
THE C OHOMOLOGY 

BRAID GROUP 

V. I. Arnol'd 

R I N G  O F  T H E  C O L O R E D  

UDC 513.83 

The  c o h o m o l o g y  r i n g  i s  ob ta ined  fo r  the  s p a c e  of  o r d e r e d  s e t s  of n d i f f e r e n t  po in t s  of  a p l ane .  

A r t i n ' s  c o l o r e d  b r a i d  g r o u p  of  the  s p a c e  M n of  o r d e r e d  s e t s  of  n p a i r w i s e  d i f f e r e n t  po in t s  of  a p l a n e . t  
It is  not  d i f f i cu l t  to show tha t  Mn is  the  s p a c e  K0r,  1) f o r  the  g roup  I(n): 

~l(Mn) = I(n) ,  ~i(Mn) = 0 for i > i .  

F r o m  th i s  i t  fo l lows tha t  the c o h o m o l o g i e s  of I(n) c o i n c i d e  wi th  t h o s e  of  M n (what we have  in mind  is  the  
t r i v i a l  a c t i o n  of Z): 

H* (I(n)) "~ H* (M,~, Z). 

In the  p r e s e n t  note  a d e s c r i p t i o n  is  g iven  of  th i s  c o h o m o l o g y  r i n g .  We use  a r e a l i z a t i o n  of Mn in the  
f o r m  of a c o m p l e x  af f ine  s p a c e  C n = {z = (z 1 . . . . .  Zn) } wi th  " e l i m i n a t e d  d i a g o n a l s : "  

Mn = {Z ~ C'~; z~ =r zt Vk =# l}. 

We s h a l l  deno t e  b y  A(n) the  e x t e r n a l  g r a d u a t e d  r i n g  C2n g e n e r a t e d  b y  o n e - d i m e n s i o n a l  e l e m e n t s  COk, l = COl, k ,  
1 --- k r l --- n,  CSn s a t i s f y i n g  the r e l a t i o n s h i p s  

r lcoz, m + C0Z, mr h + ~m, ~ h ,  l = 0. (1) 

T H E O R E M .  The  h o m o l o g y  r i n g  of the  c o l o r e d  b r a i d  g roup  is  i s o m o r p h i c  to A(n). The  i s o m o r p h i s m  
H*(MnZ) ~ A(n) i s  s e t  up b y  the f o r m u l a s  

t d z  k -  d z  I (2) 
0")4, l = ~ Zk - -  Zl 

In o t h e r  w o r d s ,  the o n e - d i m e n s i o n a l  g e n e r a t o r s  60k, l c o r r e s p o n d  to c i r c u i t s  a r o u n d  the  d i a g o n a l s  z k = z l .  

COROLLARY 1. The  c o h o m o l o g y  g r o u p s  of the  c o l o r e d  b r a i d  g roup  a r e  t o r s i o n - f r e e .  

COROLLARY 2. The P o i n c a r 6  p o l y n o m i a l  of  the  m a n i f o l d  M n i s  

p (t) = (t -~- t)(i + 2 t ) . . .  (l + (n - -  t) t). 

In o t h e r  w o r d s ,  the c o h o m o l o g y  g r o u p s  of  the  m a n i f o l d  Mn [or of  the  g roup  I(n)] a r e  the  s a m e  as  fo r  
the  d i r e c t  p r o d u c t  of  a c i r c l e ,  a bouque t  of two c i r c l e s  . . . .  , a bouque t  of ( n - l )  c i r c l e s .  

COROLLARY 3. The a d d i t i v e  b a s i s  of  the  r i n g  A(n) c o n s i s t s  of a l l  p r o d u c t s  of the  f o r m  

c%, z, c%~t,... r zp, where k s < Is, ll < l~ < . . .  < l v. (3) 

COROLLARY 4. The s u b r i n g  of the  r i n g  of e x t e r n a l  d i f f e r e n t i a l  f o r m s  C2n g e n e r a t e d  by  the f o r m s  (2) 
i s  i s o m o r p h i c  to A(n).  

COROLLARY 5. An e x t e r n a l  p o l y n o m i a l  in the  d i f f e r e n t i a l  f o r m s  (8) i s  c ohomologous  to z e r o  in M n 
i f  and on ly  i f  i t  i s  equa l  to z e r o .  

t T h e  n a m e  is e x p l a i n e d  b y  the  o t h e r  de f in i t i on :  I(n) i s  the  k e r n e l  of the  n a t u r a l  h o m o m o r p h i s m  B(n) --- S(n) 
of  the g r o u p  of  b r a i d s  c o n s i s t i n g  of  n s t r a n d s  onto the  s y m m e t r i c  g r o u p  of  p e r m u t a t i o n s  of the ends  of the  
b r a i d .  In o t h e r  w o r d s ,  I(n) c o n s i s t s  of  b r a i d s  e a c h  s t r a n d  of which  i s  i n d i v i d u a l i z e d  ( t in ted  in i t s  own co lo r )  
and  ends  w h e r e  i t  b e g i n s .  

M. V. L o m o n o s o v  Moscow S ta te  U n i v e r s i t y .  T r a n s l a t e d  f r o m  M a t e m a t i c h e s k i e  Z a m e t k i ,  Vol .  5, 
No. 2, pp.  227-231 ,  F e b r u a r y ,  1969. O r i g i n a l  a r t i c l e  s u b m i t t e d  A p r i l  29, 1968. 
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COROLLARY 6. The s y m m e t r i z a t i o n  of an  a r b i t r a r y  e x t e r n a l  p o l y n o m i a l  of d e g r e e  g r e a t e r  than  1 in  
the  d i f f e r e n t i a l  f o r m s  (2) i s  equa l  to z e r o .  

E x a m p l e .  The n o n - o b v i o u s  iden t i t y  

,~ ~,~ A o~,~ A o~,, A o~,,~ = o, 
120 

h o l d s ,  w h e r e  the  s u m m a t i o n  i s  c a r r i e d  out  o v e r  a l l  120 p e r m u t a t i o n s  of  the  d i g i t s  1 . . . .  , 5 .  

I t  is  e a s y  to p r o v e  

L E M M A  1. T h e r e  e x i s t s  a s t r a t i f i c a t i o n  Mn P Mn_l; i t s  s t r a t u m  is  a p l ane  l a c k ing  n - 1  po in t s .  The  
a c t i o n  of  the  f u n d a m e n t a l  g roup  of the  b a s e  Mn_ l in  a c o h o m o l o g y  of  the  s t r a t u m  is  t r i v i a l .  The  s t r a t i f i c a -  
t i on  p h a s  a s e c a n t .  

In fac t ,  l e t  u s  a s s u m e  p(z 1 . . . . .  z n) = z 1 . . . . .  Zn_ 1. Then  the s t r a t u m  Fn_ 1 ={z E C:z ~ z 1 . . . . .  Zn-l~ �9 
The  s t r a t u m  Fn_ ~ is  h o m o t o p i c a l l y  equ iva l en t  to a bouque t  of n - 1  c i r c l e s .  The  g roup  of  o n e - d i m e n s i o n a l  
( c o ) h o m o l o g i e s  fo r  the  s t r a t u m  i s  i s o m o r p h i c  to Z + . . .  + Z  ( n - 1  t i m e s ) .  The fundamen ta l  g r o u p  of the  
b a s e  is the c o l o r e d  b r a i d  g roup  r e s u l t i n g  f r o m  n - 1  s t r a n d s ,  I ( n - 1 ) .  I ts  a c t i on  in the  s t r a t u m  is the o r d i n -  
a r y  a c t i o n  of a b r a i d  g r o u p  in a p l a n e  wi th  e l i m i n a t e d  p o i n t s .  But the  b r a i d s  in I ( n - 1 )  a r e  c o l o r e d ,  and they  
do not  p e r m u t e  t he  e l i m i n a t e d  po in t s .  Consequen t ly ,  I ( n - 1 )  a c t s  t r i v i a l l y  in a ( co)homology  of  the  s t r a t u m .  
The  s e c a n t  m a y  b e  g iven  b y  the f o r m u l a  

zl+"'+z'+-I + 2  max } z i - - z j [ + t .  
Z n  = " n -  i 1~'~,  i ~ n - - 1  

The  s i m p l e  p r o o f  of  T h e o r e m  1 g iven  above  is  due to D. ]3. F u k s .  

We s h a l l  c o n s i d e r  a c o h o m o l o g i c a l  s p e c t r a l  s e q u e n c e  of the  s t r a t i f i c a t i o n  M n --~ Mn_ 1. S ince  7rl(Mn_ 1) 
a c t s  t r i v i a l l y  in  a c o h o m o l o g y  of  the  s t r a t u m  Fn-1 ,  the  t e r m  E~ = H*(Mn- l ,  H*(Fn~I)) is  the  s a m e  as  in the  
d i r e c t  p r o d u c t .  The  on ly  p o s s i b l e  d i f f e r e n t i a l  d 2 is  in f ac t  z e r o  ( this  e a s i l y  fo l lows  f r o m  the  e x i s t e n c e  of 
the  s e c a n t  of the  s u r f a c e ) .  T h u s ,  E 2 = Eoo. So the ( co )homology  g r o u p s  of  M n a r e  the  s a m e  as  in the  d i r e c t  
p r o d u c t  of Mn_ l and  Fn-1.  Pu t t ing  in s u c c e s s i o n  n = 2, 3 . . . .  (M i = C), we f ind tha t  the ( co )homolog ie s  of  
M n a r e  the  s a m e  a s  in the  d i r e c t  p r o d u c t  of a c i r c l e ,  a l e m n i s c a t e  . . . . .  a bouque t  of n - 1  c i r c l e s .  C o r o l -  
l a r i e s  1 and 2 a r e  p r o v e d .  

We s h a l l  c o n s t r u c t  an  a d d i t i v e  b a s i s  fo r  H*(M n, Z).  It fo l lows  f r o m  our  s p e c t r a l  s e q u e n c e  t ha t  i t  can  
be  o b t a i n e d  f r o m  the i m a g e  of  the  a d d i t i v e  b a s i s  of  H*(Mn_l ,  Z) u n d e r  the m a p  p*  b y  add ing  the p r o d u c t s  of 
i t s  e l e m e n t s  b y  n - 1  o n e - d i m e n s i o n a l  c l a s s e s  of  e o h o m o l o g i e s  which  t r a n s f o r m  into the g e n e r a t o r s  Ht (Fn_ l ,  
Z) u n d e r  the  m a p  i*  (where  i :  F n -  1 --+ Mn). We note  tha t  we  m a y  t ake  as  t h e s e  o n e - d i m e n s i o n a l  c l a s s e s  
e o h o m o l o g y  c l a s s e s  of  the  d i f f e r e n t i a l  f o r m s  w 1,n, r . . . . .  C~ o f  (2). Pu t t i ng  in  s u c c e s s i o n  n = 2, 3 ,  
. . . .  we  s e e  tha t  the p r o d u c t s  of  the  type  (3) of the  d i f f e r e n t i a l  f o r m s  (2) f o r m  the add i t i ve  b a s e s  of H*(Mn, Z) .  

The  d i f f e r e n t i a l  f o r m s  (2) s a t i s f y  the  r e l a t i o n s h i p s  (1). Th is  can  b e  v e r i f i e d  by  d i r e c t  s u b s t i t u t i o n .  
The  c o h o m o l o g y  c l a s s e s  of  the  d i f f e r e n t i a l  f o r m s  (2) in the  r i n g  H*(Mn, Z) a f o r t i o r i  s a t i s f y  the  r e l a t i o n s h i p s  
(1). We can  t h e r e f o r e  c o n s t r u c t  the  r i n g  h o m o m o r p h i s m  ~o: A(n) ~ H*(Mn,  Z) by  a s s o c i a t i n g  wi th  the g e n -  
e r a t o r s  r l E A(n) the  d i f f e r e n t i a l  f o r m s  of H*(M n, Z) in a c c o r d a n c e  wi th  f o r m u l a  (2). We have  shown 
a b o v e  tha t  ~o h a s  no k e r n e l .  I t  is  e a s y  to p r o v e  

L E M M A  2. The  r i n g  A(n) is  g e n e r a t e d  a d d i t i v e l y  by  the p r o d u c t s  (3). 

F o r  i t  f o l l ows  f r o m  the  a n t i c o m m u t a t i v e  p r o p e r t y  tha t  A(n) i s  g e n e r a t e d  b y  the p r o d u c t s  r �9 . . . �9 
OJkp/p, w h e r e  k s < / s ,  l s  -<-< l s + l -  The r e l a t i o n s h i p  (1) e n a b l e s  us  to ge t  r i d  of  equa l  l .  F o r  e x a m p l e ,  

fDkl, I (0/~, l ~ f~kl, /~s (0k2, l - -  {t)/~l, /e: ~ j ,  I .  

In  bo th  the  s u m m a n d s  the g r e a t e r  index  of  the  f i r s t  f a c t o r  i s  s t r i c t l y  l e s s  than  l .  Thus  a l l  the p r o d u c t s  
COk] can  b e  e x p r e s s e d  a d d i t i v e l y  in  t e r m s  of  p r o d u c t s  in  wh ich  k s < / s ,  I s  < [ s + l .  The l e m m a  is  p r o v e d .  

I t  fo l lows  f r o m  th i s  t ha t  the  r i n g  h o m o m o r p h i s m  ~0: A(n) --* H* has  no k e r n e l .  F o r  the  p r o d u c t s  (3) 
w h i c h  g e n e r a t e  A(n) a d d i t i v e l y  t r a n s f o r m  in to  i ndependen t  e l e m e n t s  of H* (we have  e s t a b l i s h e d  a b o v e  tha t  
t hey  f o r m  in H* a n  a d d i t i v e  b a s i s ) .  C o n s e q u e n t l y  ~o h a s  no k e r n e l ;  so  ~o is a r i n g  i s o m o r p h i s m .  T h e o r e m  
1 i s  p r o v e d .  
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We have at  the s ame  t ime  proved Coro l la ry  3, s ince we a l ready  know that  in the r ing H* the products  
(3) f o r m  an additive bas i s .  Coro l l a r i es  4 and 5 follow f rom the fact  that,  on the one hand, the cohomology 
c l a s s e s  of the fo rms  genera ted  by the fo rms  (2) f o r m  the r ing H*(M n, Z), i somorphic  to A(n); but on the 
o ther  hand, the di f ferent ia l  f o rms  (2) t hemse lves  sa t i s fy  the re la t ionships  (1). 

Coro l l a ry  6 follows f r o m  Coro l la ry  5 and the f ini teness  of the cohomology groups Hl(B(n)), i > 1 (B(n) 
is the bra id  group formed f r o m  n s t rands  [1]. 

Note. Let  M be the manifold obtained f r o m  C n by discarding an a r b i t r a r y  number  of hyperp lanes  

M = { z ~ C n : a ~ ( z ) = # O , k ~  i . . . . .  N } .  

Probably ,  the r ing H*(M, z) is t o r s i o n - f r e e  and is genera ted  by the one-dimensional  c l a s s e s  co k = (1/21ri) 
(dak/ak),  an ex te rna l  polynomial  in O)k being cohomologous to 0 in H* only when it is ze ro .  

The author thanks V. P.  Pa lamodov and D. B. Fuks for  useful  d i scuss ions .  
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