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Abstract, In this paper, we discuss the transmission performance of Multi-Carrier Modulation (MCM) in frequency- 
selective fast Rayleigh fading channels. First, we optimize the transmission parameters of MCM with M-ary 
differential phase shift keying/differential detection (DPSK): the guard duration and the number of sub-carriers 
for frequency-selective fast Rayleigh fading channels, and then show the bit error rate (BER) performance of 
the optimized M-ary DPSK MCM. Next, we propose an MCM with pilot-assisted M-ary quadrature amplitude 
modulation/coherent detection (QAM), and discuss the BER performance when we reduce the number of pilot 
signals from the view-point of frequency-time utilization efficiency. Finally, we propose a two-stage frequency 
offset compensation method. 
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1. Introduct ion 

Multi-Carrier Modulation (MCM) technique based on the Discrete Fourier Transform (DFT) 
and the Inverse DFT (IDFT) [?], which is called Orthogonal Frequency Division Multiplexing 
(OFDM), has been widely studied in various application fields such as data transmission over 
telephone line [?], digital audio broadcasting [?], land mobile communications [?, ?], indoor 
radio communications [?] and so on. 

In the MCM, the whole bandwidth is divided into a number of sub-bands. Therefore, 
it is more resistant to frequency-selective multipath fading than a single-carrier modulation 
(SCM) technique, since each sub-carrier can operate at low data rate against frequency- 
selective fading. The MCM is a pre-distortion or, in a sense, a deterministic equalization 
technique at the transmitter. 

The MCM with M-ary differential phase shift keying/differential detection (DPSK) is 
simple and attractive, because it requires no complicated carrier recovery circuit at the receiver. 
However, in order to support a higher data rate in a limited bandwidth, it is necessary to employ 
a bandwidth efficient modulation scheme such as M-ary quadrature amplitude modulation 
(QAM) at each sub-carrier. 

In the design of MCM, it is essential to choose two transmission parameters: the guarddura-  
tion A and the number o f  sub-carriers N carefully according to a given channel frequency- 
selectivity and time-selectivity, because they significantly affect the bit error rate (BER) 
performance. Many reports have shown the BER performance of MCM in fading channels, 
discussed the performance enhancement by coded modulation, and compared the BER with 
that of SCM using an adaptive equalization technique [%9]. However, in their works, A and 
N are chosen empirically or according to the hardware limitation, and no report has been 
dedicated to their optimization problem in a frequency-selective fast Rayleigh fading channel. 
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For the MCM with M-ary QAM, it is necessary to support coherent detection at the 
receiver. A pilot-assisted 16QAM MCM [10] and a 16QAM MCM with an auto-regressive 
estimation method [ 11] have been proposed to realize the coherent detection, where a known 
pilot signal insertion and a fading normalization using a short training sequence are employed 
at each sub-carrier, respectively. However, it could be possible to estimate the instantaneous 
fading frequency distortion and its time variation without inserting a pilot signal periodically 
or employing an adaptive equalization at each sub-carrier, because the fading frequency 
correlation is generally high among sub-carriers. 

Also, when a frequency offset is introduced in the radio channel, the BER of MCM degrades 
drastically, since severe inter-sub-carrier interference occurs because of the overlapping power 
spectra between sub-carriers. This sensitivity to frequency offset is often pointed out as a major 
MCM disadvantage. Therefore, it is essential to develop a fast and accurate frequency offset 
compensation method. 

In this paper, we discuss the transmission performance of MCM in frequency selective 
fast Rayleigh fading channels. First, we optimize the transmission parameters of the M-ary 
DPSK MCM: the guard duration and the number of sub-carriers for frequency-selective 
fast Rayleigh fading channels, and then show the BER performance of the optimized M-ary 
DPSK MCM. Next, we propose a pilot-assisted M-ary QAM MCM, and discuss the BER 
performance when we reduce the number of pilot signals from the view-point of frequency- 
time utilization efficiency. Finally, we propose a two-stage frequency offset compensation 
method. 

2. Multi-Carrier Modulat ion Technique 

Figures l(a) and (b) show the block diagrams of an MCM transmitter and receiver with N 
sub-carriers, respectively. 

In the transmitter, the transmitted signal s(t) is expressed as 

~x~ N - 1  

s(t) = ~ ~ N[ckieJ2~fk(t-i%)]f(t-iTs). (1) 
i = - ~  k=O 

In Eq. (1), ~[.] is the real part of. (3[.] the imaginary part of .), and fk is the frequency of 
the k-th sub-cartier: 

k 
fk = fo + ts ' (2) 

where f0 is the lowest frequency, f ( t )  is the pulse waveform of each symbol defined as 

1 ( - A  < t < t s )  
f ( t ) =  0 (t < - A , t  > ts), (3) 

where A and ts are the guard duration and the observation duration, respectively, Ts = A + ts 
is the symbol duration, and cki is an output at the k-th sub-carrier in time [iTs - A, i ts  + t~]. 

The transmitted signal s(t) is the sum of N M-ary DPSK or M-ary QAM signals, and the 
required bandwidth is given by 

2 N - 1  N + I  N + I  
B ~ q- ts Ts N R, (4) 
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Figure 1. Block diagram of transmitter (a) and receiver (b) for MCM system. 

where R (=NITs) is the total transmission rate (symbol/sec). 
When M-ary DPSK signal is employed, the differential encoder and differential detector 

are used in the transmitter (Unit A) and receiver (Unit B), respectively, while when M-ary 
QAM signal is employed, the pilot signal insertion stage and coherent detector are used, as 
shown in Figures 1 (a) and (b). 

3. Frequency-Selective Fast Rayleigh Fading Channel 

Through a radio channel, s(t) is disturbed by multipath fading and the additive white Gaussian 
noise (AWGN). In the receiver, the received signal is expressed as 
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o O  

r(t) = / s(t - ~-)h(r; t)dr + n(t), (5) 

0 

where h(r; t) is the impulse response of the channel at time t, and n(t) is the complex AWGN. 
Assuming that the radio channel is a WSSUS (wide sense stationary uncorrelated scattering) 

frequency-selective fast Rayleigh fading channel, it can be modeled as a tapped delay line 
where each tap gain is an independent complex Gaussian random variable. Therefore, h(7; t) 
can be represented by 

M1 + M2 

h(r; t )  = ~ gt(t)5(~-- rt), (6) 
l=l  

0 < ~-l _< A (l : 1 , . . . ,MI ) ,  

A < Tl < Ts (1 = M1 + 1 , . . . ,M1 + M2), (7) 

where 5(t) is the Dirac delta function, gz(t) is the complex envelope of the signal received 
on the/-th path which is a complex Gaussian random variable with zero mean and variance 
cry, and rl is the propagation delay for the l-th path. The channel frequency-selectivity and 
channel time-selectivity are uniquely characterized by the multipath delay profile Co(T) (or 
the frequency autocorrelation function r  and the Doppler power spectrum So(A) (or 
the time autocorrelation function r  (At)). 

4. Optimization of M-ary DPSK MCM 

As the number of sub-carriers (N) increases, the transmission performance becomes more 
sensitive to the time selectivity because the wider symbol duration is less robust to the random 
FM noise. On the other hand, as N decreases, it becomes poor because the wider power 
spectrum of each sub-carrier is less robust to the frequency selectivity. Therefore, there exists 
an optimum value in N to minimize the BER. 

Also, as the guard duration (A) increases, the transmission performance becomes poor 
because the signal transmission in the guard duration introduces the power loss. On the other 
hand, as A decreases, it becomes more sensitive to the frequency-selectivity because the 
shorter guard duration is less robust to the delay spread. Therefore, there exists an optimum 
value in A to minimize the BER. 

For the M-ary DPSK MCM, we can easily optimize N and A, because the theoretical 
BER expression has been obtained in a closed form for any multipath delay profile and any 
Doppler power spectrum [15, 16] (see Appendix). 

In order to show the BER performance in realistic frequency-selective fast Rayleigh fading 
channels, we assume: 

- an exponential-type multipath delay profile with the root mean square (RMS) delay spread 
rRMS [12, 13] (M1 + 3//2 = 20), 

- a Doppler power spectrum with the maximum Doppler frequency fD when an omni- 
directional monopole antenna is used at the receiver [14] (d = 7rfD). 

Figures 2 and 3 show the optimum values of the number of sub-carriers (N) and guard 
duration (AR) versus the RMS delay spread (7mclsR) and the maximum Doppler frequency 
(fD/R),  respectively, where A, 7m, vls and fD are normalized by the total transmission rate 
(R). 
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Figure 2. The number of sub-carriers (a) and guard duration (b) versus RMS delay spread. 

Figure 4 shows the attainable BER of optimized quaternary DPSK MCM at the signal-to- 
noise energy ratio per bit (Eb/No) of 40 dB. When [7"RMSR, fD/R] introduced in the channel 
lies in the hatched region in this figure (roughly, ~-RMS �9 fD < 1.0 • 10-6), the BER is less than 
10 -4.25 = 5.62 x 10 -5. Note that the BER of QDPSK SCM at Eb/No of 40 dB in a frequency- 
non-selective slow Rayleigh fading channel (the BER lower bound) is 10 -4.30 = 5.01 • 10 - 5 .  

Therefore, the BER degradation is less than 12.2%. 
Figure 5 shows the BER of QDPSK MCM versus Eb/No in a frequency-selective fast 

Rayleigh fading channel, where Nopt = 128 and (A/Ts)opt = 0.06 are optimized for R = 
8.192 Msymbol/sec, fD = 20 Hz and TRMS = 100 nsec (also, see Fig. 4). In this figure, 
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Figure 3. The number of sub-carriers (a) and guard duration (b) versus maximum Doppler frequency. 

the BER of QDPSK SCM in a frequency-non-selective slow Rayleigh fading channel is also 
shown as the BER lower bound, which is given by Eq. (15) with 

1 
1 '  (8) P-I+~ 

where "y is the signal-to-noise power ratio. 
The theoretical analysis and computer simulation results are in complete agreement, and 

there is little difference in the BER between the optimized MCM and the lower bound. 
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Figure 4. Attainable BER of optimized QDPSK MCM. 

Figure 6 shows the BER of the optimized QDPSK MCM in a frequency-non-selective slow 
Rayleigh fading channel. There is also little difference in the BER between the optimized MCM 
and the lower bound. Therefore, in this case, the MCM optimized for the channel maximum 
Doppler frequency and maximum RMS delay spread can keep the minimum BER even when 
the channel time-selectively and frequency-selectivity change. 

Figure 7 shows the BER of binary DPSK MCM and octonary DPSK MCM versus Eb/No in 
a frequency-selective fast Rayleigh fading channel, where Nopt = 128 and (A/Ts)opt = 0.06 
are also optimized for R = 8.192 Msymbol/sec, fD = 20 Hz and 7"r~s = 100 nsec. For 
BDPSK and ODPSK, there is also little difference in the BER between the optimized MCM 
and the lower bound. 

5. Pilot-Assisted M-ary QAM MCM 

For the M-ary QAM MCM, we cannot easily determine Nop t and AoptR , because we have 
not obtained the theoretical BER expression yet. Therefore, we have to resort to computer 
simulation to analyze the BER. 

However, for a given 7"RMS, fD and R, Nop t and AoptR could depend not on the modu- 
lation/demodulation scheme employed at each sub-carrier but on the relation among them. 
Therefore, in this section, we use the optimum N and A derived in the previous section. 
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Figure 5. BER of QDPSK MCM in frequency-selective fast Rayleigh fading channel. 

5.1. Two DIMENSIONAL (FREQUENCY-TIME) PILOT SIGNAL INSERTION 

In the transmitter, the pilot signal insertion stage inserts a known pilot signal having a maximum 
amplitude in every NT sub-carriers and N :  symbols (see Fig. 8). 

In the receiver, for sub-carriers having no pilot signals, the reference signals are recovered 
by interpolation (partially, extrapolation) of pilot signals in the frequency domain (see Fig. 9). 
After the reference signal recovery, the coherent detection at each sub-carrier is done by 
interpolation of pilot signals (or reference signals) in the time domain. 

5.2. REFERENCE SIGNAL RECOVERY IN FREQUENCY DOMAIN 

When N = k �9 N :  + 1 (k: integer), all the reference signals can be recovered only by 
interpolation, because sub-carriers at both the lowest frequency and the highest frequency can 
be chosen as the pilot-inserted channel. However, when N ~ k �9 iV: + 1, extrapolation is 
partially needed. In this case, if the lowest sub-carrier is always chosen as the pilot-inserted 
channel, then the reference signal in the highest sub-carrier is recovered by extrapolation, and 
it degrades the BER. To avoid the BER degradation, the lowest and highest sub-carriers are 
alternately chosen as the pilot-inserted channel. 

Figure 10 shows the error variance of the recovered reference signal versus the RMS 
delay spread. The performance of the polynomial interpolation is worse because of the wild 
oscillation between the tabulated points. As the delay spread increases, the error variance 
increases. For the cubic spline interpolation, the performance of N f  = 8 is almost identical 
to that of N f  = 4. 
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Figure 6, BER of QDPSK MCM in frequency-non-selective slow Rayleigh fading channel. 

5.3, COHERENT DETECTION (REFERENCE SIGNAL RECOVERY IN TIME DOMAIN) 

At each sub-carrier, the pilot signals or reference signals are interpolated between t = l �9 ArT 
and t = (t + 1) �9 NT (l: integer), and finally the coherent detection is carried out. 

The Pilot-Assisted M-ary QAM MCM satisfying N = k �9 Nf  + 1 sometimes shows 
interesting phenomena in the BER performance. 

Figures 11 and 12 show the BER performance of 16QAM MCM versus the RMS delay 
spread, where N = 64 and A/Ts = 0.015 are optimized for R = 2.048 Msymbol/sec, 
Tr~s = 50 nsec and fD = 20 Hz. Figure 11 uses the linear interpolation in both frequency 
and time domains, and Fig. 12 the cubic spline interpolation in the frequency domain and the 
linear interpolation in the time domain. 

The BER of Nf  = 3 is superior to that of Nf  = 1 in Fig. 11, and the BERs of Nf  = 3 and 
Nf  = 7 to that of Nf  = 1 in Fig. 12. It is because as Nf  increases, the accuracy of reference 
signal recovery is reduced whereas the effect of noise is suppressed by the interpolation. 
Also, in both figures, there is little difference in the BER performance between NT = 2 and 
N T  = 50. 

Figure 13 shows the BER performance of 16QAM MCM, 64QAM MCM and 256QAM 
MCM versus Eb/No in a frequency-selective fast Rayleigh fading channel, where Nopt = 128 
and ( ~ / r s ) o p  t = 0.06 are optimized for R = 8.192 Msymbol/sec, v~ws = 100 nsec and 
fD = 20 Hz. In this figure, the BER of SCM in a frequency-non-selective slow Rayleigh 
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fading channel is given by [17] 

BER(16QAM) = ~ 1 -  

BER(64QAM) = 7 [ 1 - ~ ,  

BER(256QAM) = ~ 1 -  170+7 " 

(9) 

(10) 

(11) 
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Figure 11. BER versus RMS delay spread (linear interpolation). 

The BER of the optimized M-ary QAM MCM in the frequency-selective fast Rayleigh 
fading channel is almost the same as that of the M-ary QAM SCM in the frequency-non- 
selective slow Rayleigh fading channel. 

6. Frequency Offset Compensation Method 
We have assumed a perfect DFT window timing synchronization and a perfect carrier fre- 
quency synchronization in the previous sections. In this section, we consider the problem of 
carrier frequency synchronization. 

Figure 14 shows the BER of the optimized QDPSK MCM versus the frequency offset 
normalized by the sub-carrier separation (foff �9 ts) in a frequency-selective fast Rayleigh 
fading channel with f v  = 20 Hz and ~-RMS ---- 100 nsec [19]. The BER degrades rapidly as the 
frequency offset increases, because the spectrally overlapping characteristic of sub-carriers 
results in severe inter-sub-carrier interference. In this paper, we propose a two-stage frequency 
compensation method [ 18]. 

Figure 15 shows the time-frequency format of a signal burst. The header is composed of 
two parts, a preamble for the DFT window timing synchronization and a group of pilot signals 
for the carrier frequency synchronization, where the same pseudo-random binary sequence 
(PRBS) is inserted at t = 1 �9 Ts and t = 2. T8 and a differentially encoded PRBS at t = 3. Ts. 

The frequency offset is generally expressed as 

foff = Noff . (i/t.) + fo'~, (12) 
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where Noff is an integer and [ffoff" ts[ <_ 0.5. The first and second stages estimate fo~ff and 
Noff, respectively. 

6.1. FREQUENCY OFFSET COMPENSATION STAGE 1 

Assume that the preamble has introduced the perfect DFT window timing synchronization. 
Observing the phase shift between the DFT outputs at t = 1 �9 T, and t = 2.  T, of the m-th 
sub-carrier (A0m), we can estimate fo~ as: 

fo'---~ - 1 
27r~ss 'A0~ 

_ 1 tan -1 "~[r~'2r*'l] (13) 
2 ~ r .  ~[r.~,2~;~,l] ' 

where rm,i is the DFT output of the m-th sub-carrier at t = i �9 Ts (i = 1, 2). Then, averaging 
A0 m (m = 0 , . . . ,  N - 1) over all the sub-carriers yields 

N-1 ..~ �9 
ftoff _ 1 [rm,2rm,1] 

27rNTs ~ tan-1 m=O ~}~[?~rn,2?'~n, 1 ] " 
(14) 

Figure 14 shows the BER for the frequency offset compensation 1 using a PRBS with 
a period of 128, where 0 is added to the 7-stage M-sequence (the PRBS is used to reduce 
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Figure 13. BER of 16QAM MCM, 64QAM MCM and 256QAM MCM in frequency-selective fast Rayleigh fading 
channel. 

the envelop peak value). The first stage can remove the frequency offset accurately for 
Ifo'f~ ' tsl <_ 0.5, and make the BER almost the same as the lower bound. 

Figure 16 shows the RMS frequency error normalized by the sub-carrier separation versus 
the RMS delay spread. As the delay spread becomes large, the frequency error slightly 
improves, because the frequency correlations among sub-carriers become low. 

The performance of stage 1 depends on the number of sub-carriers, because the effect of 
noise can be reduced by the averaging process given by Eq. (14). Figure 17 shows the BER 
versus the number of sub-carriers, where a PRBS with a period of K is used for the case of 
K sub-carriers. Using 8 or 16 sub-carriers, the stage 1 can sufficiently suppress the effect of 
noise. This compensation method 1 is principally identical to Moose's method [20]. 

6.2. FREQUENCY OFFSET COMPENSATION STAGE 2 

Using the autocorrelation characteristic of the differentially detected PRBS at t = 3 �9 Ts (if 
there are few errors in the PRBS), we can remove the frequency ambiguity Non (see Fig. 18). 

Fig. 19 shows the BER for the frequency offset compensation 1+2. The BER becomes 
worse for 6 < Ifoff " t~l < 10, because the frequency offset and the guard duration causes a 
wrong phase shift in the differential detection process (Noff �9 A / T s  ,,~ 0.5), and it results in 
a lot of errors in the PRBS. Consequently, the two-stage method can estimate the frequency 
offset accurately for lfoff " tsl < 6. However, if we set the guard duration in the header to be 
zero, we can make the frequency acquisition range wider. 
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Figure 14. BER of QDPSK MCM versus frequency offset in frequency-selective fast Rayleigh fading channel. 
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Figure 15. Signal burst format for frequency offset compansation. 
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7. Conclusions 

We have discussed the transmission performance of Multi-Carrier Modulation in frequency- 
selective fast Rayleigh fading channels. 

We have shown the design method of the guard duration ( A ) and the number of sub-carriers 
(N) of MCM for a given frequency-selective fast Rayleigh fading channel with fD and 7RMS 
and a given total transmission rate (R), and have demonstrated the region of fD and 7RMS 
where Multi-Carrier Modulation can be an effective method against frequency-selectivity and 
time-selectivity introduced by the channel. 

Then, we have designed the optimized M-ary DPSK MCM for fD = 20 Hz, r ~ s  = 
100 nsec and R = 8.192 Msymbol/sec, and have shown the BER performance is almost 
the same as the lower bound, the BER of the M-ary DPSK single carrier modulation in a 
frequency-non-selective slow Rayleigh fading channel. 

Next, we have proposed a pilot-assisted QAM MCM, and have shown the BER performance 
of 16QAM MCM, 64QAM MCM and 256QAM MCM when we reduce the number of pilot 
signals from the view-point of frequency-time utilization efficiency. 

Finally, we have proposed a two-stage frequency offset compensation method. For the 
optimized QDPSK MCM with R = 8.192 Msymbol/sec, _Nop t = 128 and (A/Ts)opt = 0.06, 
the two-stage method can accurately estimate the frequency offset for Ifo~l ___ 408.5 kHz in 
the frequency-selective fast Rayleigh fading channel with fD = 20 Hz and TRMS = 100 nsec. 
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Appendix 

The BER is given by 

V~ - p2 cos2 (~) - psin (~) 
BER= 

2V/i _ p2 cos2 (5) 
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In the above equation, p is the normalized correlation between the outputs (Fourier coefficients) 
of the m-th sub-carrier (m = 0, . . . ,  N - 1) at i t s  and (i - 1)Ts approximately given by 

0.31 
P = 0.32 + 0.2 + 0.2 ' (16) 

where 0.2 is the noise power, and o"21 , 0.22 and 0.2 are given by 

0.~1 = E 0 . ~  1 -  6 + N2 
l=l 

+ ~ 0 . 'N X - ~  1 -  ~ + x  2 , 
I=MI+I 

MI 

+ ~2 4(N ~a)~" I- 
I=MI+I 6 

(17) 
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and 

4 

+ MI'-}-M2Z 0"[2 (--a/~ "~- 7"t~R)2 { ~-~':~'~-5~" 1 -  (~)2 (-AR6 rzR)2 } -  , 

I=MI+I 

i l  N-1 (d)2 ( N _  mR) 2 

l=l k=0 
kT~m 

+ 
/=MI+I k=0 k•m 

�9 cos (21r(k - m)(N - hT-hSq ~-~R)) 

(18) 

TIR) I 
1 3 ( d ) 2  ( N - -  AR)2 / 

+ 2~2(k- m)2 + 4~(~ :;~-V ) 

�9 ( 1 -  (2r(k-m)(N- cos ~ : Z - ~  ~,R))) 

(~(~_ m)(_A. + ~,.)) 
+ 2rcZ(k _ m) 2 cos N - AR 

(_~): (~ A . ) ( - A .  + ~,.) ~,~ (:~(~_.,)( A .  + T..) 
+ 

7r3(k - m)3 \ N - - - ~  / 

1 3 (~-)2 (N - AR)2 / 

�9 ( 1 - c o s (  2 7 r ( k - m ) ( - A R +  ~ }  N - A R  TtR)/  / , (19) 

where d is a coefficient when the time autocorrelation function is approximated as 

r  ~ 1 - (dAt) 2. (20) 

For example, when we use an omni-directional monopole antenna at the receiver [14], d is 
written as 

d = 7rfD, 

where fD is the maximum Doppler frequency. 
For p ~ 1.0, Eq. (15) becomes 

1 (1 - p) .  B E n =  

(21) 

(22) 
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Therefore, we can use Eq. (22) to evaluate the BER for any M-ary DPSK MCM, and the 
minimization problem of the BER results in the maximization problem of p for N and A. 
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