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Weak Holonomy Groups

ALFRED GRAY

1. Introduction

The well-known holonomy theorem [2] implies, among other things, that
the holonomy group G of a Riemannian manifold M determines certain
identities satisfied by the curvature operator of M. These identities, in turn,
are very useful for proving the theorems about the topology of compact
Riemannian manifolds with holonomy group G. For example if M is a compact
Kiéhler manifold (that is, the holonomy group of M is U(n)) then the curvature
operator of M satisfies identities which imply that the second Betti number
of M is nonzero. A similar theorem for the case of holonomy group G, has
been proved by Bonan [6] (see also [8]).

The following question naturally arises: If a certain group G is not the
holonomy group of M, are there some weaker conditions on G and M which
imply that the curvature operator of M satisfies useful identities? In this paper
we show that there is indeed such a condition, namely the property that G
is a weak holonomy group of M. We now define this notion, together with the
auxiliary notion of special subspace.

Let M be a pseudo-Riemannian manifold and assume the structure group
of the tangent bundle of M can be reduced from O(p, g) to a connected Lie
group G. For me M we denote by M, the tangent space to M at m.

Definition. A subspace P<M,, is said to be special provided

(i) there exists a proper subspace P'<P such that for all geG, g|P is
determined by g|P’;

(ii) if P’<P<P” and g(P’) determines g(P”) for all geG, then P=P",

Definition. We say that G is a weak holonomy group of M provided the
following condition is satisfied: for each me M, and differentiable loop y in M
with y(0)=y(1)=m there exists geG such that t |P=g|P whenever P is a
special subspace of M, of minimal dimension with y'(0)e P. Here 7, denotes
parallel translation along y.

In this paper we investigate weak holonomy groups in the case when the
group G has a compact real form which acts transitively on a sphere. Berger [3]
has classified the holonomy groups of manifolds having an affine connection
with zero torsion. Either from this classification or directly from Simons [12],
it follows that the restricted holonomy group of an irreducible Riemannian
manifold which is not a symmetric space acts transitively on a sphere. Thus
the curvature operator of a Riemannian manifold with weak holonomy group G
will satisfy certain identities which generalize those satisfied by the curvature
operator of a Riemannian manifold with holonomy group G.
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A pseudo-Riemannian manifold M does not necessarily have a unique
weak holonomy group. Thus if M has weak holonomy group G and H is a
connected Lie group such that G H < O(p, g), then H is also a weak holonomy
group of M. Of course holonomy groups are unique.

According to [117] the compact connected Lie gronps which act effectively
and transitively on spheres are the following: SO(n), U(n), SU(n), Sp(n),
Sp(n) - SO(2), Sp(n)-Sp(1), G,, Spin(7), and Spin(9). (Here Sp(n)- SO(2) and
Sp{n}-Sp(l)} denote Lie groups locally isomorphic to Spin)xS0{2) and
Sp(n) x Sp(1), respectively, in which (I, I) and (—I, —I) have been identified.}

If a Riemannian manifold has weak holonomy group U(n), then M is a
nearly K&hier manifold in the sense of [97. In [9] it is shown that the curvature
operator of a nearly Kihler manifold satisfies certain identities which generalize
those for Kihler manifolds; consequently a great deal can be said about the
topology and geometry of nearly Kdhler manifolds. (If G and K are compact
Lie groups and K is the fixed point set of an automorphism of G of order 3,
then the coset space G/K is a nearly Kihler manifold.)

In §2 we prove that if SO(n), Sp(n), Sp{n)- Sp(1), or Spin(7), is a weak
holonomy group of M then the holonomy group of M is a subgroup of SO(n),
Sp(n), Sp(n)- Sp{l) or Spin(7), respectively. Furthermore we show that if M
has weak holonomy group U{n), and the structure group of M can be reduced
to SU{n), then M also has weak holonomy group SU{n}. We also prove that
if M has weak holonomy group Sp(n)- SO(2), then the holonomy group of
M is a subgroup of Sp{a}.

Bonan [6] has proved that a Riemannian manifold with holonomy group
G, has vanishing Ricci curvature. We generalize this result by proving in §3
that a Riemannian manifold with weak holonomy group G, is an Einstein
manifold. We conjecture that a compact Riemannian manifold with weak
holonomy group G, which has positive sectional curvature is a spherical space
form. The corresponding results for U(n) [4, 9], and Sp(n)-Sp(l) [7] are
known to be true.

We have been unable to say anything about Riemannian manifolds with
weak holonomy group Spin(9) except that we have computed the dimension
of a minimal special subspace {relative to Spin(9)). Alekseevskij [1] has stated
without proof that if Spin(9} is the holonomy group of a Riemannian manifold
M then M is locally symmetric {and hence an open submanifold of the Cayley
plane). Probably if Spin{9) is a weak holonomy group of M, the same con-
clusion holds.

In §4 we define the notion of special curvature; this is a generalization of
the notion of holomorphic sectional curvature. Three theorems concerning
Riemannian manifolds with constant special curvature are proved.

2. Special Subspaces Associated with Weak Holonomy Groups

Suppose M is a pseudo-Riemanpian manifold with weak holonomy
group G where G has a compact form which acts transitively on some sphere.
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In this section we determine which subspaces of a tangent space M, to M
are special with respect to G.

Theorem 1. Let M be a pseudo-Riemannian manifold with weak holonomy
group Ulp, g). Then:

(i) a holomorphic section of a tangent space M,, (i.e., a subspace spanned
by x and Jx for some nonzero xe M, ) is a special subspace.of minimal dimension.

(i) M has weak holonomy group SU{p, q) if and only if the structure group
of the tangent bundle of M can be reduced to SU{p, ¢){p-+g>1).

Proof. (i) and the necessity of {ii) are obvious. For the sufficiency of (ii)
let ¢, be parallel translation along a loop y. By hypothesis if y'(0) is in the
holomorphic section P, then there exists ge U(p, g) such that 7,|P=g|P. It is
easy to see that there exists g'eSU(p, q) such that g'|P=g|P=1|P. Hence G
has weak holonomy group SU(p, 9).

Special subspaces associated with other groups can be regarded as gen-
eralizations of the notion of holomorphic section.

Next we consider pseudo-Riemannian manifolds with weak holonomy
group Spin(7) or Spin(4,3). If M is an 8-dimensional pseudo-Riemannian
manifold such that the structure group of the tangent bundle can be reduced
to Spin(7) or Spin(4, 3), then this reduction gives rise to a 3-fold vector cross
product on M in the sense of [8].

Theorem 2. Let M be an ( 8-dimensional} pseudo-Riemannian manifold with
weak holonomy group Spin{7) or Spin{4, 3). Then:

(i) the holonomy group of M is a subgroup of Spin{7} or Spin(4, 3);

{ii} any 4-dimensional subspace of a tangent space M,, of M which is closed
under the 3-fold vector cross product is a special subspace of minimal dimension.

Proof. This is a consequence of [8, Theorem (4.6)].

Next we turn to the groups Spin), Spi{n)-SO2), Sp(n}-Sp(l), and their
noncompact forms. If M is a pseudo-Riemannian manifold such that the
structure group of the tangent bundle of M can be reduced to G where
Sp(p, 9)=G<Sp{p,g)-Sp(l), then it is possible to define, at least locally,
almost complex structures I, J, and K which preserve the metric of M such
that [J=—JI=K (see [7]).

Theorem 3. Let M be a 4(p+ q)-dimensional pseudo-Riemannian manifold

with weak holonomy group G where Sp(p, 9)= G=Sp{p, q)- Sp(1). Then:
(i) A quaternionic section of a tangent space M,, (i.e., subspace spanned

by x, Ix, Jx, K x for nonzero xe M,,) is a special subspace of minimal dimension.

(ii) If G=Sp(p,q)- Sp(1), then the holonomy group of M is a subgroup of -
Sp(p, q)- Sp(l). '

(iii) If G=Sp(p,q) or Sp(p,q)- SO(2), then the holonomy group of M is a
subgroup of Sp(p, )- ‘

Proof. That (1) holds amounts to checking that a quaternionic section
satisfies the definition of special subspace. We prove (it); we first show that
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if Sp{p, q) is a weak holonomy group, then the holonomy group of M is a
subgroup of Sp(p, ¢). If the structure group of the tangent bundle of a pseudo-
Riemannian manifold M can be reduced to Sp(p, q), then M has globally
defined almost complex structures I, J, and K which preserve the metric of
M and such that IJ = —JI =K. Denote by ¥ the Riemannian connection of M.
The condition that M has weak holonomy group Sp{p, g) is equivalent to the

conditions P D (X)= V) ()= F(K) () =0 M
for xeM,,. Furthermore we have

V(I y)=—1V.(D{),

VDU y)=V(K)YW) =1V (N)(), ete.
From (1) and (2) we obtain

Ve (DU )=V (DU y)= Vi (DK y)= =V (D)), etc.
On the other hand we have
Ve DKy =V, (DT y)y= -V, (D(Jy), et

It follows that V. (I)(»)=V ({(»=V(K)(»=0 for all x,yeM,, and so the
holonomy group of M is a subgroup of Sp{p, g).

If a pseudo-Riemannian manifold M has weak holonomy group
Sp(p, g)- SO(2), it can be proved in a similar fashion that the holonomy group
of M is a subgroup of Sp(p, q) - SO(2). According to Berger [S] this implies
that the holonomy group of M is a subgroup of Sp{(p, g).

The proof that if Sp(p, ¢)-Sp(l) is a weak holonomy group then the
holonomy group of M is a subgroup of Sp(p, ¢)- Sp(1) is similar to that for
Sp(p, g), but more complicated. If the structure group of the tangent bundle
of a pseudo-Riemannian manifold M can be reduced to Sp(p, ) - Sp(1), then
there is a tensor field Q globally defined on M as follows [7]. Each point
meM has a neighborhood on which there are defined three alimost complex
structures I, J, and K which preserve the metric of M such that IJ= —JI=K.
Set Qx=1IxAJx A Kx for xe M,,. Then Q can be linearized so that it becomes
a tensor field of type (3, 3). Further Q is independent of the choice of I, J,
and K so that it is globally defined on M. If M has weak holonomy group
Sp(p, 9)- Sp(1), then for xe M,

0=V.(Q)(x)

@

=V ADIATXAKx+Ix AV AT(XIAKx+Ix Adx AV (K)(x) ®)
for xeM,,. From (3} it follows that
V.{(x)=0mod Jx and Kx, etc. 4)
Eq. (2) still holds, and so from (2) and {4) we obtain
V.(D(»=0modJy and Ky forall x,yeM,,. 5

From (5) it follows easily that V (Q)=0 for xeM_, and so the holonomy
group of M is a subgroup of Sp(p, q)- Sp(1}-

Finally we consider Spin(9).
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Theorem 4. Let M be a 16-dimensional Riemannian manifold and assume
that the structure group of the tangent bundle of M can be reduced from 0(16)
to the 16-dimensional irreducible representation of Spin(9). Let meM. If
P<M,, is a special subspace of minimal dimension, then dim P=8.

Proof. Let xeM,,, x=0. The subgroup of Spin(9) which leaves x fixed is
isomorphic to Spin(7). The induced representation of Spin(7) on {x}* is the
sum of an §-dimensional faithful irreducible representation of Spin(7) and a
7-dimensional 2-fold irreducible representation of Spin(7). Thus the subspace
of M,, which is the sum of {x} and the image of the 7-dimensional representation
of Spin(7) is a special subspace of M, . It has minimal dimension. Also, since x
is arbitrary and Spin(9) is transitive on S**, it follows that any special subspace
of dimension 8 must arise in this fashion.

3. Psendo-Riemannian Manifolds with 2-fold Vector Cross Products

Let M be a 7-dimensional pseudo-Riemannian manifold such that the
structure group of the tangent bundle of M can be reduced from O(7) or
0(4, 3) to G, or its non-compact form G%. This reduction on M is equivalent
[8, 10] to the existence on M of a globally defined 2-fold vector cross product P.
{In this section P does not denote a special subspace.) Denote by (, > the
metric tensor of M. Then on each tangent space M, , Pisamap P: M,, x M, —M,,
characterized by the conditions P(x, y)=—P(y,x), {(P(x,y),y>=0, and
{Pxy), Plx, yiy=<{xny,xnyy for x,yeM,,. The following theorem follows
easily from the definition of weak holonomy group.

Theorem 5. Let M be a 7-dimensional pseudo-Riemannian manifold with a
2-fold vector cross product P. Then M has G, or G¥ as a weak holonomy group
if and only if V. (P)(x,y)=0 for all x,yeM,, for all me M. A special subspace
of M, of minimal dimension is any 3-dimensional subspace closed under P.

We shall need the following formulas. Let R, (x,ye M, ) be the curvature
operator of M.

Theorem 6. Let M be a 7-dimensional pseudo-Riemannian manifold with a
2-fold vector cross product P, and assume that G, or G% is a weak holonomy
group of M. Then for x, y, ze M,, we have

(@) V.(P){y, P(x,y)=0;

(i) 7(P)(P(x, y), P(x, y))= —<x, x> V(P)(y, 2);

(iii) <V (P)(, 2), P (P)(y, 20> ={Ry X, ¥ {2, 2) =Ry, X, 2) (¥, 2)

—{P(x, P(y, 2)), Ry, z) — <R, P(x, 2), P(y, 2));

(iv) 3V AP)(, 2), Ve(PY (1, 200 + 2R, X, 2) {, x) =24 R, %, y) {2, X

=S {(R,.), 2> %, x) (R, P(x, y), P(x, 2)}},
where & denotes the cyclic sum over x, y and z.

Proof. In [8] it is shown that for any 2-fold vector cross product P on a
Riemannian manifold M we have

Ve (P)(y, 2), P(y, 2)) =0 (6)
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for x, y,zeM,,. Then (6} together with Theorem 5 implies {i}. Linearization
of ¢) yields 7,(P) (3, Plx, )= 7, (P) (P, 2. ™
For any 2-fold vector cross product P we always have
P(x, P(y, 2))+ P(P(x, y), z)=2{x, 2> y—{x, > 2— <y, z) X. (8)
In (7} we replace y by P(x, y). Using (8) we obtain
V(PY(P(x, ), Plx, 2))=F (P} (P(x, P(x, ). 2)
=V APYLX, yp x—<X, %> ¥, 2)
=—{x, %3 V(P)(y, 7).
(iit) is a special case of [8, Theorem 5.7]. (iv) follows from a calculation
from (iii) which we omit.
We shall also need the following fact.

Lemma. Let M be a pseudo-Riemannian manifold such that the structure
group of the tangent bundle of M can be reduced to G, or G%. Then the com-
plexification M,,® C of each tangent space M, has an orthonormal basis e, ..., eg
such that Ple,, (. e, ,)=e; 4 where we take ie Z,.

For a proof see [8].

We are now ready to prove the main result of this section. Denote by £;;
the curvature forms and by w; the 1-forms dual to the e, and write R, ;=
Q; (e, e), K ;=R, ;. Also, let k denote the Ricci curvature of M.

Theorem 7. Let M be a T-dimensional pseudo-Riemannian manifold with
weak holonomy group G, or G3. Then

(i) there exists a constant n such that for ie Z,

Jii

Qina T Qi iv6HQiia i s =MOAD L3+ O AD L T O L AD; L s);
(i) we have k{x, yy=6n<{x,y)> for all x,yeM,, and meM; thus M is an
Einstein manifold;
(i) we have
Kiiriwat Koo Kipaiws=1=2R 1 i13.552.006
Kivniva Koo e P Kinains=N-2R 1 113000055
~ K3t K e K s=N—2Ri 5 16140 ins
Jor ie Z,;
(iv) we have for ic Z,
Kivtivst Ko ive=Kigaivs Ky w2+ Kz 06— Kiies
K203t Kinyivs—Ki104=37.
Proof. Suppose that e, e;, e, and P(e,, ¢} are linearly independent. Write
% =<V, (P)(e;, &), ¥, (P)(e;, €. Because of Theorem 5 and Eq. (6) there exist
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numbers g, p,, and p; such that V, (P)e;, e;)=p, €5, V, (P)les, eg}=p, 25,
and V, (P)(e,,es)=pse,. Repeated applications of these equations and
Theorem 6(ii) show that

Xp12 = Uo3e ™ %p34 =%o2s5 = Xoae = %35 = Hp14 = Fps6 = %024 = Xg16 = %023 -

A similar argument works for any o;;, with e, ¢;, ¢, and P(e;, ¢ linearly
independent and 0<i<6. Let n be the common value of the o,;,. On the
other hand if ¢, ¢;,¢,,and P(e;, ¢)) are linearly dependent then by Theorem 6(i),
V,.(P)(e;, e)=0. It follows from Theorem 6(iii) that both sides of Theorem 7(i)
have the same value on all tangent vectors to M.

The proof of {ii) is similar to- the proof of the corresponding result for
Riemannian manifolds with holonomy group G, due to Bonan [6]. We have,
using part (i) and the Bianchi identities, that

k(eg,eo)=Koy + Koz + Koz +Kos + Kos+Kog
26’7 "R0146‘R0152 "'Rozls“Ron“Rsoza,_Rsosa

~Ros61=Roaz3 = Rs063~ Rs012 = Reoar —Reoss
=0#.

Similarly k(e;, ¢}=6#n fori=1, ..., 6. Linearization of these equations yields (ii).
Part (i1} is proved by using part (i) twice. Finally (iv) follows from (iii)
and the Bianchi identities.

4, The Special Curvature of a Riemannian Manifold
with Respect to a Weak Holonomy Group

In this section we limit ourselves to Riemannian manifolds, although some
of our results also hold for pseudo-Riemannian manifolds.

In view of the importance of the concept of holomorphic sectional curvature
for Kihler manifolds, it is natural to seek a corresponding curvature for other
Riemannian manifolds whose holonomy group or weak holonomy group has
a compact form which is transitive on some sphere. There are probably several
generalizations of the notion of holomorphic sectional curvature, but we
choose the following.

Definition. Let M be a Riemannian manifold with weak holonomy group G.
Let meM and let P<M,, be a special subspace (not necessarily of minimal
dimension). The special curvature r(P) of P is } the Ricci scalar curvature

of P, 1e., r(P)= ZKU
i<j
where {e,, ..., e,} is an orthonormal frame spanning P and K; is the sectional
curvature of the plane spanned by e; and ¢;. It is easy to prove that this
definition is independent of the choice of {e,, ..., e,}.
Thus if M has weak holonomy group SO(n), then r(P) is § the ordinary
Ricci scalar curvature of M. Similarly if M has weak holonomy group U{n)
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(or SU(n)) and dim P=2, then r(P) is the holomorphic sectional curvature
of P. More generally if dim P=2¢ (1 <q=<n), then

ZK”*+ Z(KIJ+KLJ*)

i<j

where {e, ..., e, €, ..., €,} 1s a unitary frame spanning P and Je,=e.

Not much else of a general nature can be said about the special curvature
of Riemannian manifolds with weak holonomy group SO(n) or U(n), and so
we turn our attentions to other groups. We investigate the situation when
r(P) is constant.

First we consider the case of Sp(n)- Sp(1). By Theorem 3 we may assume
that M is a Riemannian manifold whose holonomy group is a subgroup of
Sp(n) - Sp(1). The next theorem is essentially due to Berger [3], but our proof
is perhaps a little simpler.

Theorem 8. Let M be a Riemannian manifold whose holonomy group is a
subgroup of Sp(n)- Sp(l) where n>1. Let meM and denote by x,ye M, unit
tangent vectors which lie in different quaternionic sections. Then

(i) M has constant special curvature r(P)=r for any (4-dimensional)
quaternionic section P;

(i) Kerxt{Rypes IX, Kxp =573
(i) K,, =K, .=K;7n= KMKU Jor linearly independent u, ve M,,,;
(V) Koo+ Kot Kok =3
V) K., +K,; +Kx,y+KxKy &
(vi) M is an Einstein manifold with Ricci curvature k(u, v)—‘(n+2) {u, vy
Jor u,veM,,;
;

(vi) [Rx,x,J]— K, [Rx,x,K]=—g-1, (R 1=

(viil) <[R,,, ITx, y>=<[RW J1x, y>=<[R,,, K1x,y>=0;
(IX) [Rxlx! I:]:[Rxlxa J]=[RxKx’ K] =0-

Proof. For u,ve M,, we may write

R, =0, v)I+Buv)J +yu,v) K+4,,

where A,, commutes with I, J, and K and o, f, and y are 2-forms defined on
a neighborhood of m. Then

[Ruu’ ] V(U,U)J—ﬁ(u,U)K
[R,,-J] ==y )] +a(uw v)K, 9
[R,,. K]l= Buv)]—au,v)J.
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Now (viii) is immediate from (9). Furthermore by (viii) we have

<[Rx1x>J] y5 Iy> = <RxInya Iy> - <Rx1xy’ KY>
=—LR 1, 1%, Jy) = (Ryy 1y, IX) + Ry I, y > + (R Ky, Ix)
= <Rx1yx5 KY> + <RIxyx5 KJ’> + <nyx> Jy> + <nyJy7 x>
=0.
Hence y(x,Ix)=7(x,JJx)=0, and similarly a(x,JJx)=a(x, Kx)=p(x, [x)=
B(x, Kx)=0. This proves (ix). Therefore (9) becomes
[RxKxa I] =V(x> KX)J,
[Ryrs» J] =a(x, IX)K, (10)
LR,y K]1=81(x, Jx) I.
Moreover, we have
alx, Ix)={[R,;,,J] x, Kx>=<(R

and

a(x, Ix)=<[R,;,, 1y, Ky)
=Ry IV, KyD> +{R 1 v, Iy
= =Rk 1%, Jy) =Ry Ky, Ix) — (R, IX, > — (R, Ty, IxD
=K,,+K,,+K,;,+K

xIxe’Kx>+KxIx7 (11)

(12)

xKy»

by (viii). Thus a(x, Ix)=p(x, Jx)=7(x, Kx}=aly, Jy), etc. Hence a(Jx, Kx}=
B(x, Jx)=u(x, Ix), etc. From (11) it follows that

leszJxKx’ Kxe=KIxKx’ KxszKIxe' (13)

Then (13) and (viii) imply (iii). Furthermore from (11) and the first Bianchi

identity we have
Ja(x, Ix)=K,, +K

From (12) and (14) we get
kix, x)=(n+2)a(x, Ix), (15)

+K gy (14)

xJx

and so M is an Einstein manifold. Thus we may write k(u, v)=2<u,v) for
allu,ve M, , where A is a constant. Moreover by (12), (13), (14), and (15) we have
61

Py=6 = 16

r(Py=6oa(x, Ix) —) (16)

Therefore (i) and (vi) follows from (16), (it} follows from (11) and (16}, (iv)

follows from (14) and (16), (v) follows from (12) and (16), and (vii) follows
from (10) and (16). This completes the proof.

We also have the following result about the special curvature of Riemannian

manifolds with weak holonomy group G,.
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Theorem 9. Suppose M is a Riemannian manifold with weak holonomy
group G, and assume that for all me M the special curvature r(P) of M has
the same value r on all special subspaces P<M,,. Then

(i) r=3#, where y is defined in Theorem 7, and so r is a constant function
on M;

(ii) Ki+1,i+3+Ki+2,i+6+Ki+4,i+5=”a JorieZ,.

(1) Kip1,i03=0+2Ri4 2 106,140,045
Ki+2,i+6='7+2Ri+1,i+3,i+4,i+5’
Kivaiws=N+2Ri 1 113,002,146, JOr i€Z,.

Proof. By assumption for ie Z,, we have

Ki,i+1+Ki,i+3+Ki+1,i+3:r‘ (17)

(We use the same notation as that of Theorem 7; since the metric of M is
assumed to be positive definite, the frame {e,, ..., ¢5} used in Theorem 7 may
be taken to be a basis of M, , me M.) From (17) and Theorem 7(ii) we get (i)
and (ii). Also (iii) follows from (ii) and Theorem 7 (iii).

Finally we consider the special curvature of a Riemannian manifold whose
holonomy group is a subgroup of Spin(7).

Lemma. Let M be a pseudo-Riemannian manifold such that the structure
group of the tangent bundle of M can be reduced to Spin(7) or Spin(4, 3). Then
the complexification M, ®C of each tangent space M, has an orthonormal
basis e, ..., e, such that P(e;, e, . e, ,)=e,, ., where P is the 3-fold vector
cross product determined by the reduction to Spin(7) or Spin(4, 3).

For a proof see {&].

Theorem 10. Let M be a Riemannian manifold whose holonomy group is a
subgroup of Spin(7). We use the basis of a tangent space M,, described by the
preceding lemma. Then

@) Q7+ Q3T ive T Qiisins=0 forieZ,;
(i1) M has zero Ricci curvature;
(iii) if M has constant special curvature r, then r=90.

Proof. (i) and (ii) are due to Bonan [6]. For (iii) we have for each ieZ,,

Ki+Ki 1,7+ K 57+ K 0K 3+ Ky i03=7,
Ki,7+Ki+2,7+Ki+6,7+Ki,i+2+Ki,i+6+Ki+2,i+6=r’
Ki,7+Ki+4,7+Ki+5,7+Ki st K i st Kipa 5=T.

i+ i i+

Upon adding these three equations and using (ii) we obtain

2K, 7+ K 1,03t K i06 T Kipa i s=3r.
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Thus

&

2r=3}, Kivtirat Kivn s T Kiva,ins)
i=0

-]
= Z Kij””“zOKiﬂ'

O<i<j<?

Each of the sums on the right hand side of this equation vanishes and so r=0.

Remark. 1t is easy to see that analogs of Theorems 7 and 8 hold for the

covariant derivative of the curvature operator. In the statements of these
theorems one replaces the curvature operator by its covariant derivative and
the Ricci scalar curvature by 0.

i

2,

3.
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