
INVESTIGATION OF REGIONS OF UNBOUNDED GROWTH OF THE 
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Some examples of the motion of a disperse mixture in which regions of 

unbounded growth of the particle concentration arise are considered. 
It is shown that integrable and nonintegrable singularities of the 

concentration can exist. The distribution function for the dis- 

tances between the particles found by Chernyshenko [9] is used to 
determine the conditions for the absence of interaction of the 

particles. It is shown that in the case of integrable singularities 

of the concentration the model of noninteracting particles is valid 

in a wide range of the determining parameters, since, despite the 
infinite value of the concentration, the distance between the par- 

ticles remains much greater than the particle diameter. 

To s i m u l a t e  t h e  m o t i o n  o f  d i s p e r s e  m i x t u r e s  o f  t h e  g a s - - p a r t i c l e  t y p e ,  w i d e  u s e  i s  
made o f  t h e  a p p r o x i m a t i o n  o f  i n t e r p e n e t r a t i n g  c o n t i n u a  [ 1 ] .  I n  many a p p l i c a t i o n s ,  t h e  
low v a l u e  o f  t h e  v o l u m e  c o n c e n t r a t i o n  o f  t h e  p a r t i c l e s  makes  i t  p o s s i b l e  t o  s i m u l a t e  
t h e  p a r t i c l e  medium by  a c o n t i n u u m  d e v o i d  o f  s e l f - s t r e s s e s ,  and e x p r e s s i o n s  v a l i d  f o r  
a s i n g l e  p a r t i c l e  i n  an u n b o u n d e d  f l u i d  a r e  u s e d  t o  d e t e r m i n e  t h e  i n t e r p h a s e  f o r c e  and 
e n e r g y  i n t e r a c t i o n  [ 2 ] .  In  t h e  s o l u t i o n  o f  a number  o f  p r o b l e m s  o f  f l o w  o f  a d i s p e r s e  
m i x t u r e  p a s t  b o d i e s  [3 -5 ]  and t h e  i n v e s t i g a t i o n  o f  s w i r l i n g  f l o w s  o f  d u s t y  g a s  [6] i n  
t h e  f r a m e w o r k  o f  t h e  mode l  o f  [2] i t  was f o u n d  t h a t  t h e r e  d e v e l o p  i n  t h e  f l o w  l i n e s  
o r  s u r f a c e s  on t h e  a p p r o a c h  t o  w h i c h  t h e  number  c o n c e n t r a t i o n  o f  t h e  p a r t i c l e s  i n -  
c r e a s e s  u n b o u n d e d l y .  I n  a number  o f  c a s e s  ( a s  n o t e d  e a r l i e r  i n  [ 7 - 8 ] )  t h e  p r e s e n c e  
o f  s i n g u l a r i t i e s  o f  t h e  c o n c e n t r a t i o n  i s  due  t o  t h e  i n t e r s e c t i o n  o f  p a r t i c l e  t r a -  
j e c t o r i e s .  

In view of the growth of the particle concentration near the singularities, it is 

necessary to,'consider the limits Of applicability of the model of noninteracting par- 
ticles and its possible modification by the introduction of "sheet" type discontinuities 
[8]. 

1. Motions with Integrable Singularities of 

the Particle Concentration 

We adopt the usual assumptions of the model of a dusty gas [2], namely, the medium 

of the particles consists of identical spheres of radius ~, the volume concentration of 
the particles is negligibly small, the drag of a test particle satisfies Stokes's law, 
and Brownian motion and interaction of the particles are absent. Allowance for the 
influence of the particles on the motion of the carrier phase is not a fundamental com- 
plication for the exposition that fol!ows , and therefore for simplicity we shall assume 
that the velocity field of the carrier phase is given. 

The equations of steady motion of the particle medium in dimensionless form are [4] 

( V , V ) V ~ = ~ ( V - V D ,  ~ v  n~V,=O ( 1 . 1 )  

Here, V is the velocity of the carrier phase, and the parameters of the particles 
are identified by the subscript s. As the scales for making the various quantities 
dimensionless we have taken the characteristic linear dimension L of the problem, the 
characteristic velocity v~ of the carrier phase, the characteristic particle concentra- 

v 

tion nso (here and in what follows, the prime identifies the dimensional scales of the 

Hoscow. Translated from Izvestiya Akademii Nauk SSSR, Mekhanika Zhidkosti i Gaza, 

No. 3, pp. 46-52, May-June, 1984. Original article submitted June 3, 1983. 

378 0015-4628/84/1903-0378508.50 �9 1984 Plenum Publishing Corporation 



I 

Fig. i 

Y 
V 

q u a n t i t i e s ) ,  8 = 6~opL/mv~,  m i s  t h e  mass  o f  a p a r t i c l e ,  a nd  p i s  t h e  v i s c o s i t y  o f  t h e  
c a r r i e r  p h a s e .  

S u p p o s e  t h e  s o l u t i o n  o f  ( 1 . 1 )  f o r  n s ( X )  h a s  a s i n g u l a r i t y  a t  t h e  p o i n t  x 0 (n  s § 
as  x § X o ) .  We d e n o t e  by  S(Xo, r )  t h e  s p h e r e  o f  r a d i u s  r w i t h  c e n t e r  a t  x O. S u p p o s e  
t h a t  i n  t h e  l i m i t  r § 0 t h e  r e l a t i o n  

N(xo, r) = in, d x f k f + o ( f )  (I. 2) 
0 

h o l d s .  

In (1.2), all the variables are dimensionless, as in (I.i); k and T are positive 
constants. 

We shall say that the exponent Y is the order of the singularity of the particle 
concentration. Thisdefinition is valid for integrable singularities of the particle 
concentration; for nonintegrable singularities, the integral in (1.2) does not exist. 

Below, we give three examples of motions that are typical elements of three-dimensional 
motions of dusty gas in which integrable singularities of the particle concentration 
arise. 

A. We consider one-dimensional unsteady motion of a particle medium. For sim- 
plicity, we suppose that over the considered time scale the drag of the carrier phase 
can be ignored, i.e., the particles are characterized by a large inertia. Suppose 
that at t = 0 the particles occupy the region 0 ~x 0 ~ I, have constant concentration, 
and the velocity distribution 

u,(xo, O) = i - z ~  ~ 

A l l  t h e  v a r i a b l e s  a r e  d i m e n s i o n l e s s .  As s c a l e s  we h a v e  c h o s e n  t h e  l e n g t h  L o f  t h e  
V '  r e g i o n  o c c u p i e d  by  t h e  p a r t i c l e s  a t  t h e  i n i t i a l  t i m e  t h e  m a x i m a l  v e l o c i t y  s O _ . o f t h e  

! - ! 

p a r t i c l e s  a t  t h e  i n i t i a l  t i m e ,  t h e  i n i t i a l  c o n c e n t r a t i o n  n s o  , a nd  t h e  t i m e  s c a l e  L / v s  O- 
I n  L a g r a n g i a n  c o o r d i n a t e s ,  t h e  l aw o f  m o t i o n  o f  t h e  p a r t i c l e  medium a nd  t h e  c o n t i n u i t y  
e q u a t i o n  a r e  

Z=Zo+(t--xo~)~ n, f t / l l - -2zot  I ( 1 . 3 )  

A d i a g r a m  ~ f  t h e  m o t i o n : o f  t h e  p a r t i c l e s  i n  t h e  x,  t p l a n e  i s  shown i n  F i g .  1. 
At t = ~,  t h e r e  i s  a " p i l e  up"  i n  t h e  p a r t i c l e  medium,  a nd  t h e  v e l o c i t y  f i e l d  i s  no  
l o n g e r  w e l l  d e f i n e d .  (We n o t e  t h a t  s o l u t i o n s  o f  s u c h  t y p e  w e r e  a l r e a d y  c o n s i d e r e d  i n  
[ 7 ] . )  I t  f o l l o w s  f rom ( 1 . 3 )  t h a t  t h e  c o n c e n t r a t i o n  becomes  i n f i n i t e  on t h e  e n v e l o p e  
o f  t h e  p a r t i c l e  t r a j e c t o r i e s ,  t h e  e q u a t i o n  o f  w h i c h  i s  

x=tl4t+t, t~'/~ 

I n  E u l e r i a n  c o o r d i n a t e s  i n  t h e  r e g i o n  o c c u p i e d  by  t h e  p a r t i c l e s  we h a v e  f o r  x < 1 
and  a b o v e  t h e  l i n e  t = x 

n.~ = t / ( t - 4 x t + 4 t  ~ ) ~ ( 1 . 4 )  

I n  t h e  r e m a i n i n g  r e g i o n  o c c u p i e d  by  t h e  p a r t i c l e s ,  n s = 2 n s l .  We a s sume  t h a t  t h e  
p a r t i c l e s  m o v i n g  a l o n g  t h e  d i r e c t i o n  t o  t h e  e n v e l o p e  o f  t h e  t r a j e c t o r i e s  a nd  f r o m  i t  
b e l o n g  t o  d i f f e r e n t  n o n i n t e r a c t i n g  c o n t i n u a ;  t h i s  i s  t r u e  f o r  o n l y  v e r y  r a r e f i e d  s y s -  
t ems .  We d e t e r m i n e  t h e  o r d e r  o f  t h e  s i n g u l a r i t y  o f  t h e  p a r t i c l e  c o n c e n t r a t i o n  on t h e  
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e n v e l o p e .  From ( 1 . 4 ) ,  we o b t a i n  

n,~11~ x, , zi=ffii/4t+t--x 

The f u n c t i o n  N ( r )  i n  ( 1 . 2 )  a t  t h e  p o i n t s  o f  i n f i n i t e  c o n c e n t r a t i o n  a t  s m a l l  r t a k e s  

t h e  fo rm 

N(r)~8nf /~5t  ~, t~i/2 

We n o t e  t h a t  s o l u t i o n s  f o r  t h e  p a r t i c l e  c o n c e n t r a t i o n  s i m i l a r  t o  t h o s e  c o n s i d e r e d  
above  can  b e  r e a l i z e d  when damped s h o c k  waves  p a s s  t h r o u g h  a d u s t y  g a s .  F o r  e x a m p l e ,  
M e n ' s h o v  [10] h a s  n o t e d  a t e n d e n c y  f o r  " p i l e  u p s "  t o  o c c u r  i n  a p a r t i c l e  medium i n  t h e  
c a s e  o f  a s t r o n g  e x p l o s i o n  i n  a d u s t y  g a s .  

A s i m i l a r  t y p e  o f  c o n c e n t r a t i o n  s i n g u l a r i t y  d e v e l o p s  on t h e  e n v e l o p e  o f  t h e  t r a -  
j e c t o r i e s  o f  p a r t i c l e s  r e f l e c t e d  f rom t h e  s u r f a c e  o f  a b l u n t  body  i n  a d u s t y  g a s  s t r e a m  
[5, 9]. 

B. We c o n s i d e r  t h e  p r o b l e m  o f  t h e  m o t i o n  o f  p a r t i c l e s  i n  t h e  n e i g h b o r h o o d  o f  a 
s t a g n a t i o n  p o i n t  o f  an  i r r o t a t i o n a l  f l o w .  V a r i o u s  s t u d i e s  h a v e  drawn a t t e n t i o n  t o  t h e  
e x i s t e n c e  o f  s i n g u l a r i t i e s  o f  t h e  p a r t i c l e  c o n c e n t r a t i o n  a t  t h e  s t a g n a t i o n  p o i n t  o f  t h e  
f l o w  o f  a ga s  s u s p e n s i o n  p a s t  a b l u n t  body  i n  t h e  r e g i m e  when t h e r e  i s  no  i n e r t i a l  
d e p o s i t i o n  o f  p a r t i c l e s .  Unbounded  g r o w t h  o f  t h e  p a r t i c l e  c o n c e n t r a t i o n  a t  t h e  
s t a g n a t i o n  p o i n t  was a p p a r e n t l y  e s t a b l i s h e d  f o r  t h e  f i r s t  t i m e  i n  [ 1 1 ] ;  a s i m i l a r  
r e s u l t  was o b t a i n e d  i n  [3 ,  5 ] .  Below, we d e t e r m i n e  t h e  o r d e r  o f  t h e  s i n g u l a r i t y  i n  
t h e  c o n c e n t r a t i o n  o f  t h e  s o l i d  p h a s e  i n  t h e  n e i g h b o r h o o d  o f  a s t a g n a t i o n  p o i n t .  S u p -  
pose  t h a t  i n  t h e  r e g i o n  y '  ~ L, x '  ~ L o f  t h e  d i m e n s i o n a l  c o o r d i n a t e s  t h e  v e l o c i t y  f i e l d  
o f  t h e  c a r r i e r  p h a s e  has  t h e  fo rm u '  = ~ x ' ,  v '  = - - 2 J 6 y '  ( i n  t h e  c a s e  o f  p l a n e  symmet ry  
j = O, f o r  a x i a l  symmet ry  j = 1 ) .  At y '  = L we s p e c i f y  c o n s t a n t  p a r t i c l e  v e l o c i t i e s  
Vs(X L) = --V6,  ' ' , Us(X , L) = 0 and  c o n s t a n t  c o n c e n t r a t i o n  n s 0 .  To s i m p l i f y  t h e  c a l -  
c u l a t i o n s ,  we r e s t r i c t  o u r s e l v e s  t o  t h e  c a s e  v~ = L~. As s c a l e s  f o r  m a k i n g  t h e  c o -  
o r d i n a t e s  d i m e n s i o n l e s s  we t a k e  L, f o r  t h e  v e l o c i t y  c o m p o n e n t s  v~ ,  a nd  f o r  t h e  c o n -  
c e n t r a t i o n  n s 0 .  The e q u a t i o n s  o f  m o t i o n  ( 1 . 1 )  o f  t h e  p a r t i c l e s  i n  t h e  fo rm o f  r e l a -  
t i o n s  a l o n g  t h e  c h a r a c t e r i s t i c s  and  t h e  b o u n d a r y  c o n d i t i o n s  become i n  d i m e n s i o n l e s s  
form 

~ + ~ ( ~ - x ) = O ,  x(0)=xo,  ~ ( 0 ) = 0 ,  ~+~(~+2~y)=0 ,  y ( 0 ) = i ,  ~ ( 0 ) = - i  

H e r e ,  t h e  c o o r d i n a t e s  x ,  y o f  t h e  p a r t i c l e s  a r e  f u n c t i o n s  o f  t h e  d i m e n s i o n l e s s  
t i m e  o f  m o t i o n  t = t ' v ~ / L  o f  a p a r t i c l e  a l o n g  i t s  t r a j e c t o r y .  F o r  B > 2 J 4 ,  t h e  p a r -  
t i c l e s  do n o t  r e a c h  t h e  s u r f a c e  o f  t h e  body  i n  a f i n i t e  t i m e ,  and  t h e  s o l u t i o n  ha s  t h e  
form 

X=Xo [ b exp (at) +a exp ( - b t )  ]/(a§ b), y= [ ( d - i )  exp ( -c t )  + ( i - c )  exp ( - d t )  ] / (d-c)  

a f ~ ( - t + Y i + 4 / ~ ) [ 2 ,  b = ~ ( t + ~ t + 4 / ~ ) / 2 ,  c=~(i--~i--2~4/~)/2, d=~(i+~l-2J4/~) /2  
(1.5) 

The c o n t i n u i t y  e q u a t i o n  o f  t h e  p a r t i c l e  medium c a n  be  c o n v e n i e n t l y  w r i t t e n  down i n  
t h e  L a g r a n g i a n  c o o r d i n a t e s  Xo, YO [12] ( h e r e ,  Xo, Y0 a r e  t h e  i n i t i a l  c o o r d i n a t e s  o f  an  
i n d i v i d u a l i z e d  p o i n t  o f  t h e  p a r t i c l e  m e d i u m ) ,  f rom w h i c h  f o r  Y0 = 1 we o b t a i n  a r e l a -  
t i o n  f o r  d e t e r m i n i n g  t h e  p a r t i c l e  c o n c e n t r a t i o n  a l o n g  t h e  t r a j e c t o r y :  

z ~ ~ 0 8z(z,,  t) n,(X0, t )  y(z0, 0 + i f 0  
~o ] " 8t OXo 

(1.6) 

The d e r i v a t i v e s  ~ y / ~ t  and  ~x /~x  0 c a n  be f o u n d  f rom ( 1 . 5 ) .  I t  c a n  be  s e e n  t h a t  t h e  
p a r t i c l e  c o n c e n t r a t i o n  i n  t h e  r e g i o n  o f  t h e  f l o w  d e p e n d s  o n l y  on y .  We d e t e r m i n e  t h e  
b e h a v i o r  o f  n s a t  s m a l l  y .  I t  f o l l o w s  f rom ( 1 . 5 )  t h a t  t § ~ as  y ~ O, a nd  y ~ ( d - -  1) 
e x p ( - - c t ) / ( d  -- c ) .  From ( 1 . 6 )  we o b t a i n  i n  t h e  l i m i t  

n, (t) d--c exp[t  (Ta--c)  ] 

E l i m i n a t i n g  t ,  we o b t a i n  a t  s m a l l  y t h e  r e l a t i o n  
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, b 

S i n c e  8 > 2 J 4 ,  we o b t a i n  f rom ( 1 . 5 )  i n  t h e  c a s e  o f  p l a n e  s y m m e t r y  0 ~ p  < 2 -- r  
and  i n  t h e  c a s e  o f  a x i a l  symmet ry  0 ~ p  < 3 --  r  T h e r e f o r e ,  t h e  s i n g u l a r i t y  o f  t h e  
p a r t i c l e  c o n c e n t r a t i o n  on t h e  s u r f a c e  o f  t h e  b o d y  i s  i n t e g r a b l e ,  a nd  w i t h  i n c r e a s i n g  

t h e  s i n g u l a r i t y  becomes  w e a k e r ,  i . e . ,  p d e c r e a s e s .  To d e t e r m i n e  t h e  o r d e r  o f  t h e  
s i n g u l a r i t y  a t  p o i n t s  o f  t h e  p l a n e  y = O, we f i n d  t h e  f u n c t i o n  N ( r )  i n t r o d u c e d  i n  ( 1 . 2 ) :  

N(r)~kf,  ~ = 2 §  k=  2~(2§ ) - -  ~ - ~  

I n  t h e  c a s e  o f  p l a n e  s y m m e t r y ,  we h a v e  t h e  i n e q u a l i t y  1 + r  y < 3;  i n  t h e  c a s e  
o f  a x i a l  symmet ry  r  Y < 3.  

C. We c o n s i d e r  t h e  s i n g u l a r i t y  o f  t h e  c o n c e n t r a t i o n  t h a t  d e v e l o p s  on t h e  r o t a t i o n  
a x i s  i n  t h e  c a s e  o f  m o t i o n  o f  p a r t i c l e s  i n  t h e  v e l o c i t y  f i e l d  o f  a v i s c o u s  c a r r i e r  
p h a s e  g i v e n  b y  t h e  B u r g e r s  s o l u t i o n  [ 1 3 ] ,  w h i c h  i n  d i m e n s i o n l e s s  form i n  a c y l i n d r i c a l  

c o o r d i n a t e  s y s t e m  h a s  t h e  fo rm 

u = - - p ,  v=F|  [ i - -exp(- -p~/2) ] /p ,  w=2z  ( 1 . 7 )  

H e r e ,  u ,  v ,  w a r e ,  r e s p e c t i v e l y ,  t h e  p ,  ~ ,  z c o m p o n e n t s  o f  t h e  v e l o c i t y  o f  t h e  
c a r r i e r  p h a s e ,  and  P~ i s  a c o n s t a n t  p r o p o r t i o n a l  t o  t h e  d i m e n s i o n l e s s  c i r c u l a t i o n  o f  
t h e  v e l o c i t y .  As c h a r a c t e r i s t i c  s c a l e s  f o r  m a k i n g  t h e  q u a n t i t i e s  d i m e n s i o n l e s s  we 
h a v e  c h o s e n  f o r  t h e  c o o r d i n a t e s  L = ( v / A ) l / 2 ,  f o r  t h e  v e l o c i t y  c o m p o n e n t s  AL ( h e r e ,  

i s  t h e  k i n e m a t i c  v i s c o s i t y ,  A = d u ' / d p '  ( p '  = 0 ) ,  and  t h e  p r i m e  d e n o t e s  t h e  d i m e n -  
s i o n a l  q u a n t i t i e s ) .  The B u r g e r s  s o l u t i o n  c a n  a l w a y s  be  r e p r e s e n t e d  i n  t h e  fo rm ( 1 . 7 )  
by c h o o s i n g  t h e  above  s c a l e s  t o  go o v e r  t o  t h e  d i m e n s i o n l e s s  fo rm.  I n  [ 6 ] ,  Z h e l e v a  
and  S t u l o v  s t u d i e d  a s e l f - s i m i l a r  s o l u t i o n  o f  t h e  p a r t i c l e  e q u a t i o n s  o f  m o t i o n  ( 1 . 1 )  
o f  t h e  fo rm ( t h e  s c a l e  o f  t h e  v e l o c i t y  c o m p o n e n t s  i s  AL) 

u.=h(p~)/p, v,=r,(p~)/p, w~=zg~(p ~) (1.8) 

S u b s t i t u t i n g  ( 1 . 8 )  i n  Eqs .  ( 1 . 1 )  w r i t t e n  down i n  c y l i n d r i c a l  c o o r d i n a t e s  f o r  
p a r a m e t e r  v a l u e s  F s ( ~ ) ~ F |  ~ F = ~ / 4  we can  o b t a i n  [6] a s o l u t i o n  i n  t h e  n e i g h b o r h o o d  
o f  t h e  z a x i s  t h a t  i n  o u r  n o t a t i o n  i s  

u.=-ap, v.=bp, b =  [ (~/2) ( 4 - 8 §  ( (4",  8) ~+4F| ~) ~) ]'h/2 

a=~ (i--rL/2b)/21 g, (0) =~ [ - i +  (i+8/~) '1'] /2 
(1 .9 )  

As t h e  z a x i s  i s  a p p r o a c h e d ,  t h e  p a r t i c l e  c o n c e n t r a t i o n  i n c r e a s e s  u n b o u n d e d l y  [ 6 ] .  
We d e t e r m i n e  t h e  o r d e r  o f  t h e  s i n g u l a r i t y  o f  t h e  p a r t i c l e  c o n c e n t r a t i o n  on t h e  z a x i s .  
From t h e  c o n t i n u i t y  e q u a t i o n  f o r  t h e  p a r t i c l e  medium i n  t h e  c y l i n d r i c a l  c o o r d i n a t e s  i n  
t h e  l i m i t  p § 0 we o b t a i n  t h e  e q u a t i o n  f o r  t h e  l e a d i n g  t e r m  i n  t h e  e x p a n s i o n  o f  n s ( P ) :  

Hence  

d c p [h(pn.)]ffiT-l, c=g,(0) 

In (pn.) - -  (c/a-- t )  In p §  (1.1o) 

H e r e ,  B i s  a c o n s t a n t  whose  v a l u e  m u s t  be  f o u n d  b y  s o l v i n g  t h e  p r o b l e m  i n  t h e  
e n t i r e  r e g i o n  o f  t h e  m o t i o n .  

From ( 1 . 1 0 )  i n  t h e  l i m i t  p § 0 we o b t a i n  

n.NB/p p, p=2--c/a 

F o r  B > F 2 / 4  we o b t a i n  f rom ( 1 . 9 )  a/c>O, i . e . ,  t h e  s i n g u l a r i t y  o f  t h e  c o n c e n t r a t i o n  
on t h e  r o t a t i o n  a x i s  i s  i n t e g r a b l e .  I n  t h e  c a s e  o f  n e g l i g i b l y  s m a l l  s w i r l i n g  o f  t h e  
f l o w  (F~ = 0 ) ,  t h e  r e l a t i o n s  ( 1 . 9 )  s i m p l i f y  a p p r e c i a b l y  a nd  become 

b----0, a - - - - [ t - - (1-4 /~)  v'] 8/2 
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I n  t h i s  c a s e ,  a l i n e a r  s o l u t i o n  o f  t h e  f o r m  u s = - - a p  e x i s t s  f o r  B > 4. C a l c u l a t -  

i n g  t h e  i n t e g r a l  o f  n s o v e r  t h e  s p h e r e  o f  r a d i u s  r w i t h  c e n t e r  on t h e  r o t a t i o n  a x i s  o f  
t h e  f l o w ,  we o b t a i n  

B~r(i -p/2)  
N(r)'~, (3_p)r(~/f_p/2) f ,  T:t+c/a 

Here, r is the gamma function. 

When there is no rotation (r~ = 0) we obtain for ~ > 4 an inequality for T: 

f3<'f<3 

With increasing B, the singularity becomes weaker, i.e., y + 3. Motions of dusty 

gases similar to the one considered above can occur in separator devices, cyclone 
apparatuses, and also in large-scale vortex phenomena in the atmosphere (tornados, water 
spouts). 

2.  Example  o f  a N o n i n t e g r a b l e  S i n g u l a r i t y  

o f  t h e  P a r t i c l e  C o n c e n t r a t i o n  

The n a t u r e  o f  t h e  s i n g u l a r i t y  i s  d e t e r m i n e d  by  t h e  p r e h i s t o r y  o f  t h e  m o t i o n  o f  t h e  
p a r t i c l e s  up t o  t h e  p o i n t s  o f  i n f i n i t e  c o n c e n t r a t i o n .  U n d e r  some c o n d i t i o n s ,  n o n i n t e g r a b l e  
s i n g u l a r i t i e s  can  d e v e l o p .  

We c o n s i d e r  t h e  d i s t r i b u t i o n  o f  t h e  p a r t i c l e  c o n c e n t r a t i o n  n e a r  t h e  w a l l  i n  t h e  
t w o - p h a s e  b o u n d a r y  l a y e r  on a f l a t  p l a t e  [ 4 ] .  S u p p o s e  t h a t  f o r  x ~ O, y > 0 t h e  v e l o c i t y  
f i e l d  o f  t h e  c a r r i e r  p h a s e  i n  d i m e n s i o n l e s s  f o r m  i s  u ( x ,  y)  = y ,  v = O. On x = O, t h e  
p a r t i c l e s  h a v e  c o n s t a n t  c o n c e n t r a t i o n  n s = 1 and  v e l o c i t y  u s = 1,  v s = O. We c h o o s e  t h e  
l e n g t h  s c a l e  L on t h e  b a s i s  o f  t h e  c o n d i t i o n  B = 1; t h e n  E q s .  ( 1 . 1 )  t a k e  t h e  f o r m  

art, ~ rtstts 
u , ~  =y-u,, ~ =0 (2. I) 

The s o l u t i o n  o f  ( .2 .1)  i s  

z----t--u.-y (In [y-u.l-ln[ y- t  [), n.=t/u. 

F o r  x > 1 when y § 0 we h a v e  y l n l y  -- Usl  § - - c ,  w h e r e  c i s  a p o s i t i v e  c o n s t a n t .  
T h e r e f o r e ,  f o r  x > 1, y + 0 we h a v e  u s ~ y ,  n s ~ l / y ,  i . e . ,  t h e  s i n g u l a r i t y  o f  t h e  c o n -  
c e n t r a t i o n  on t h e  s u r f a c e  o f  t h e  p l a t e  i s  n o t  i n t e g r a b l e .  

3. C a l c u l a t i o n  o f  t h e  D i s t a n c e  B e t w e e n  t h e  

P a r t i c l e s  a t  P o i n t s  o f  I n f i n i t e  C o n c e n t r a t i o n  

The u n b o u n d e d  g r o w t h  o f  t h e  p a r t i c l e  c o n c e n t r a t i o n  i n  t h e  e x a m p l e s  c o n s i d e r e d  a b o v e  
i n d i c a t e s  a d e c r e a s i n g  d i s t a n c e  b e t w e e n  t h e  p a r t i c l e s  n e a r  t h e  s i n g u l a r i t i e s .  I n  t h e  c a s e  
o f  n o n i n t e g r a b l e  s i n g u l a r i t i e s ,  any f i n i t e  v o l u m e  c o n t a i n i n g  p o i n t s  o f  i n f i n i t e  c o n c e n t r a -  
t i o n  c o n t a i n  i n f i n i t e l y  many p a r t i c l e s ,  and  t h i s  means  t h a t  t h e r e  i s  an  u n l i m i t e d  d e -  
c r e a s e  i n  t h e  d i s t a n c e  b e t w e e n  t hem.  The a s s u m p t i o n  t h a t  t h e r e  i s  no i n t e r a c t i o n  b e -  
t w e e n  t h e  p a r t i c l e s ,  t h e  b a s i s  o f  t h e  m o d e l  ( 1 . 1 ) ,  c a n n o t  be  s a t i s f i e d  i n  t h i s  c a s e .  The  
m o d e l  m u s t  be  a u g m e n t e d  by t a k i n g  i n t o  a c c o u n t  t h e  i n t e r a c t i o n  o f  t h e  p a r t i c l e s  o r  
i n t r o d u c i n g  a d i s c o n t i n u i t y  s u r f a c e  o f " s h e e t  ' '  t y p e .  

I n  t h e  c a s e  o f  i n t e g r a b l e  s i n g u l a r i t i e s  o f  t h e  c o n c e n t r a t i o n ,  t h e  d i s t a n c e  b e t w e e n  
t h e  p a r t i c l e s  d o e s  n o t  d e c r e a s e  t o  z e r o .  The c o o r d i n a t e s  o f  t h e  p a r t i c l e s  a r e  n o t  known 
e x a c t l y ,  t h e  d i s t a n c e  b e t w e e n  t h e  p a r t i c l e s  i s  a random v a r i a b l e ,  and t o  d e t e r m i n e  i t  
t h e  m e t h o d s  o f  p r o b a b i l i t y  t h e o r y  m u s t b e  u s e d .  

S u p p o s e  t h a t  a d i s p e r s e  m i x t u r e  moves  i n  t h e  v o l u m e  V. S u p p o s e  t h a t  a t  t h e  t i m e  
t O we o b t a i n  f r o m  t h e  c o n t i n u i t y  e q u a t i o n  o f  t h e  p a r t i c l e  medium t h e  c o n c e n t r a t i o n  d i s -  

! 

t r i b u t i o n  n s ( X ) .  H e r e  and  i n  w h a t  f o l l o w s ,  t h e  p r i m e  i d e n t i f i e s  t h e  d i m e n s i o n a l  
q u a n t i t i e s .  F o l l o w i n g  [ 9 ] ,  we d e t e r m i n e  t h e  d i s t a n c e  b e t w e e n  t h e  p a r t i c l e s  a s  f o l l o w s .  
S u p p o s e  a t e s t  p a r t i c l e  a r r i v e s  a t  t h e  p o i n t  x O. We t a k e  t h e  random v a r i a b l e  i ' ,  w h i c h  
i s  e q u a l  t o  t h e  d i s t a n c e  f r o m  t h e  t e s t  p a r t i c l e  t o  t h e  p a r t i c l e  n e a r e s t  t o  i t ,  t h e  
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d i s t a n c e  b e t w e e n  t h e  p a r t i c l e s  a t  t h e  p o i n t  x O. We c o n s t r u c t  t h e  d i s t r i b u t i o n  f u n c t i o n  
F l ( r ' )  o f  t h e  random v a r i a b l e  1 '  We d e n o t e  t h e  P{A} t h e  p r o b a b i l i t y  o f  t h e  e v e n t  A. By 
d e f i n i t i o n  [14] 

F,(,') =e{r <r'}--i-p{l'>r'} 

H e r e ,  P { I '  > r ' }  i s  t h e  p r o b a b i l i t y  t h a t  i n  t h e  s p h e r e  S(XO, r ' )  t h e r e  i s  no  o t h e r  
p a r t i c l e  e x c e p t  t h e  t e s t  p a r t i c l e .  I n  i n t r o d u c i n g  t h e  c o n t i n u o u s  medium o f  n o n i n t e r a c t -  
i n g  p a r t i c l e s ,  we a s sumed  t h e  p a r t i c l e s  t o  be  i n d e p e n d e n t ,  i . e . , ( t h e  c o o r d i n a t e s  o f  t h e  
p a r t i c l e s  t o  be  i n d e p e n d e n t  r andom v a r i a b l e s ) .  As a r e s u l t ,  f o r  t h e  r andom v a r i a b l e  q,  
t h e  n u m b e r  o f  p a r t i c l e s  ( e x c e p t  t h e  t e s t  o n e )  i n  S ( x o ,  r ' ) ,  t h e  b i n o m i a l  d i s t r i b u t i o n  
h o l d s  [ 1 4 ] ,  t h e  P o i s s o n  a p p r o x i m a t i o n  o f  w h i c h  f o r  a l a r g e  t o t a l  n u m b e r  o f  p a r t i c l e s  
i n  V h a s  t h e  fo rm 

P{n=k} = ~-. exp (-N), k=0, i, 2 . . . ,  N(F) = ~  n,'dx' 
s 

Hence ,  f o r  k = 0 we o b t a i n  

p{l'>~'}=P{n=~=exp[-n(~)] 

The d i s t r i b u t i o n  f u n c t i o n  o f  t h e  d i s t a n c e  b e t w e e n  t h e  p a r t i c l e s  t a k e s  t h e  fo rm 

~(f)=i-exp[-N(f)] (3.1) 

I t  i s  c o n v e n i e n t  t o  u s e  t h e  d i s t r i b u t i o n  f u n c t i o n  ( 3 . 1 )  t o  d e t e r m i n e  t h e  l i m i t s  
o f  a p p l i c a b i l i t y  o f  t h e  mode l  o f  n o n i n t e r a c t i n g  p a r t i c l e s  a t  t h e  p o i n t s  o f  i n t e g r a b l e  
s i n g u l a r i t i e s  o f  t h e  c o n c e n t r a t i o n .  I f  i t  i s  b o r n e  i n  m i n d  t h a t  t h e  p a r t i c l e s  i n t e r a c t  
o n l y  i n  c o l l i s i o n s ,  t h e n  t h e  c o n d i t i o n  f o r  a b s e n c e  o f  i n t e r a c t i o n  a t  t h e  p o i n t  x 0 i s  

P { l ' ~ 2 ~ = i - e x p [ - N ( 2 o ) ] ~ i  

T h i s  i s  e q u i v a l e n t  t o  t h e  c o n d i t i o n  

N(2a)~i  ( 3 . 2 )  

I n t r o d u c i n g  d i m e n s i o n l e s s  v a r i a b l e s  a nd  u s i n g  t h e  c o n d i t i o n  o / L  << 1 ,  we w r i t e  ( 3 . 2 )  

i n  t h e  fo rm 
kn, o'LS(2o/L)~<1 (3.3) 

H e r e ,  n~o i s  t h e  c h a r a c t e r i s t i c  v a l u e  o f  t h e  n u m b e r  c o n c e n t r a t i o n  o f  t h e  p a r t i c l e s  
f a r  f rom t h e  p o i n t s  o f  s i n g u l a r i t y  o f  t h e  c o n c e n t r a t i o n ,  a nd  k a nd  y a r e  d e t e r m i n e d  i n  
( 1 . 2 ) .  I t  i s  c o n v e n i e n t  t o  i n t r o d u c e  t h e  c h a r a c t e r i s t i c  v a l u e  o f  t h e  vo lume  c o n c e n t r a -  
t i o n  o f  t h e  p a r t i c l e s :  UsO = n s 0 4 ~ 3 / 3 ;  t h e n  ( 3 . 3 )  becomes  

C~,o(Llo)~-~i, C=2T3k/4 ~ (3.4) 

We show t h a t  t h e  c o n d i t i o n  ( 3 . 4 )  i s  s a t i s f i e d  i n  t h e  e x a m p l e s  c o n s i d e r e d  i n  Sec .  1 
o f  i n t e g r a b l e  s i n g u l a r i t i e s  o f  t h e  c o n c e n t r a t i o n  i n  a w i d e  r a n g e  o f  t h e  d e t e r m i n i n g  p a r a m -  
e t e r s .  I n  e x a m p l e  A, f o r  a l l  t > } t h e  q u a n t i t y  k i s  b o u n d e d :  k < 8 ~ / 2 / 5 .  I n  e x a m p l e  B, 
f o r  j = 0 and  1, r e s p e c t i v e l y ,  we c e r t a i n l y  h a v e  t h e  i n e q u a l i t i e s  

T h e r e f o r e ,  i n  t h e s e  e x a m p l e s  t h e  q u a n t i t y  C i n  ( 3 . 4 )  c a n  be  a s sume d  t o  be  a q u a n t i t y  
o f  o r d e r  u n i t y  i n  a l m o s t  t h e  e n t i r e  r a n g e  t f> �89 (A) ,  ~ > 2J4  (B) .  T y p i c a l  f o r  gas  
s u s p e n s i o n s  i s  t h e  c a s e  ~sO < 1 0 - 4 ,  an d  t h e r e f o r e  i n  e x a m p l e s  A a nd  B f o r  L/~  ~ 104 
( f o r  e x a m p l e ,  L = 100 cm, ~ = 10 - 2  cm) t h e  e x p r e s s i o n  on  t h e  l e f t - h a n d  o f  ( 3 . 4 )  i s  
~10 - 2 .  I n  e x a m p l e  C f o r  F~ = 0 t h e r e  may be  a s t r o n g e r  t y p e  o f  s i n g u l a r i t y  ( / 3  < T < 
1 + / 2 ) ,  and  t h e r e f o r e  t h e  mode l  o f  n o n i n t e r a c t i n g  p a r t i c l e s  r e m a i n s  v a l i d  i n  a n a r r o w e r  
r a n g e  o f  t h e  p a r a m e t e r s .  

I t  i s  o f  i n t e r e s t  t o  e x p r e s s  t h e  mean v a l u e  M([/) and  t h e  d i s p e r s i o n  D(I') o f  t h e  
d i s t a n c e  b e t w e e n  t h e  p a r t i c l e s  a t  t h e  p o i n t s  o f  t h e  s i n g u l a r i t i e s  o f  t h e  c o n c e n t r a t i o n  
i n  t e r m s  o f  t h e  c h a r a c t e r i s t i c s  k and  y o f  t h e  s i n g u l a r i t y .  I n  a c c o r d a n c e  w i t h  t h e  
definition of [14], 
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M(l',-- ~Tr' ~r,  dr'-- f exp[-N(r' ) ]dr', D(l')m Sr" d~dr'-Mffi(l')~2 ir'exp[-N(g) ]dr'-~Va(l ") (3.5) 
0 0 0 O 

I n  t h i s  d e f i n i t i o n  i t  i s  a s s u m e d  t h a t  w i t h  i n c r e a s i n g  r '  t h e  n u m b e r  o f  p a r t i c l e s  
i n  t h e  s p h e r e  S ( x 0 ,  r ' )  i n c r e a s e s  s o  r a p i d l y  t h a t  t h e  i n t e g r a l s  i n  ( 3 . 5 )  e x i s t .  I f  i n  
( 3 . 5 )  we i n t r o d u c e  t h e  d i m e n s i o n l e s s  v a r i a b l e s  r~r'/L, n~=n,'/n~J, t h e n  t h e  a r g u m e n t s  o f  
t h e  e x p o n e n t i a l s  i n  ( 3 . 5 )  become  [ - N ( r ) / e ] ,  w h e r e  8=i/n~o'L 3 i s  a p a r a m e t e r  t h a t  i s  s m a l l  
f o r  m o s t  p r o b l e m s  a s s o c i a t e d  w i t h  t h e  m o t i o n  o f  g a s  s u s p e n s i o n s .  I f  f o r  s m a l l  r we 
h a v e  N ( r )  ~ k r  Y, t h e n  i n  t h e  l i m i t  ~ * 0 t h e  l e a d i n g  t e r m s  o f  t h e  i n t e g r a l s  i n  ( 3 . 5 )  
can  b e  f o u n d  b y  L a p l a c e ' s  m e t h o d  [15] a n d  we c a n  o b t a i n  t h e  e x p r e s s i o n s  ( t o  s m a l l  t e r m s  
o f  h i g h e r  o r d e r  i n  ~) 

M(l')_P(i/~) s~l~ ' D(l') _ ( M L ( / ' ) ) '  [ 2 , T ( 2 / , )  t 1  ( 3 . 6 )  
L ~k  ~/~ ~ L ~ - -  / ~ ( i / ~ )  

H e r e ,  F i s  t h e  gamma f u n c t i o n ,  and  k and  y a r e  d e t e r m i n e d  i n  ( 1 . 2 ) .  I t  i s  c o n -  
v e n i e n t  t o  e x p r e s s  o/M(l') and YD(I')/M(I') i n  t e r m s  o f  ~.0, o/L, y, k. From ( 3 . 5 ) ,  we o b t a i n  

t 

( 11 [ 1" o y ~-" '/' YD(I')'  2~r(2/0-t 
a . o  ' M ( Z ' )  = 

I n  t h e  r e g i o n  o f  p a r a m e t e r  v a l u e s  f o r  w h i c h  M ( / ' )  a t  t h e  p o i n t s  o f  t h e  s i n g u l a r i t i e s  
o f  t h e  p a r t i c l e  c o n c e n t r a t i o n  b e c o m e s  o f  t h e  o r d e r  o f  t h e  i n t e r a c t i o n  r a n g e  o f  t h e  p a r -  
t i c l e s ,  i t  i s  n e c e s s a r y  t o  m o d i f y  t h e  m o d e l  o f  t h e  p a r t i c l e  medium b y  t a k i n g  i n t o  
a c c o u n t  t h e  i n t e r a c t i o n s  o f  t h e  p a r t i c l e s  o r  i n t r o d u c i n g  a d i s c o n t i n u i t y  s u r f a c e  o f  
" s h e e t "  t y p e  [ 8 ] .  I f  t h e  u n b o u n d e d  g r o w t h  o f  t h e  p a r t i c l e  c o n c e n t r a t i o n s  i s  due  t o  t h e  
i n t e r s e c t i o n  o f  t h e i r  t r a j e c t o r i e s  and  t h e  d e v e l o p m e n t  o f  n o n u n i q u e n e s s  o f  t h e  v e l o c i t y  
f i e l d  ( e x a m p l e  A ) ,  t h e  q u e s t i o n  o f  t h e  c o l l i s i o n s  o f  p a r t i c l e s  m o v i n g  a l o n g  i n t e r s e c t i n g  
t r a j e c t o r i e s  m u s t  b e  c o n s i d e r e d  s e p a r a t e l y .  

N o t e  a l s o  t h a t  ~ c o n d i t i o n  o f  ~he  t y p e  ( 3 . 4 )  i n  t h e  r e g i o n s  o f  u n b o u n d e d  g r o w t h  
o f  t h e  c o n c e n t r a t i o n  i s  a t  l e a s t  a s u f f i c i e n t  c o n d i t i o n  o f  s t a b i l i t y  o f  t h e  f o r m a t i o n s  
o f  e n h a n c e d  p a r t i c l e  c o n c e n t r a t i o n ,  s i n c e  w i t h  d e c r e a s i n g  1 '  c o l l i s i o n s  a n d  i n t e r a c -  
t i o n s  o f  t h e  p a r t i c l e s  c a n  l e a d  t o  t h e  d e v e l o p m e n t  o f  u n s t e a d y  p h e n o m e n a  i n  t h e  f l o w  
r e g i o n .  

I t h a n k  V. P .  S t u l o v  and  S.  I .  C h e r n y s h e n k o  f o r  h e l p f u l  d i s c u s s i o n s .  
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INVESTIGATION OF TURBULENT VAPOR_--A~BJETS:IN~THEPRESENCE 

OF CONDENSATION AND THE INJECTION OF FOREIGN PARTICLES 

A. B. V a t a z h i n ,  R. S. V a l e e v ,  V. A. L i k h t e r ,  
V. I .  S h u l ' g i n ,  mud V. I .  Y a g o d k i n  

UDC 5 3 2 . 5 2 9 : 5 3 8 . 4  

A s t u d y  i s  made o f  f l o w  i n  t u r b u l e n t  j e t s  when t h e r e  i s  c o n d e n s a t i o n  o f  
t h e  w a t e r  v a p o r  c o n t a i n e d  i n  them.  A n e c e s s a r y  c o n d i t i o n  f o r  c o n d e n s a -  
t i o n  i n  v a p o r - - a i r  j e t s  i s  f o r m u l a t e d .  R e l a t i o n s  a r e  o b t a i n e d  f o r  t h e  
r e g i m e  o f  e q u i l i b r i u m  c o n d e n s a t i o n .  An e x p e r i m e n t a l  i n v e s t i g a t i o n  was 
made o f  t h e  l o c a l  c h a r a c t e r i s t i c s  o f  an  i s o b a r i c  t u r b u l e n t  v a p o r  j e t  
e x h a u s t i n g  i n t o  a i r  a t  r e s t  when c o n d e n s a t i o n  d e v e l o p s  i n  t h e  j e t  and  
f o r e i g n  c o n d e n s a t i o n  n u c l e i  (smoke p a r t i c l e s )  and  c h a r g e d  p a r t i c l e s  
( i o n s  p r o d u c e d  i n  a c o r o n a  d i s c h a r g e )  a r e  i n t r o d u c e d  i n t o  t h e  f l o w .  
M e a s u r e m e n t s  were  made o f  t h e  l o c a l  c h a r a c t e r i s t i c s  o f  t h e  c o n d e n s e d  
d i s p e r s e  p h a s e  --  t h e  S a u t e r  d i a m e t e r  d32 o f  t h e  d r o p s  and  t h e i r  vo lume  
c o n c e n t r a t i o n  c s -- u s i n g  t h e  o p t i c a l  me thod  o f  an i n t e g r a t i n g  d i a p h r a g m .  
I t  i s  shown t h a t  d32 and  c s i n c r e a s e  d o w n s t r e a m  i n  t h e  m a i n  s e c t i o n  o f  
t h e  j e t .  S p e c i f i c  f e a t u r e s  o f  t e m p e r a t u r e  m e a s u r e m e n t s  u s i n g  an e n d -  
t y p e  m i c r o t h e r m o c o u p l e  were  e s t a b l i s h e d .  Q u a n t i t a t i v e  d a t a  we re  
o b t a i n e d  a b o u t  t h e  i n f l u e n c e  on t h e  c o n d e n s a t i o n  o f  t h e  t h e r m a l  c o n d i -  
t i o n s  and  t h e  p r e s e n c e  o f  t h e  f o r e i g n  p a r t i c l e s .  The c o n d i t i o n s  u n d e r  
w h i c h  t h e r e  i s  an  i n t e n s i f i c a t i o n  o f  t h e  c o n d e n s a t i o n  i n  v a p o r - - a i r  
j e t s  i n  t h e  p r e s e n c e  o f  i o n s  were  d e t e r m i n e d .  

1. B a s i c  E ~ u a t i o n s  ~ N e c e s s a r y  C o n d i t i o n  o f  C o n d e n s a t i o n  

P r o c e s s e s  o f  c o n d e n s a t i o n  o f  w a t e r  v a p o r  c o n t a i n e d  i n  an a d i a b a t i c a l l y  e x p a n d i n g  
medium h a v e  b e e n  i n v e s t i g a t e d  f o r  many d e c a d e s ,  and  t h e  r e s u l t s  O b t a i n e d  i n  t h i s  d i r e c -  
t i o n  h a v e  b e e n  p r e s e n t e d  s y s t e m a t i c a l l y  i n  many m o n o g r a p h s  ( s e e ,  f o r  e x a m p l e ,  [ 1 - 3 ] ) .  
However ,  t h e  m e c h a n i s m  o f  o c c u r r e n c e  o f  r e g i o n s  o f  v a p o r  s u p e r s a t u r a t i o n  i n  t u r b u l e n t  
j e t  f l o w s  h a s  c e r t a i n  s p e c i f i c  f e a t u r e s ,  and  t h e  q u e s t i o n s  o f  c o n d e n s a t i o n  i n  v a p o r - -  
a i r  j e t s  h a v e  by  no means  b e e n  f u l l y  s t u d i e d .  Among t h e  e a r l i e r  p u b l i c a t i o n s  on v a p o r - -  
a i r  j e t s  we m e n t i o n  t h e  monograph  [ 3 ] ,  w h i c h  g i v e s  d a t a  on t h e  d i s t r i b u t i o n s  o f  t h e  
t e m p e r a t u r e  and  t h e  v e l o c i t y  i n  j e t s  and  n o t e s  t h e  i n f l u e n c e  o f  t h e  p u l s a t o r y  n a t u r e  
o f  t h e  m o t i o n  on t h e  d e v e l o p m e n t  o f  t h e  c o n d e n s a t i o n .  The p a p e r  [4] d e t e r m i n e d  t h e  
f l o w  r e g i o n s  i n  v a p o r - - a i r  j e t s  i n  wh i c h  c o n d e n s a t i o n  can  o c c u r ,  e s t i m a t e d  t h e  p o s s i b l e  
amount  o f  t h e  c o n d e n s a t e ,  and  g a v e  t h e  d i s t r i b u t i o n s  o f  t h e  t e m p e r a t u r e  and  t h e  p a r t i c l e  
d i a m e t e r s  i n  a n u m b e r  o f  s e c t i o n s .  

The p r e s e n t  p a p e r  i s  d e v o t e d  t o  a n a l y s i s  o f  t h e  g e n e r a l  f e a t u r e s  o f  f l o w s  i n  v a p o r - -  
a i r  j e t s ,  t h e  e x p e r i m e n t a l  d e t e r m i n a t i o n  o f  t h e  c h a r a c t e r i s t i c s  o f  t h e  c o n d e n s e d  d i s p e r s e  
p h a s e ,  and  e l u c i d a t i o n  o f  t h e  p o s s i b i l i t i e s  o f  c o n t r o l l i n g  c o n d e n s a t i o n  by  i n t r o d u c i n g  
f o r e i g n  p a r t i c l e s  i n t o  t h e  f l o w .  

We c o n s i d e r  a t w o - p h a s e  medium c o n s i s t i n g  o f  a g a s e o u s  p h a s e  ( a i r  and  w a t e r  v a p o r )  
and  a c o n d e n s e d  d i s p e r s e  p h a s e  ( w a t e r  d r o p l e t s ) .  We s h a l l  i d e n t i f y  t h e  p a r a m e t e r s  
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