
C O N D I T I O N S  F O R  T H E  C O M P A T I B I L I T Y  OF  
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The nature of the Hadamard algori thm is analyzed, and a simple method is outlined for 
construct ing the Hadamard and Predvoditelev algori thms.  Generalized conditions which 
hold at in terfaces  in t ranspor t  problems are found. 

We assume two regions separated by some surface f(x, y, z, t) = 0, and we assume that the t ranspor t  
of some sca lar  r ( temperature,  concentration, etc.) satisfies the following equation within each of the 
adjacent regions:  

I ~(r)  = o, i = 1, 2, (1) 

where the operator  L i has the same s t ruc ture  for  both regions, but not at the interface,  at which a con-  
vers ion  may occur  on one side. In this case we have 

0m 
L, = XF (F~); L2 -- 'F (!'2) --}- 7 - - ,  (2) 

at 

where T is the convers ion constant. In general ,  the opera tors  L i may have var ious  s t ruc tures ,  e.g., in 
the case in which there  a re  sources  distributed throughout the volume, in the case of convective forces ,  
etc. 

If these equations a re  to have single-valued solutions, and if the boundary motion itself is to be 
unidirectional,  this motion must  satisfy compatibility conditions. Some quantitative relat ions reflecting 
these conditions were  derived by Hugoniot [1] and Hadamard [2] for  shock waves. 

Turning to the compatibil i ty conditions for t ranspor t  p rocesses  descr ibable  by the opera tors  

o r~ (3) 
~F (l't) = - -  -- "~i AI'i = 0, 

Ot 

we find 

0 F (4) a - - =  ~[~,Ar], x = , ~ ,  
Ot 

which we can replace in cer ta in  cases  by the equivalent 

(5) 

Since the front moves as a resul t  of the conversion (the p r imary  equation) and the t ranspor t  (the secondary 
equations), the integrals  r i (x  , y, z, t) contain wave solutions.* We can thus wri te  the latter relat ion in 
t e rms  of the charac te r i s t i c  ~ = V(x, y, z) + gt, where V(x, y, z) is the equation of the front  surface;  and g 

*As was f i rs t  pointed out by A. S. Predvoditelev,  

Krasnoyarsk  Polytechnical Institute. Translated f rom Izvestiya Vysshikh Uchebnykh Zavedenii, 
Fizika, No. 9, pp. 45-51, September,  1970. Original ar t ic le  submitted June 25, 1969. 

�9 1973 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

1158 



t he  wave  v e l o c i t y :  

O~r d~ 0 ~[xOF~, . OV 
= - - o  X = ~ .  

o~ at a;, t ~ / - - ~ x '  " 

For the  o n e - d i m e n s i o n a l  c a s e  we  have  V = x and thus  0V/0x  = 1; i t  f o l l ows  f r o m  (6) tha t  

dt d t. a t / =  t, ~ )  

(6) 

(7) 

It  fo l lows  t ha t  i f  the  d i s c o n t i n u i t y  5 r  i s  eqna l  to z e r o  o r  s o m e  o t h e r  cons t an t ,  the  d i s c o n t i n u i t y  in  the  f l ux  
of th i s  quan t i t y  a t  the  i n t e r f a c e  i s  equa l  to  z e r o  o r  s o m e  o t h e r  cons tan t .  I t  fo l lows  tha t ,  wi th  the  i n i t i a l  
d i s c o n t i n u i t y  in  F ,  Eq. (7) i s  a cond i t i on  on the c o o r d i n a t e  of the  i n t e r f a c e .  

We now a s s u m e  tha t  a s o u r c e  of i n t e n s i t y  ~b(x, y,  z, t) i s  a c t i n g  a t  the  i n t e r f a c e ;  t hen  w e  r e p l a c e  (5) 

by  

f ind ing  

o-7- Ox L Ox j + * ( 0 ,  ~ = ~: (8) 

t t 

to lo 
\ ax ] J,o 

x ----- l. (9) 

I t  i s  e a s y  to  s e e  tha t  t h i s  g e n e r a l i z e d  r e l a t i o n  i n c l u d e s  the  S te fan  cond i t i on  a s  a p a r t i c u l a r  c a s e .  

We f i r s t  c o n s i d e r  the  c a s e  in  which  we have  a s u p e r h e a t i n g  o r  s u p e r c o o l i n g  5F = c o n s t  ~ 0 a t  the  
i n t e r f a c e .  In t h i s  c a s e  we have  

t t 

- + ' ( t ) - ~ t a t =  at-O-xx) x = ~ .  
to to 

(10) 

I f  

t 

Q 

(n) 

i . e . ,  i f  the  h e a t  f lux  i s  su f f i c i en t  so  tha t  t he  l a t e n t  h e a t  d o e s  not  s u p p r e s s  s o l i d i f i c a t i o n  a t  the  f r o n t  s u r f a c e  
(the c a s e  of the  hea t  p r o b l e m ) ,  we  have  the  S te fan  cond i t ion  

(12) 

w h e r e  
t 

v (t) = v (0) + ~ ~ (t) dr. (13) 
0 

The  p h y s i c a l  m e a n i n g  of (11) i s  tha t  the  f r o n t  a c c e l e r a t i o n  i s  n e g l i g i b l y  low. Th i s  i n e q u a l i t y  ho lds  w h e n -  
e v e r  we have  ~ ~ t,  a t  l a r g e  t,  wi th  ~ ~ T t ,  and  in  m a n y  o t h e r  c a s e s .  Th i s  a n a l y s i s  a l s o  ho lds  fo r  the  
c a s e  6 r  = o. 

Unde r  t h e s e  a s s u m p t i o n s ,  the  S te fan  p r o b l e m  can  be used  to  d e t e r m i n e  the c o o r d i n a t e  of the  front~ 

The H a d a m a r d  p r o c e d u r e  i s  b a s e d  on the a s s u m p t i o n  5F -- cons t ,  of which  a p a r t i c u l a r  c a s e  i s  5F 
= 0. G e n e r a l i z e d  r e l a t i o n s  (9) a b o v e  a r e  b a s e d  on the a s s u m p t i o n  tha t  o p e r a t o r s  6 and 0 c o m m u t e ,  a l though  
they  con ta in  m o r e  i n f o r m a t i o n  than  could  be  ob ta ined  by a p p l y i n g  only the  H a d a m a r d  a l g o r i t h m  to the  
p r o b l e m .  T h e r e  is  y e t  a n o t h e r  way  to g e n e r a l i z e  the  H a d a m a r d  a l g o r i t h m ,  s u g g e s t e d  by P r o f e s s o r  A. S. 
P r e d v o d i t e l e v  [3]. 
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In this paper we will general ize the Hadamard algori thm in a manner slightly different f rom that of 
[3]. 

We assume 

a r  = x ( t ) .  (14) 

Then the following equations must  be compatible: 

af  dx + of  Of dz = O, 
o~ ~ ay + a--2 ( is )  

OX a 0x 0 
-~x ~r - dx  + BP --  dy + ?~I' -- dz = O. 

ax Oy Oy Oz 

Hence we have 

a (&F--X)=~ O f  . (16) 
ax---[, -giTx~ ' x ,  = x ,  x . ,  = y ,  x~  = z .  

If we assume that only opera tors  d and 5 commute, we find 

or,  since dx i is not varied,  and the variat ion is independent of df, 

We thus have 

(17) 

a r a x  (18) 
O - -  - -  

ax~ axt 

. ar ; ,  Of 4_ a ~p. (19) 
0 - - ~  -- i 

Ox~ Ox~ :ax~ 

This is the general ized algori thm for the discontinuity in the f i rs t  derivative. Replacing F by the derivative 
OF/0xi, we find 

_ _ =  _ _  a ~  a r  = _ x ,  a f  a~-r _} , ,  a f  + 
Ox? Ox~ Ox~ Oxt Ox~ 

+a[_i a/+A~rl__,____, { a~,, ,~ o f  - a~-f ' 02 
. . . .  X~ ax~ + 

[ ~ + x )  - -  0 ~ r '  (20) 
axz [ ax~ axt 1 axt 

This is the general ized a lgor i thm for  a discontinuity in the second derivative. For  a mixed derivative we 
have 

a,r x" a: + •  [_;, o: + a ] x,, ~: o~ a:  ~, __a~: ~ o,~r 
ox, a x ~ -  axi a~, ax-7. ax-7 ~r ' (21) 

a.r~ Oxt ax] ax~ ax] ax~ ax] 

Hence, writing [3] 

o k  
_ xu _ z2 O f  = _ x '  ax} and - -  )-E, - -  k ,  , ( 2 2 )  

1-I 3 axj  Of H I  
-a;; 

we find the general ized Predvoditelev algori thm 

ox~o~ + V  ~ Ja-/~,~+H~ ax, axj ox, o%--T 
We thus see that the Predvoditelev a lgor i thms a re  consequences of the commutat ion of d and 5. 

viously, other general izat ions of the a lgor i thms a re  possible for discontinuities in the derivatives.  

(23) 

Ob- 
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We will  now use  a ge ne ra l i z e d  P redvod i t e l ev  a l g o r i t h m  to wr i t e  the condi t ions  c h a r a c t e r i z i n g  the 
mot ion  of an  i n t e r f ace  be tween media .  F o r  this pu rpose  we wr i t e  the r igh t  and left  s ides  of the equat ion 

~ o-?- t - ~ s l  
(24) 

a s  

OP_,~(t)  ~ Or 6m Or Om Or 
Ot Ot Ot Ot OF 8t 

gt l-lv (25) 

and 

{[ ( )] . , . r  H= O'-' ~,P ) 
~t--b--Z,, / =<~ ~+-~ -971 ~ ~ o~, / '  

(26) 

We thus find the i n t e r f ace  ve loc i ty  to be 

)., ., O" &I' / 

0~ ~ 0;  J 

(27) 

When it is  n e c e s s a r y  to take into accoun t  a d iscont inui ty  in the f i r s t  de r iva t ive  or /Oxi ,  we find 

a}.,. O ( a OP ) 

g ~ = - -  X, _~ O~r Onz (28) 

H v  O~ 0:. 

Compar ing  this e x p r e s s i o n  with tha t  found f r o m  (6), we see  that  in the gene ra l i zed  P redvod i t e l ev  a l g o r i t h m  
t h e r e  a r e  addi t ional  t e r m s  with de r i va t i ve s  of the c o r r e s p o n d i n g  d iscont inui t ies .  To s tudy these  t e r m s ,  
we wr i t e  the d iscont inui ty  ope ra t i on  in the fol lowing symbo l i c  fo rm:  

= . _  a( tp)  a f  o(~r)  x, of + o ( t r )  . Or _ (&O) F -F0(&F) ~*g Of + Y., q- , (29) 
a Ox~ Ox~ Oxz Of Ox~ Oxi ~ Ox~ ttl  Oxi . Ox, 

o" . . . . . .  ap (go)p q . . . .  o(3i') g*p o f  _}_O(gF) x, Of o(ap) (ao) 
Ot Ot at Of 8t at t-1/ ot T- ot 

Here  the ope ra t ion  5 " / 0  denotes  the condi t ional  de r iva t ive  of a funct ion for  the ease  in which the d i s -  
cont inui ty  of this funct ion is not constant .  If this  d iscont inui ty  is equal to z e r o  o r  some  o the r  constant ,  
we have 5" = 6& The condi t ional  de r iva t ive  van i shes  if the opera t ions  6 and 0 a r e  in te rchangeab le ;  this 
r e s u l t  means  that  the p a r a m e t e r  of a f i r s t - o r d e r  d iscont inui ty  van ishes .  The condi t ion that  ope ra t ions  
6 and O be in t e r changeab le  thus impl i e s  the independence  of F f r o m  f. 

We tu rn  now to a d i scont inu i ty  of the second de r iva t ive :  

[ o"-r ~= ~, (,ovl. el ol +o_Lf~ o,'~ = x,. o/ of + o ( ~ o v ~  
~'\ ox, Ox+ / 7 ] \ o f ~  ox~ Oxj o,~ \ aT.-) n}~ o,, o~j ox, \ o,j / ' (31) 

w h e r e  x i and xj a r e  the spa t ia l  coo rd ina t e s  and the t ime.  It fol lows that  c o m m u t a t i o n  of 5 and 0 impl ies  
the independence  of 0F /0 f  f r o m  f. In this ca se  the p a r a m e t e r  fo r  a s e c o n d - o r d e r  d iscont inui ty  vanishes .  

S imi la r ly ,  we can in t roduce  the p a r a m e t e r  of a d iscont inui ty  of o r d e r  n, 

o / \  o--aTv~j Hi (a2) 
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and we can g e n e r a l i z e  the  a lgor i thm,  

( 8 n I~ ) ~* " On-~ I' ) Of Of Of 

_ _  O , - ~ r  zn Of Of + 0 a ~ _ _  _ _  . (33) 
+ Ox, Ox~... axn H~ Ox~ "'" Oxn Ox~ 0 ~ . .  Ox, 

We now l i s t  the th ree  a lgo r i t hms  under  cons ide ra t ion  here:  

1. The Genera l i zed  P redvod i t e l ev  Algor i thm.  This  a lgo r i t hm is  based  only on the commutat ion  of 
o p e r a t o r s  6 and d. The d iscont inui t ies  of the function i t se l f  and of i t s  de r iva t ives  a r e  a s sumed  
not equal to ze ro  or  other constants .  

2. The Hadamard  Algor i thm.  This a lgo r i t hm is  a l so  based on the commuta t ion  of o p e r a t o r s  d and 5, 
but i t  is  based  on the a s sumpt ion  that  the d iscont inui t ies  of the function vanish  [2] but that those 
of the d e r i v a t i v e s  do not (see n ~ 72 in [2] and n ~ 74). This a lgo r i t hm is  a p a r t i c u l a r  ease  of the 
P redvod i t e l ev  a lgor i thm.  

3. The Algor i thm Based on the Commutat ion of 5 and 0 as  well as  on that of 5 and d. This a lgo r i t hm 
is  based  on the a s sumpt ion  that  the function F and i ts  de r iva t ives  along the su r face  a r e  inde-  
pendent of the su r face  i t se l f ;  by "independent n here  we mean that  there  is  no condit ional  de r iva t ive  
of these  functions along the sur face .  

In connection with these  r e s u l t s ,  we quote Hadamard  [4]: "As yet  no meaning has been found for  a 
d iscont inui ty  of infini te o rde r ,  i .e . ,  one for  which the types of motion must  be t r ea t ed  as  different ,  even 
though the pa r t i a l  de r iva t i ve s  of any o r d e r  of the unknown function r e m a i n  continuous at  the wave."  

If the bas ic  pa r t i a l  d i f fe ren t ia l  equation contained de r iva t ives  with r e s p e c t  to the coord ina tes  of o rder  
h igher  than in (3), e .g. ,  of o rde r  n, then the numera to r  in (28) would contain discont inui ty  p a r a m e t e r s  of 
up to n- th  o r d e r  and de r iva t i ve s  with r e s p e c t  to ~ of the d iscont inui t ies  in the (n - 1)th de r iva t ives .  If we 
now se t  a l l  the d iscont inui t ies  in such an e x p r e s s i o n  equal to zero ,  the in te r face  could s t i l l  move. M o r e -  
over ,  if we se t  0m/O~ = 0 in such an exp re s s i on  the in te r face  veloci ty  would become 

al ly  n ),l 
g~-- - ~H~J  " (34) 

AS an example  we wil l  apply  the symbol ic  method to the equation desc r ib ing  diffusion in acco rdance  
with the gene ra l i zed  equation 

NI 
~n OnC_~ ~n!hn dnC (35) 
n! Ot ~ Ox ~ n ~ l  

We find 

o=, n=, L n! M; \ ~x / ~-~ 0x~ 

where  r denotes  the source  function a t  the in ter face .  Here  the d iscont inui t ies  in the de r iva t ives  with 
r e s p e c t  to the spa t i a l  coord ina tes  can be reduced by the p rocedure  above to a d iscont inui ty  in the function 
i t se l f .  With a known r (t) at  the in te r face ,  the p rob lem of finding the coord ina te  of the moving in te r face  is  
u l t ima te ly  solved outside the f r a m e w o r k  of the boundary-va lue  problem.  

In conclus ion the author  thanks P r o f e s s o r  A. S. Predvodi te lev ,  co r re spond ing  m e m b e r  of the A c a d -  
emy of Sc iences  of the USSR, for  his i n sp i r a t i ona l  work  and ins t ruc t ive  advice.  
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