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OPERATORS 

B e ~ n n i u g  wi th  the  w o r k  of M. G. K r e i n  and L. V. Kantorovich ,  me thods  of p a r t i a l l y  o r d e r e d  s p a c e s  
have  been  u sed  to d e r i v e  bounds f o r  c h a r a c t e r i s t i c  va lues  and s p e c t r a l  r a d i i  of l i n e a r  o p e r a t o r s .  We 
p r e s e n t  below s o m e  new r e s u l t s  in th is  d i r e c t i on .  

1. Le t  K b e  a cone  in the r e a l  Banach  s p a c e  E (for an explana t ion  of our  t e r m i n o l o g y  s e e  [1, 2]). 
An e l e m e n t  V 06 K i s  c a l l e d  a q u a s i - i n t e r i o r  e l e me n t  of K if  l (v0t > 0 f o r  any  nonze ro  funct ional  l of the  
con juga te  s e m i g r o u p  K.* F o r  e x a m p l e  in the  cone  of normegat ive funct ions in Lp, a q u a s i - i n t e r i o r  func-  
t ion i s  a funct ion tak ing  p o s i t i v e  va lue s  on a s e t  of c o m p l e t e  m e a s u r e .  

THEOREM 1. Le t  the  pos i t ive ,  c o m p l e t e l y  continuous,  l i n e a r  o p e r a t o r  A s a t i s f y  the  inequa l i ty  

A ravo ~ a.Vo, (1) 

w h e r e  v 0 is  a q u a s i - i n t e r i o r  e l e m e n t  of the cone  K. Then 

r (.4) ~< ~f~-, (2) 

w h e r e  r(A) i s  the  s p e c t r a l  r a d i u s  of  A. 

THEOREM 2. Let  K be  a n o r m a l  and r e p r o d u c i n g  cone.  Let  the p o s i t i v e  l i n e a r  o p e r a t o r  A be un-  
bounded above  and s a t i s f y  the  inequa l i ty  (1). Then (2) holds .  

.These  t h e o r e m s  supp lemen t  and g e n e r a l i z e  the r e s u l t s  s t a t ed  above  c onc e rn ing  upper  bounds of the 
s p e c t r a l  r a d i u s  and a l so  r e s u l t s  conce rn ing  i n c o n s i s t e n t  i nequa l i t i e s  [2-6].  

2. B e f o r e  p rov ing  the above  t h e o r e m s  we s t a t e  and p r o v e  a s i m p l e  a u x i l i a r y  r e s u l t .  

LEMMA 1. Let  l 0 be  a non-nul l  p o s i t i v e  l i n e a r  funct ional  such  that  

lo(Ax) > r(A)lo(x) ( x E K ) ,  

w h e r e  A i s  a p o s i t i v e  l i n e a r  o p e r a t o r .  Let  (1) hold fo r  s o m e  q u a s i - i n t e r i o r  e l emen t  v 0. 

PROOF.  F i r s t  l e t  ~ > 0. We w r i t e  

I--2 i-! 
w~ = a '~ vo -t-r " Avo + . . . .  ~_ A.~-lvo. (4) 

C l e a r l y  w 0 is a q u a s i - i n t e r i o r  e l e m e n t  ( s ince  v 0 is a q u a s i - i n t e r i o r  e lement ) .  Since  

l 2 

Awo=a ~Avo+~ ~AZvo+ "" + A~vo, 
it follows from (1) that 

Assume that (2) does not hold; we have 

(3) 

Then (2) h o l d s .  

i 

Awo ~ a'Wo. (5) 

r (A)  x0 - -  Awo ~ 6wo, 

where d is positive. This implies that r(A)w 0 is a quasi-interior element and so 

r(A ) ~(Wo) -- to(Awo) >O 

and (3) is contradicted. 

Ins t i t u t e  of  Au tomat ion  and T e l e m e c h a n i c s  (Technica l  Cybe rne t i c s ) ,  A c a de my  of Sc iences  of the USSR, 
Voronezh  Sta te  Un ive r s i t y .  T r a n s l a t e d  f rom M a t e m a t i c h e s k l e  Zametk i ,  Vol.  1, No. 4, pp~ 461-468, Apr i l ,  
1967. Or ig Ina l  a r t i c l e  submi t t ed  J a n u a r y  10, 1967. 
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Now le t  a = 0 .  F o r  a n y e > 0 w e h a v e  
Ar%o ~ st%0 

and what  has  a l r e a d y  been  p r o v e d  i m p l i e s  r(A) -< e. I t  r e m a i n s  to note  tha t  e i s  p o s i t i v e .  

The  l e m m a  is  p roved .  

We now p r o v e  T h e o r e m s  1 and 2. 

In the  p r o o f  of T h e o r e m  1 we u s e  a t h e o r e m  due to M. G. K r e i n  [1] s t a t ing  tha t  the  s p e c t r a l  r a d i u s  
(if i t  i s  pos i t ive)  of a p o s i t i v e  c o m p l e t e l y  cont inuous  o p e r a t o r  is  a c h a r a c t e r i s t i c  va lue  of the  o p e r a t o r s  A 
and A,* c o r r e s p o n d i n g  to c h a r a c t e r i s t i c  v e c t o r s  in the  cones  K and K* if the  l i n e a r  span  of K is d e n s e  E. 
Under  the  cond i t ions  of T h e o r e m  1 the dens i t y  of the l i n e a r  span  of the  cone  K in E fo l lows  f rom the e x i s -  
t ence  of q u a s i - i n t e r i o r  e l e m e n t s  in the  cone .  Le t  l0 be a p o s i t i v e  funct ional  s a t i s fy ing  the equat ion 
A*/0 ----r(A) l 0. ( F r e i n ' s  t h e o r e m  shows tha t  such  a funct ional  ex i s t s ) .  I t  fo l lows  f r o m  the  def in i t ion  of 
a con juga te  o p e r a t o r  that  

lo(Ax ) = r(A)lo(x ) (x ~ E). (6) 
It only r e m a i n s  to u s e  L e m m a  1. 

We now tu rn  to T h e o r e m  2. We r e c a l l  tha t  the u0-boundedness  above  of the  o p e r a t o r  A i m p l i e s  t he  
e x i s t e n c e  of a nonze ro  e l e m e n t  u0E K and a p o s i t i v e  i n t e g e r  n such  that  

A~x ~ ~(x) u o (x ~ K). (7) 

We w r i t e  Eu0 for  the  s e t  of xE E, fo r  which  the s o - c a l l e d  u0-norm 

II=t~ --  inf {#: -#~<x~<#~} 

i s  f in i te .  I t  i s  known that  the n o r m a l i t y  of K i m p l i e s  the  c o m p l e t e n e s s  of the  s p a c e  Eu~ in the u0-norm 
1 u [ , 2]. T h e  i n t e r s e c t i o n  Ku0 = K Eu0 i s  a s o l i d  and n o r m a l  cone in Eu 0 (it  is  a l s o  s h a r p  in the  s e n s e  of 

M. G. Kre in) .  The  o p e r a t o r  B = A n m  m a p s  Ku0 into i t s e l f  and so [1] B* h~s in E~0 a c h a r a c t e r i s t i c  v e c t o r  
10 of K~0 c o r r e s p o n d i n g  to a c h a r a c t e r i s t i c  va lue  equaLto  r (B):  

B" lo=r (B)lo. (8) 

We a r e  c l e a r l y  i n t e r e s t e d  only in the  c a s e  in  which  r(A) > 0; in th is  c a s e  r(B) >0. We w r i t e  

lo(x) = ~ lo(Bx) (xEE).  (9) 

Th i s  funct ional  i s  p o s i t i v e  and thus cont inuous  s i n c e  we a r e  dea l ing  with  a r e p r o d u c i n g  cone  [10]. The 
r e l a t i o n  (9) can  be  c o n s i d e r e d  to be  equ iva len t  to condi t ion  (3). The  equa l i ty  (1) i m p l i e s  that  By 0 -< a':v0 . 
H e n c e  L e m m a  1 y i e l d s  the  inequa l i ty  

r(B)<a n, (10) 

wh ich  in tu rn  y i e l d s  (2). 

T h e o r e m s  1 and 2 a r e  p roved .  

T h e o r e m  1 can  a l so  be p r o v e d  by f i r s t  e s t a b l i s h i n g  the inequa l i t y  (10) without  having r e c o u r s e  to 
the  c o n s t r u c t i o n  of the e l e m e n t  (4); in ou r  opinion,  however ,  the d e r i v a t i o n  of (5) f r o m  (1) i s  of i ndependen t  
i n t e r e s t .  We note  tha t  the e s s e n t i a l  p a r t  of the r e a s o n i n g  in the p roo f  of T h e o r e m  2 was  used  by one of 
the  au tho r s  in an i nves t i ga t i on  of i r r e s o l v a b l e  l i n e a r  o p e r a t o r s  [7}. 

3. As  an e x a m p l e  we  c o n s i d e r  the  i n t e g r a l  o p e r a t o r  

Ax (t) = l~ K(t, s) x (s) ds, (11) 

w h e r e  ~ i s  a bounded c l o s e d  se t  of a f i n i t e - d i m e n s i o n a l  s p a c e .  We a s s u m e  tha t  the  k e r n e l  of th is  o p e r a t o r  
i s  f in i te .  We a l s o  a s s u m e  tha t  A i s  c o m p l e t e l y  cont inuous  in s o m e  Lp space .  Let  t ~ o. 

I n K(t, s) v,,(s) ds ~ avo(t), (12) 

f o r  a l m o s t  a l l  t E ~2, w h e r e  v0(t ) E Lp and v0(t ) i s  a l m o s t  e v e r y w h e r e  pos i t i ve .  Then  T h e o r e m  1 i m p l i e s  tha t  
r(A) --< ca 
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4. The  na tu r a l  ques t ion  a r i s e s  of whe the r  (2) fo l lows f r o m  (1) fo r  a r b i t r a r y  p o s i t i v e  l i n e a r  o p e r a t o r s  
I t  t u r n s  out  tha t  (2) does  not fol low f r o m  (1), and we give a c o u n t e r - e x a m p l e  (we s t r e s s  that  the cone  K Ao 

i s  s o l i d  in th is  example ) .  

Le t  E be  the  s p a c e  of funct ions  f ( z )  ana ly t i c  in the  d i sc  [zl -~1, cont inuous  in f ( z ) ,  and t ak ing  r e a l  
v a l u e s  fo r  r e a l  z. Th i s  s p a c e  can  be  c o n s i d e r e d  a s  a r e a l  Banach  s p a c e  with n o r m  

llill = max l./(z)I. (13) 
I z l ~ l  

Le t  K be  the  s e t  of func t ions  f ( z )  s E, taking uonnegat ive  va lues  fo r  r e a l  z E [ -  1 , -  1/2].  We e a s i l y  s e e  tha t  
t h e  cone  K is  so l id  (it does  not  p o s s e s s  the  p r o p e r t y  of n o r m a l i t y ) .  Fo Bonsa l l  [8] c o n s i d e r s  th i s  s p a c e  
f r o m  ano the r  poin t  of v iew.  

In E we de f ine  the  l i n e a r  o p e r a t o r  
Af(z) = -- (z + i/2) /(z).  (14) 

The  s p e c t r u m  of th i s  o p e r a t o r  co inc ide s  wi th  the d i sc  IX.+ 1/2] -< 1 and so  

r(A) = 3/2. 
But  

A v o < v0]2, 

w h e r e  v0(z) - 1. Hence (i)  does  not  i m p l y  (2) fo r  the o p e r a t o r  (14). 

This  example  s u p p l i e s  a nega t ive  a n s w e r  to one of the  ques t ions  posed  in [6]. 

5. We now p r e s e n t  ano the r  t h e o r e m  c onc e rn ing  s p e c t r a l  r ad i i ;  th is  t h e o r e m  is  s i m i l a r  to s o m e  a s -  
s e r t i o n s  p r o v e d  in [9] fo r  s p a c e s  wi th  m i n i - h e d r a l  cones .  

L e t  E 1 and E 2 be Banach  s p a c e s  wi th  cones  K i and K~ r e s p e c t i v e l y .  Let  K l be  r e p r o d u c i n g  and le t  
I~  be  n o r m a l .  Le t  T b e  a mapping  of K 1 into K 2 s a t i s fy ing  the inequa l i ty  

1] r ~  [I > r II �9 t] (x ~ K~,  (15) 

w h e r e  c i s  a cons tan t ,  c > 0 (we do not  a s s u m e  tha t  T i s  l i nea r ) .  

THEOREM 3. 

Then we have  - 

Le t  A and B be  p o s i t i v e  l i n e a r  o p e r a t o r s  wi th  doma ins  in E 1 and E2 r e s p e c t i v e l y .  Le t  

TAx ~ BTx (z ~ K1). (16) 

r(A) ~ r(B). (17) 

K1, f ~  0. F r o m  (16) we have  

TAn/< B"TI (n = 1, 2,...), (18) 

PROOF. Let f 

and, since K~ is normal, we have 

w h e r e  M i s  a p o s i t i v e  number .  

TA"/~..~ MIIB~'Tfll (n ---- i ,  2 . . . .  ), 

M o r e o v e r  (15) y i e ld s  

II An/~MItB'~T/II (n----i, 2 . . . .  ). 

Hence  

r (B)  ----- l i m ~ B ~ t l  *{~ 

Using th is  r e s u l t  and the f o r m u l a  

due to L M. Gel'land, we obtain 

1-~A ' / I I~ /~r (B)  ( t ~ K  d. 

Any e l e m e n t  f E E 1 can  be e x p r e s s e d  in the  fo rm f = f l - f 2 ,  w h e r e  f l ,  f 2  E K 1. Clear ly ,  

(19) 

(20) 

(21) 
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Hence (21) yields 
li-"~ ![ A~f ii t'~ ~ r (B) ( / ~  E~). (22) 

n ~ o o  

The inequali ty (22) impl ies  that, f o r  IX [ > r(B), the equation 

has the solution 

the s e r i e s  on the right converging  in norm.  

Hence (17)holds andthe  theorem is proved.  

~x =Ax +/ (23) 

Y ~  A"/ / 72 +~, x" = ~-~.=o (24) 

We note that  in the proof  of T h e o r e m  3 we have used the fol lowing useful c o r o l l a r y  to Ge l ' f and ' s  
fo rmula :  t he  inequali ty 

li---m il An] [l 1In "~< a (.f ~_ E) 
n ~ o o  

impl ies  that  r(A) -< a. 

6. THEOREM 4. Let the ope ra to r  T act  f r o m  the Banach space  E 1 into the Banach space  E2, and let 
T be par t i a l ly  o r d e r e d  by the r ep roduc ing  cone E 2 and sa t i s fy  the condit ions 

1) - T x  K 2 fo r  e v e r y  nonzero  x in E 1. 

2) T(tx) = It[ Tx. 

Let the linear operator A with domain E l satisfy the foil.wing inequality analogues to (16): 

T A x  < B T x  (x ~ El) ,  

w h e r e  B is a pos i t ive  l inear  ope ra to r  act ing in E 2. 

Then eve ry  c h a r a c t e r i s t i c  value X of A sa t i s f ies  the inequali ty IX I -< (A). 

PROOF.  Let  X be a c h a r a c t e r i s t i c  value of A co r re spond ing  to the c h a r a c t e r i s t i c  vec to r  x0: 

A x,~ = ~,xo ( xo ~ E O . 

Then 

[ ~" I Txo---- T ()~x,) = TAx,~ < BTJ'o. 

We wri te  y0 = Tx 0. Pla inly  -Y0 E" K2, Y0 ~ 0, and By 0 _~ Ixl Y0. We will p rove  that r(B) _> / X t �9 A s s u m e  
that this not so:  r (B)<  I x l .  We w r i t e f  fo r  the d i f ference  By 0 - I x  ! Y0- Clear ly  f _ >  O. Two cases  a re  
poss ib le :  1) f = 8, 2) f ~ 8. In the f i r s t  case  IX t is a c h a r a c t e r i s t i c  value of B and so tX I _<r(B); this 
leads to a cont radic t ion .  Consider  the second case :  f ~ 8. Our assumpt ion  implies  that the equation tX I 
x =  B x - f  has the single solution x = Y0 where  

E y o = - -  n-oBnf ' 

S i n c e f  E K2, f ~  0, and Y0 E K2, Yo ~ 0. This con t rad ic t s  the fact  that  Yo E K2, and the theorem is proved.  

The  condit ions of T he o re m  4 a r e  l e s s  r e s t r i c t i v e  than the condit ions of T h e o r e m  3. This is to be 
expected, s ince  the spec t ra l  rad ius  can be l a r g e r  than the s u p r e m u m  of the absolute  values of all c h a r a c -  
t e r i s t i c  values.  

1 .  

2. 

3. 

4. 
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