x,, ..., xy} including the unit, and choose U to satisfy (FC) for

(¢/N, KK™1). Then
|[KUAU|=|KU\U|=

N N
UG U\D)| S Y 1% UAU|<e|UJ.
i=1 i=1

One of our main theorems, based on the covering property (C), asserts:
Theorem. If G is any locally compact group then(FC)=(A) (thus (FC)<(A4)).

We shall also include, for completeness, a proof of the following result
which is based on some unpublished remarks of RYLL-NARDZEWSKI.

Theorem. If G is any locally compact group then (amenable) = (FC).

It will be a straightforward matter to see that (FC)=>(amenable), so we
conclude that (amenable) <> (FC)<=(A).

Remarks. In (A4) our compact set K is required to include the unit ecG; if
we indicate by (4') the same condition with K0 the only restriction on K it
is helpful to observe that (4)<-(4’). Implication (<=) is trivial; conversely let
K=0 be given, let K'=Ku{e}. Then by (4) there is a compact set U with
27+
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0<|Ul<ow and |[K'UAU|=|K'U\U|<Le|U|. Now | KUAU|=|KU\U|+
{UNKU|, but note that

[UnKU|+|UNKU|=|U|Z|KU[=|KU\U|+|KUAnU|,
which implies | UNKU| £ [KU\U/. Thus

[KUAU|ZS2|KUNU|ZL2|K'UN\U|<e|U|
since K'o> K.

1.3. A Localization Problem

Present methods of proving (amenable)=>(FC) for general groups demon-
strate only the existence of a set U satisfying (FC) for a pair (¢, Kj if G is
amenable, but provide no hint of how such sets U are located in G or how
they may be constructed. Various ‘“localization problems” dealing with such
questions are considered in {[10] for condition (FC) and there are similar
problems for condition (4). If (P) is one of the conditions (FC), {(4) the
simplest localization problem asks whether we may choose U to satisfy (P)
and simultaneously include a prescribed compact set E:

(P..) Let (&, K) be given, as in (P), along with any other compact set E<G.
Then there is a compact set U satisfying (P) for (g, K) such that U E.

This localization problem is resolved as follows.
Lemoma 1.3.1. For any locally compact group, (P)=>(Py,.) for either of the
conditions (P) =(A), (FC).

Proof. We deal the case (P)=(4), the proof for (FC) is much the same.
Let >0 and compact set K, including the unit, be given along with a compact
set E. If G is compact we may take U=G and obviously satisfy (A4,..), so
assume G is not compact. Suppose we can find compacta {U,: n=1, 2,...}
with | U,| 2 # such that

lKU,,AU,,l<%lU,,| for n=1,2...;

then for large n we may take U=U,u E> E and satisfy (4) for (¢, X). In fact
we have |U|=|U,l, so

]KUAU]<IKUAU|<1KUAKU,,[ IKUnAUn}+|UnAU1
vl = 1ol = [ Unl | Ul A
where
[KUAKU,,i__[(KU,,uKE)\KU,,[ <[KE! 0
[ Ual | Usl R A ’
UAG_ 1Bl
(0, TG
while

|KU,,AU,,{<—§-|U,,| for all n.
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To see we can find such a sequence {U,} let U be any compact set satisfying
(A) for the pair (g/2, K). As G is non-compact there is some g,eG such that
Ug,nK 1 KU=0. We may assume 4(g;)=1 where 4 is the modular function
on G: this is trivial if G is unimodular, otherwise let H={xeG: A(x)=1}—a
closed normal subgroup with G/H identified as a subgroup in IR (the real
numbers). If n: G — G/H is the quotient homomorphism, (K ~* K U) is com-
pact and there is some g, € G with 4(g,) =1 [i.e. n(g,) = 0if we identify G/H = R]
such that =(U) n(g,) nn(K~*KU) =9, which implies Ug; n K *KU=0. Let
U,=UuUgy, so

|Ul=U|+|Ug|=[1+4(g)]IU|22]U;
then KUNUg, =9 and KUg, n U=0 so that
[KU AU |=|(KUUKUg)\(UuUg)|=|KU\U|+[(KU\U) g4l

=[1+4(eD] IKU\U|<-[U|- [1+4(e)] =5 Uil

Next take g,€G so that U;g,nK KU, =0 and 4(g,)=1, and define U, =
UyuU,g,, so that [U,|=[1+4(g)]|U,|=22?|U|. The same computations
show

&
IKUZAUZI<”2—'IUZI-

Continuing inductively we get the desired sequence {U,} with |U,|=2"|U]|.
Q.E.D.

1.4. Amenability and (FC)
Theorem 1.4.1. For any locally compact group G, (amenable)<>(FC).

Proof. To see that (FC)=-(amenable): direct the system J={(¢, K)} in the
obvious way, pick U; to satisty (FC) for the pair j=(e, K), and write ¢; for
the normalized characteristic function of U;. For each xe G we have || .0, — ¢, ||,
=|xU; AU;|/IU;| -0; but each ¢; determines a function ((pj,f>=j @;fdmg
which is a mean on CB(G) and, since the set X of all means on CB is weak- =
compact, there is at least one weak # limit point m for the net {¢,;} =X. It is
trivial to check that m is left invariant.

We prove the converse in two lemmas: the first is adapted from [10] and
the second is an unpublished result due to RYLL-NARDZEWSKI.

Lemma 1.4.2. Any amenable locally compact group satisfies the following
measure theoretic Folner condition.

(FC*) Let ¢>0, 6>0 and a compact set KcG be given. Then there is a
compact set U with 0<|U| < oo, and a Borel set Nc K with | N| <8, such that
IxUAU|/|U|<s for all xe K\N.

Proof. If | K|=0 there is nothing to prove (take N=XK) so assume | K|>0.
It is well known (see [4]) that G is amenable<>for every (¢/, K’) there is some
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peP(G)={feLX(G): f20, [ fdmg=1} with | .p—¢|,<¢&, all xeK’. Choose

peP(G) corresponding to K'=K, & =¢d/|K|. We may assume that ¢ is a
simple function of the form

ol N
o= A ¢, where 4,20, 3 i=1,
i=1 .

the 4; are compacta with 0<|4;| and 4, >--- 54y, and ¢, eP(G) is the nor-
malized characteristic function of 4,. It is a straightforward matter to see that

N N ; o
| IxA; A4l  &d
[xp~@lli=) All:04—0ali= )% : ~=

D1 igj_ H D4 (7 Hl iZ1/L IAll IK{
since 4, > --- > Ay. Integrating over xe K we get
N
A. .
e 5> Zgijli_L‘A_AzLde(x)
=N S 1

and since this is a convex sum we must have

£6> _[I—)E—Iii—fl—[—i—l—dm(;(x)

K

for at least one A=4A,. The integrand can be =¢ only on a set N X with
|N|<3, so we have |[x4A Ad]|/{4}<e all xeK\N. Q.E.D.

Lemma 1.4.3. For any locally compact group, (FC*)=(FC).

Proof (RYLL-NARDZEWSKI, unpublished). It suffices to prove (FC) for (&, K)
with |K|>0. Let A=KUKK so |kAnA|=2|kK|=|K]|, all keK. If =% |K|,
then for any subset Nc A with | A\N| <& we have Kc NN ~*; in fact if keK
we have

26=|K|<|kANA|S|kN AN+ |AN|+]k(A\N)| <|kN A N|+25,

so that kNN N=+90 and keNN~L. Apply (FC*) to (¢/2, A) and é=1%|K]|.
There is a compact set U with 0<| U} < o0, and Borel set N= A4 with | ANN| <4,
such that | x UAU| <4 ¢ | U], all xeN. For x{, x,€N this means

1x,%; ' UAU|=|x; 'UAX] US| UAX; ' U+ UAx{ U
=|x, UAU|+|x, UAU|<se|U}{,
so |xUAU|<g|U| forall xeKeNN™!. Q.E.D.

2.1. The Covering Property (C)

The sets K considered in (C) are precisely the relatively compact sets with
interior. It suffices to consider K which are relatively compact neighborhoods of
the unit, forif Kissuch asetand ' ={x,} makes {Kx,} a covering whose index is
uniformly bounded by n< co, and if pe Gis given, then the neighborhood Kpof p
and translations {p~!x,} give a similar covering. If K and Z ={x,} are given,
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with {Kx,} a covering of G, we denote the index of this covering at yeG by
I(K, #, y). Finally, we may replace the phrase “For at least one set X ...” in
our definition of property (C) with “For every set K ...”, as the following
lemma shows.

Lemma 2.1.1. Let K and & ={x,: a€J} be given with int(K)=+9, K compact,
and {Kx,} a covering of G with covering index uniformly bounded throughout G.
Let K' be any other set with int(K')+0, K’ compact. Then there is a family
Y ={y,: Bel} such that {K' ys} is a covering whose covering index is uniformly
bounded throughout G.

Proof. Assume I(K, Z, x)SN< in G. Choose {g;, ..., &,; =G s0

K'= K" g>K;
i=1

then int(K")+® and K" is compact so we may choose {A;, ..., 4,} =G such
that

U h; KoK,

i=1
Let I={(i,®): i=1, 2, ..., n; aeJ} and define indexed family & ={y; ,, =£;x,}.
We assert that {K’ y; ,} is a covering whose index is <N - m - n throughout G;
evidently

UK y4,m=UK gx,2UKx,=G.

Assume there is some xeG with I(K’, {y o}, X)>Nmn=N'. Then for
more than N’ indices (i, «) we have xeK’ y; ,,=K’g;x,; but there are only n
choices of i, so there is some 1=<i,<n such that xeK’g; x, for more than
N'/n=Nm choices of index aeJ. For these a we have

xeK' g, x,cK" " x,= U h;Kx,,
i=1
and there are only m choices for j, so there is some 1=j,<m such that
xeh; Kx,for more than Nm/m =N choices of o€ J. This implies that h;,' xe K x,
for more than N choices of aeJ: i.e. I(K, {x,}, h;;} x)> N, which is a contradic-
tion. Q.E.D.

Remark. By using the inversion symmetry x —x~1 of G we see there is a
one to one correspondence between coverings by right translates {Kx,} and
coverings by left translates {x;* K ~'}. For convenience we consider only the
right handed situation.

If G is a vector group (G=1R") or atoroid (G=T") for n=1 the covering
property (C) is evidently valid; moreover it is also clear for such G that there
are relatively compact neighborhoods of the unit {K;: i=1, 2, ...} which form
a neighborhood basis, and corresponding families of translations Z;=
{xi: «eJ;}, which give coverings of index I(K;, &;, y)=1 for all yeG — i.e.
{K;xi} is a non-overlapping partition of G by translates of the increasingly
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small neighborhoods K;. All discrete groups have this stronger property
(take K={e}). If G is compact it obviously has property (C) and in fact the
trivial choice of K=G, & ={e} gives a partition; however it is not at all clear
that there are arbitrarily small neighborhoods K of the unit which partition G
for a suitable family of right translates — the three dimensional real orthogonal
group G=S0(3, R) presents an interesting unsolved problem in this respect.
With these examples in mind we define the group invariant p(G), the infini-
tesimal covering index of G by directing the family & of all relatively compact
neighborhoods of the unit downwards by inclusion and defining

I(K,Z)=sup{I(K, %, y): yeG}, all K.Z,
p(K, G)=inf{I(K, Z): translates of K by Z cover G}, all K,
p(G)=liminf{p(K,G): KeF}.

We shall inquire which groups have p{G)=1; note that p(G) is integer valued
(possibly + o) and that, by the above remarks, all discrete groups, toroids,
and vector groups have p(G)=1. Although p(G)< o =(C) it seems possible
that p(G)=+ oo even if G has property (C). We shall demonstrate that (at
least) all solvable Lie groups have p(G)=1, in the course of proving the
lemmas which establish the main theorem of this section:

Theorem 2.1.2. Every locally compact group has property (C).

Lemma 2.1.3. If G is a locally compact group, K a compact normal subgroup
such that G/K has property (C), then G has property (C).

Proof. Let V= G/K be a compact neighborhood of the unit ¢’'eG/K and
select {&,} so {V¢,} covers G/K with covering index <n<oco at every point
¢eG/K. Pick x,eG so n(x,)=¢£,, where n: G~ G/K is the quotient map, and
set U=="1(¥), a compact neighborhood of the unit in G. Then z(Ux,)=V¢,
all aeJ and I(U, {x,}, x)=I(V, {,}, n(x)) for all xeG. Q.E.D.

Lemma 2.1.4. Let G be locally compact and H an open (not necessarily
normal) subgroup with property (C). Then G has property (C) and p(G)=p(H).

Proof. Let K< H and & ={x,} = H satisfy (C) for the group H with covering
index Iy(K, &, y)<n<oo. Let {y;} be a (discrete) transversal for the right
cosets G/H={Hy: yeG} — a set with one element in each coset, an let z,, g, =
X, ¥p. Then

G=UHyz;=UKx,y;
B @ B
$0 {KZz, 4} covers G and its covering index at any point xeG is <n. Slight
modifications show p(G)=p(H). Q.E.D.

Lemma 2.1.5. Let G be a Lie group and N a closed normal subgroup. If N
and G{N have property (C), so does G; furthermore p(G)=< p(G/N) - p(N).

Proof. The estimate on p(G) will be clear from our constructions. Let
n: G—G/N be the (continuous, open) canonical homomorphism. As we are
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dealing with Lie groups it is clear that there is a continuous (indeed analytic)
local cross section for the cosets of N; i.e. if we consider any sufficiently small
(compact) neighborhood K of the unit e’'e G/N, there is a continuous “‘cross
section map” 7: K; — G [t can be taken analytic, but is not a homomorphism]
such that o r=id. Write T=1(K;)=G; evidently the maps =, T are homeo-
morphisms between the compact set T<G and K; = G/N, T meets each coset
of n7(K,) precisely once, and =~ *(K,) is a closed N-saturated neighborhood
of the unit eeG with n~'(K;)=T"- N. Obviously we may assume 7>{e}.

As G/N has property (C) we may choose {&,: aeJ}=G/N such that{K, ¢}
covers G/N with covering index <n<oco throughout G/N [we may take
n=p(G/N) if K, is very small and suitably chosen]. We may assume, by
making slight alterations of K, {£,} which do not affect the bound on the
covering index, that the unit ¢'e{&,}, say &, =¢’. For each aeJ take x,eG
with n{x,)=¢, (take x, =e). Next let U, be any compact neighborhood of the
unit in N; as N has property (C) we may find {y,: fel} <N such that {U; ys}
covers N with Iy(U,, {y;}, ¥)Sm<co at each point yeN [if U, is small we
may arrange that m=p(N)].

Define U=T-U, <G. This is evidently a compact set in G; it is actually
a neighborhood of the unit [so int(U)=+0]: in fact we have U=TU, <cTN=
7 *(K,) and for every xeT- N there is a unmique factorization x=0o(x) - n(x)
with a(x)eT, n(x)eN. These maps ¢, n are continuous: in fact o(x) =1(zn(x)),
which is continuous since t: K;— G is continuous, and so 5(x)=c(x)"!x is
also continuous, giving a continuous bijection

1 (K)=TN-—=",TxN  (Cartesian product space).

If «: GxG — G is the (continuous) product mapping, we have oo (o x#)=id,
so o and ¢ x#x are homeomorphisms between 7-N and T'x N. Now T'x U, is
clearly a neighborhood of (e, e)eT'x N, so a(TxU)=TU,=U is a neigh-
borhood of the unit in G. Finally, note that n~'(K,) =TNc {T U, y;: pel} <
TN, so these sets are equal.

Let xp, =YX, for all (8, )elxJ. We assert that {Ux, ,,} covers G with
covering index <m - n throughout G. To see this is a covering, let xeG'; then
there is some aeJ with n(x)e K, £,, which implies

XETC_I(KI)-.XT“:TN.X“:U {TUlyﬂxaz: ﬁEI}= U {Uyﬁxtx}
a,

as required. For xeG there are at most » indices aeJ, say J,={o;, ..., &},
such that n(x)e K, £,, and these are precisely the indices aeJ for which

XE?T_I(KI éa):n_l(Kl) xrz= U {TUI yﬁ xoc} .
fel

If, for each aeJ,, there are at most m indices fel with xeT' U, yzx,=Ux 4,
then the covering index at x is <mun as required; otherwise there is some
x€G and some aeJ, with xeT U, y,x, for more than m indices fel, and this
happens if and only if z=xx,;'eTU, yp for more than m indices fel. Writing
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the unique factorization z=0(z) - n(z) this means n(z)e U, y; for more than m
indices fiel, contradicting the definition of m. Q.E.D.

Proof (2.1.2). If G is any locally compact group there is an open (not
necessarily normal) subgroup H < G which is almost connected (H/H,, compact),
see [9], pp. 56 —358, and by 2.1.4 it suffices to show any almost connected
group G has property (C). But connected, and even almost connected, groups
are known to be approximable by Lie groups; there exist arbitrarily small
compact normal subgroups K< G with G/K a Lie group (see [9]). Let K be
any one of these subgroups: in view of 2.1.3 it suffices to show that Lie groups
have property (C), and another application of 2.1.4 reduces our considerations
to connected Lie groups.

As is well known, every connected Lie group G has a unique maximal
solvable connected normal subgroup; this subgroup r(G) (the radical of G) is
closed, G is semi-simple<>r(G) is trivial, and G/r(G) is a connected semi-
simple Lie group. In any connected solvable Lie group H there is a sequence
of closed subgroups H=H,>:-o>H,={e} with H; ; normal in H; and
H,/H,_ either a vector group or a toroid (see [9], section 3); applying 2.1.5
several times we see that such groups satisfy (C) and in fact have p(H)=1.
Applying the remark and 2.1.5 to the exact sequence e > 7(G) =G — G/r{Gi—e
we are reduced to considering connected semi-simple Lie groups. We may also
assume G is center free, for if Z is the (discrete) center of G we may apply
2.1.5 to the sequence e »Z -G —G/Z —¢ (it is well-known that the semi-
simple group G/Z is center free). _

If ® is the Lie algebra of a center free semi-simple Lie group G and & is
the group of invertible linear operators on the real vector space ® generated
by the operators {Exp(ady): Xe B}, where ady(Y)=[X, Y] for X, Ye®, there
is a natural Lie group structure on ® and there is an analytic isomorphism
G=0. It is a basic consequence of the structure theory of semi-simple Lie
algebras such as ® (see [9], 3.11) that ®, and hence also G, has maximal
compact subgroups, all of which are connected and conjugate under inner
automorphisms of G; furthermore if a maximal compact subgroup K is specified,
there is a closed solvable simply connected subgroup S<=G such that every
xeG has a unique factorization x =k(x) s(x) with k(x)eK, s(x)eS, and the
map k xs5: G— K x § (Cartesian product space) is bicontinuous (although not
an isomorphism). In particular we have G=KS. Now § has propezty (C), so
if V=S is a compact neighborhood of the unit in S there is a family {s,} < S
such that {¥s,} covers S with index Is(V, {s,}, 1)Sn<o on S. Let U=KV<G;
since k xs: G—K xS is bicontinuous, the compact set U is a neighborhood
of the unit in G. Evidently G=KS=U{KVs,: ael}, so {Us,} covers G.
Furthermore if x =k(x) 5(x)eG then xe Us,=KVs,<s5(x)eVs,, and there are
at most # indices «eJ for which this happens. Thus I(U, {s,}, x)=n all xeG.
This proves 2.1.2 in full. Q.E.D.

Corollary 2.1.6. If G is any locally compact group, there is a set K with
int(K)=~=8 and K compact and a corresponding set {x,} =G such that {Kx,}
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partitions G i.e.
I(K,{x,},y)=1  forall yegG.

Note. It may not be true that G has arbitrarily small sets K which may be
translated to the right to partition G [this is the same as saying p(G)=1]. For
example if G=S0(3, R), then K=G satisfies 2.1.6, but we conjecture that
p(G)=1. We comment on this at the end of this section.

Proof. This follows from the discussion of 2.1.2 if we strengthen 2.1.5 as
follows.

Lemma 2.1.7. If G is a connected Lie group and N a closed normal subgroup
and if GIN, N have relatively compact neighborhoods of the unit which may be
right transiated to give partitions, then G has this property too.

Proof (Sketch). Let K; @ G/N be a compact neighborhood of the unit with
boundary of measure zero and continuous cross section map t;: K;—G. By
covering G/N with translates of K; we get a sequence of local cross sections

{(Ki, 7)1 i=1,2,..} with {JK,=GIN,
i=1

1

each compact set in G/N meets only finitely many K;, and we may define a
“piecewise continuous™ global cross section ©: G/N — G inductively:

(=7 CeK,
(@=u® e(KAUK).

It is a straightforward matter to see that if U is a compact neighborhood of
the unit in N and if K is a relatively compact neighborhood of the unit in G/N,
then t(K) U is a relatively compact neighborhood of the unit in G. Further-
more, if U, K may be translated on the right to partition N, G/N respectively,
the same arguments as in 2.1.5 show that 7(K) U has the same property in G.
Q.E.D.

Remark. We obtain another group invariant A(G) which we might call the
covering index in the large by directing the relatively compact neighborhoods
of the unit & upwards rather than downwards and defining

A(G)=lim inf{p(K, G): KeF}.

Now it is trivial that A(G)=1 for compact G, and the considerations in 2.1.2
(and combinatory Lemma 2.1.7) may be adapted with little difficulty to show
A{G)y=1 for almost connected groups G, but it is not at all clear which discrete
groups have 1(G) =1 [although this is easily seen true for abelian GJ.
Remark. If S is the unit sphere in IR® with G=S0(3, R) acting transitively
let a point pe.S be fixed. Then the action G x .S — S is equivalent to the canonical
action G x G/H — G/H where H={xeG: x(p)=p} (a 1-dimensional toroid) and
G/H={xH: xeG} is the left coset space with its usual topology [which makes
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G/H homeomorphic to S under ¢: x H— x(p)]. We may ask whether there
are arbitrary small neighborhoods ¥ of p, and corresponding families 4 =
{x,} =G, such that {x,(V)} partitions S. Since p(H) =1, an affirmative answer
to this implies an affirmation answer to the corresponding question for G: i.e.
p(G)=1; however, we conjecture that the answer is negative in both cases.
Even the simpler question for transformation group (G, S) seems difficult to
resolve.

3.1. Property (4) and Amenable Groups
We use property (C) to establish
Theorem 3.1.1. In any locally compact group G, (FC)=>{4).
This is an immediate consequence of the following result.

Proposition 3.1.2. Let G be a locally compact group and K< G any compact
set which includes the unit and int(K)=+@, and let K' =KKK™1; then there is
an g,>0 (depending only on K) with the following property. For any 0<e<eg,
and any Borel set Uc G which satisfies (FC) relative to (¢, K'), so that

0<jU|<oo and ﬁ—tlj—UAl—U—l<s for all xeK’,

there is a corresponding Borel set U’ < U such that
(i) 0<|U'| <0,

(i) |U\U'|<)/e| U],

... [ KU AU - | K|

i) ————<4MN /g ——.

W T Verky
Here N=p(K, G) [as in the definition of the infinitesimal covering index p(G)]
and M=max{A(x): xeK} where A is the modular function of G.

Proof. Let ¢>0 be given and consider a set U which satisfies (FC) relative
to(s, K'). Forany0 < < oo define E(8) ={xe U: | K,|>5},where K, =K'\Ux ",
and define U(6)=U\E(S). We regard 6>0 as a parameter independent of
¢>0 for the time being and prove several estimates which are valid for any U
satisfying (FC) with respect to (g, K') if (¢, 6) lies in the region D < IR? deter-

mined by:
0<e<min —*1 *-——‘——" '2 =g
4 s MZ I K/IZ 15

s K]
1e|K'|<d< TR
Then we shall demonstrate that if we require 0 <e<g, (g, to be chosen) and
take 6(g) =1 | K'| (s+]/¢), the set U(5(g)) satisfies (i)...(iil) as required.
For xeK’, >0 define S(x, 8)={yeE(d): xeK,}. Then S(x, )< U and
xS(x, 8)nU=0, for teS(x, §)=xeK,=K'\Ut "', which=> xte K’ 1\U, which
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is disjoint from U. Now |xUA U|<e | U] for all xeK’, by hypothesis, so we
have 2 [U|=2 |xUn U|+|xUA U], which implies

IxUn U|>(1—§) |UJ.
Therefore | S(x, 0)| <% ¢| U] since

(1——26—) [UI<|xUnU|=|x(U\S(x,8)) " U|S|U\S(x,8)|=]U[-|S(x,0)].

By Fusint’s Theorem we see
[iKdt=[[ [ ax,()dx]di= ([ | gk, (x)dt]dx= [|S(x,0)| dx,
E(5) E(5) K’ K’ E(d) X’

where yj is the characteristic function of any set E<G. By definition of E(J),
| K.|> 6 for all te E(J), so that

() SIE@IS [IK, dt= [|S(x,0)[dx<ze|U||K|.
E(d) K’

If 6>%¢|K'| we see that | E(0)| <|U|, which =|U($)|=|U|~|E()|>0, so
condition (i) is satisfied for any set U(9d) if (e, §)eD.

Let & ={x,: aeJ} be chosen so {Kx,} covers G with sup{I(K, &, y): yeG} =
p(X, G)=N< oo, and for each >0 let ' (6)={x,e%: Kx,n U(5)=0}, which
we write as Z(8)={x,: aeJ(8)<=J}: then U(0)={J{Kx,: aeJ(5)}. Next pick
2,€Kx,nU(S) for each aeJ(d) and observe that for all x,eZ (8) we have

4(p)=M A(x,)

Kx,nU@®) =
pekxuntlo) {IK’p\UléM(p)-

In fact,
peKx, = p=kx, = A(p)=4(k) A(x,)SM A(x,),
and

peU@E) = |K,|=|K'\Up™'|£6 = |K'p\U|=A4(p) |K\Up~'|264(p).
Furthermore
peKx, = x,eK 'p = Kx,cKK 'pcK'p
= |Kx\UISIK'P\U|S64(p)SoM A(x,),
which implies that |Kx,nU|Z[|K|—dM] A(x,) for all x,eZ(3). For any

Borel set V<G with | V| <oo we have Y {|Kx,nV|: aeJ}<N- | V| since {Kx,}
covers G; in fact for any finite collection {x, ..., x,,} =& we have

Agllei NnV|= ;1,( 1 (D g 5, () dt

= j%v(l) [Z:IXKx,-(t) dt]éNjNXV(t) di=N|V|{,
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since the covering index of {Kx,} is, by hypothesis, <N at each point teG.
Therefore we conclude, taking V'="U, that
NIUIZY {IKx,nU|: aelJ}
Y {|Kx,nUl: aeJ(O)}2[IK|—6M]Y {4(x,): aeJ(5)}.

Now if (¢, )e D we have, in particular, 6 <|K[/M so |K|—d M >0.
By definition of {p,: a€J()} with p,e Kx, U(8) we have

(+%)

U@)cU{Kx,: aeJ(@)}<U{KK 'p,: acJ(5)}
which implies that
KU@)cU{KKK ' p,: aeJ(0)}=U{K p.: 2eJ ()}
cUU(U{K p\U: 2eJ(6)})
hence by (*x) we see that:
IKU@)| I UI+Z K p\UJ: e (8)}
SIUT+6M Y {4(x,): aeJ(9)}

SMN

élUl“i‘m

jUfl.

Defining ¢, as above, let 0 <g, <&, be chosen so (¢, 6(e))eD for all0<e<e,:
this choice depends only on K (through the parameters M, N, | K|, | K’|) and
the above estimates are valid for 6 =45(s), 0<e<e,. In particular if O0<g<e,
we have |U(6(g))| >0, so (i) holds, and

[U\U(S()I=|E(3(e))iS3¢-6(e) U] K|
=e(e+)/&) | UI=)e(l+)/e) HUIS)/e| U],

which proves (ii) for U(6(g)). Write U’ =U(d(g)); then
(KU AUl |KUN\U'| _|KU'| _

- = 5 = 1,
U] (Ul Ul
since K includes the unit, and
|KU'| _|KU'| |U1<(1+ ()M N ) v
U7 up (o= K= M ] |U|—|E(0(e))]

<

(1+ (e+)/e) M N |K'|
2|K|~(e+)/e) M |K'|

) (1+)/e).

Note that the right side of this inequality depends only on (g, K) and not on
the particular set U which we started with. We now demonstrate thatif 0 <g<g,
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for suitably chosen g,>0, then

KU’ - | K'|
—<1+4MN}/e ,
| U’ 4 [K]
so that
IKU AU IK}
— < 4MN
(U] Ve 1Kl

Hence (i)...(ii1) hold for all 0<e<ze, if we take U’ =U(5(g)).

For small >0, say 0<g<é;<¢,, the denominator in the first term of the
above estimate is =| K| (recall | K|>0 by hypothesis), so for these values of
>0 we have

KU

T <1+é [MN IKE+1] [MN [K'] [MN 'K']

IK| K| K]

But for all small £>0, say 0<e<e,<e; we have: (e* term)=(sum of higher
order terms), giving

KUl _ [
i+ |2MN
| U’

Take g;=¢,. Q.E.D.

| K|
IK|

K'|
K|~

+1] J/e<1+4MN|/e ‘I

3.2. Amenable ¢-Compact Groups

Using the result of the preceding section and our earlier comment that
(P)=>(Py,.) for (P)=(4) or (FC) we may prove a strong characterization
theorem for amenable o-compact groups.

Theorem 3.2.1. A o-compact group G is amenable<>there is a sequence {U,}
of compact sets with 0<|U,{< o0 and

(1) UnCUn-i—ls

(i) 6= U,

n=1

and for every nonempty compact set K< G we have

. KU AU,
iii lim —2—
i T iA

Proof. Implication (<=) trivially gives (4), hence amenability; conversely,
let {K,} be an increasing sequence of compact neighborhoods of the unit which
fill up G and have K, cint(K,,,). We construct {U,} inductively using the fact
(amenable) =(A4) = (4},.): choose U; to satisfy (4,,.) for (1, Ky) with K, = U,,
and for n>1 chose U, to satisfy (A4y,.) for (I/n, K,) with K, w U,_, < U,. Since
any compact set K< G lies within one of the X, then K,,= K for m=n. Then,

=0.
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as in Remarks at end of 1.2, |U\KU|Z|KU\U|, so for m=n:
IKU, AU = KU \NUy |+ U NK UL S2 | KU N\U,IS21K, U\ U,

as required. Q.E.D.

From the considerations in 3.1.2 we could derive the following result; for
a detailed proof of this and other properties of g-compact amenable groups
we direct the reader to [11.

Theorem 3.2.2. Let {U,} be a sequence of compacta in locally compact
group G with positive measure such that
IxU,AT,|

[ Ul

uniformly on compacta in G. Then there exist compacta U, cU, such that
|Usi>0 for large n and

E,(x)= —0

. AN M
@ Jm o =0

(ii) For every nonempty compact subset Ko G

n> o IUn!

Note. We are assuming that {U,} eventually satisfies (FC) for every pair
(g, K), and conclude that we may obtain a sequence {U,} which eventually
satisfies the (formally) stronger condition (A) for every pair (g, K) by doing
minor surgery on the sets U,.
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