
M E A N - V A L U E  T H E O R E M  F O R  T H E  M O D U L U S  

OF M U L T I P L E  T R I G O N O M E T R I C  S U M S  

G. I .  A r k h i p o v  UDC 511 

A two-dimensional  analog of the Vinogradov mean-value theorem for the modulus of t r igo-  
nometric  sums is proven. 

The Viaogradov mean-value theorem is fundamental to this well-known method of t r igonometr ic  sums 
(see [1, 2, 4, 6, 7]). Similarly, our theorem is fundamental to the method of multiple t r igonometr ic  sums, 
which is a general izat ion of Vinogradov's  method. For simplicity,  we consider  the case of double sums in 
which the summation variables  are  equivalent. The case of sums of higher multiplicity differs only in tech- 
nical details.  The theorem to be l~roven can be simplified and general ized somewhat by making the proof 
more  complicated. The mean-value theorem will be proven by the P-adic method, using the procedure  de- 
veloped by Karatsuba (see [3, 5, 6]). The theorem yields est imates  of multiple t r igonometr ic  Weyl sums 
and f rom them, using well-known procedures  (see [1, 2]), we obtain theorems for the distribution of the 
fract ions of a polynomial  of severa l  variables  and some other resul ts .  

1. Formulat ion of the Theorem, Notation, and Auxiliary Asser t ions .  We consider  the set  of pairs  
of integers (m, t) with the condition 0 _< t _< m _< n, where n is natural, n > 4. In all there will be ((n+ 1) �9 
(n+ 2) /2) -1  such pai rs .  We number  t hesepa i r s  0, 1 . . . .  , ((n+ 1) (n+2)/2)-1  setting l = l  (m, t)= (m(m+ 
1)/2)+ t. Obviously, if I is the number  of the pair  (m, t), then m is the largest  integer such that re(m+ 1)/2 
~ l ,  and t=  l - ( m ( m +  1)/2). 

THEOREM. Let K be natural and T be a nonnegative integer,  K ~ 2n ~ ~- n~v; N = n (n + 3)/2; a0 . . . .  
a v are  rea l  numbers;  A is the (N+ 1)-dimensional vector,  A = (~0 . . . . .  ~N); 

~ m 
m - t  

/A (x, y) = F,=0 Y,,= o~,x y 

We set  

~P P; 
-- ~ exp (2~Ii/a (X, y)); Sp(A)-- .~=: !f=1 

= tin; A (n, ~) = (i - -  ~')=. 

The symbol ~ denotes the (N + D-dimensional  unit cube. Then for P > (2n) ~''/~(', =) we have the est imate 

Jo (", K, P) : !~ [ S p (A) [eK dA ~ K e'~2w" 23,~ ~x t '~tc-(~('~+~X~+~')'3) (~-~('''~'; 

L e t Q > 0 .  We set  

sQ (,1) = ~ , . : Q  Y l<~<Q exp ~2a~/A (x, y)). 

Fur thermore ,  let h = (X0 . . . . .  2~ N) be the (N+ D-dimensional  integral  vector ,  and let (A-, A) be the sca lar  
product of the vectors  A and A. 
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w e  se t  

(n, K, Q, A) = I~ I SQ (A)t ~'Ir exp (-- 2,~i (A. ,A)) dA, Y 

So(n, K, Q) = J(n, K, Q,O). 

We cons ide r  the s y s t e m  of equat ions  

2K ( 
~=~ -i) ~ . . . .  ~ x,,~ gl~ = Ll, l = 0, i , . . . ,  N. (1) 

LEMMA 1. Let  A be an a r b i t r a r y  f ini te  se t  of i n t eg ra l  co l lec t ions  II (z,, v,) . . . . .  (z2K, v~K)]I, and let  
~(A) be the number  of so lu t ions  of s y s t e m  (1) belonging to the se t  A. Then 

whe re  ~ •  denotes  s u m m a t i o n  over  the co l lec t ions  belonging to A and ~ denotes  s u m m a t i o n  over  all  the 

in t eg ra l  v e c t o r s  A;by  v i r tue  of the f in i t eness  of A the r ight -hand side a) conta ins  a f ini te  number  of nonze ro  
t e r m s ;  

c) J(n, K, Q, A) equals  the number  of solut ions  of (1) under  the condi t ion  that  1 _< x k, Yk -< Q, k = 1, 2, 
o . . ,  2K; 

d) I SQ (A)U = ~ , J  (" K, C2, .~)~,xp (2~ (A.,~.). 

The p roof  is s i m i l a r  to the p roo f  of L e m m a  1 in [6]. 

M o r e o v e r ,  we have t r iv i a l ly  

[SQ (A) l'~Q2; I(n,  K. Q. A) ~ I o (n, K, Q) ~ Qm,.I o (n, K - -  K 1, Q) ~ Q~K, 

where  O ..~ K 1 ~ K; I (n, K, Q1. A) ~.~ I (n. K. Q2, A). if Ol ~ Q2; I (n. K, Q;A)  = I (n, K, [Q], A) ,where  [Q] is 
the integer part of Q. 

Let K I be an arbitrary natural number~ Say that the matrix H = [lh/,kl[ having an N+ 1 row and a K 1 

column, corresponds to the collection of pairs of integers of unknowns I[ zk, Vkl I , where k = i, 2 ..... K I, if 
.m~t .t hl,k= ~k v k, where the number of the row isl = 0, 1 .... , Nandthe number of the columnisk= 1,2 ..... 

K s. The matrix corresponding to IIXk, Yk[I, k = I, 2 ..... 2K, the collection of unknowns in (I), is repre- 

sented by D and its elements by dl,k. The symbol E denotes the 2k-dimensional vector E = II (-l)kII, k = I, 

2 ..... 2K, Then system (I) can be written in the form of the matrix equality D. E = A. It then follows in 

particular that J0(n, K, Q) expresses the number of solutions of the system D- E = 0 under the condition that 

l_<xk, Yk -<Q, k= 1 ..... 2K. 

D (a, b) = I[ d~. ~ (a, b)II denotes the matrix corresponding to the collection [IXk + a, yk + bII, k = I, 2, 

.... K I, Then for K 1 = 2K we have D(0, 0) = D. 

LEMMA 2. D(a+ al, b+b I) = G(a, b) .D(a~, bl), where G(a, b) is a square matrix of order N+ I, and 

G (a, b) = ]I gl, h (a, b) !I, where the number of the row l and the number of the column k take the values 0, I, 

. . . .  N; if l < k ___ N, then gl ,k(a,  b ) =  0 and if 0_<k _<l, then gt'k(a'b)=(m--t)(1)am~b~"wherem~ ~ 0_<ml  _ < m - t ,  

0 _< tl _< t ,  and the n u m b e r s  m 1, tt a r e  d e t e r m i n e d  uniquely with r e s P e c t  to k f r o m  the r e l a t i o n  (see the be-  
ginning ofiSec.  1): k = ( ( m - m ~ - t t )  ( m - m ~ - t l +  1)/2) + t - t t .  

! 
Progf .  We mul t ip ly  the m a t r i c e s  G(a, b) and D(al, bl) a c c o r d i n g  to the usual  r u l e s .  

COROLLARIES of LEMMA 2. a) The m a t r i c e s  D(a, b) and D(O, 0) have the s a m e  r ank  in Z p - - t h e  field 
of residuels of the p r i m e  modu lus  13. 
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Proof .  Acco rd ing  to L e m m a  2, D(a, b) = G(a, b) �9 D(0, 0), D(0, 0) = G ( - a ,  - b ) D ( a ,  b); th is  is  a c o n f i r m a  

t ion  of a) s ince  the r a n k  of the m a t r i x  p roduc t  i s  not h ighe r  than the r a n k  of any of the co fac to r s .  

b) F r o m  the equa l i ty  D(a, b) �9 E = 0 i t  follows that  D(0, 0) �9 E = 0 and v ice  v e r s a .  

Proof .  It i s  su f f ic ien t  to mul t iP ly  the m a t r i x  equa l i t i e s  of a) by the vec to r  E on the r igh t .  

2. F i r s t  F u n d a m e n t a l  L e m m a  (an ana log  of L i n n i k ' s  t h e o r e m - s e e  [4]). T(W) denotes  the n u m b e r  of 
so lu t ions  of the s y s t e m  of c o n g r u e n c e s  in  the r i n g  of r e s i d u e s  in  rood O n (p is  a p r i m e ) :  

2nJ k Zr~-t (W) ~,~=: (--  1) v~ ~--- )~, (mod p,n), 

where  X l a re  f ixed i n t e g e r s ,  l = 0, 1, . . . ,  N, z k, v k a r e  unknowns,  k = 1, 2, . .  o, 2n 2, and the rows  of the 
r n - l  t m a t r i x B  = ]] bz, k ][, b~,k = zk vk, 1 = 0, 1 . . . . .  N, k = t, 2 . . . . .  2n 2, i . e . ,  B c o r r e s p o n d s  to the co l l ec t ion  

[[ Zk, v k {[, a re  l i n e a r l y  indePenden t  in  Z W Then  we have the 

FIRST FUNDAMENTAL LEMMA. 

T (W) ..< n~'~# '~'-~ (~+:~ (~+~/~ 

Proof .  Without  loss  of g e n e r a l i t y  we can a s s u m e  that  0 _< z k, v k _< p n - 1  for  al l  k, and a l so  that  p > n 
(o therwise ,  the r ank  of B is  a lways  s m a l l e r  than N + 1; t he r e f o r e  T(W) = 0). F u r t h e r m o r e ,  l e t  

and0_<Xk ,  r ,  y k , r  _< p - l  for  a l l  k and r .  Fo r  s = 1 ,  2, . . . .  n w e s e t  

zk, , = ~'i=~ x~, ,.p~-X, vk, , = ~ , : ~  Yk, ~P~-~. 

We c o n s i d e r  the s y s t e m  

~"' '"-~ ' ~ ---- ~.l (,nod p~t, 9, (W~) ~ = ~  ( -  t) ~ ~,,,~ ~,~, 

where  j = 1, 2 . . . . .  N, u/, s = m,  if 1 < l _< s (s+ 3)/2, i .e . ,  m_< s; if s(s  + 3)/2 < l, i . e . ,  m > s, then Ul,s = s; 
m o r e o v e r ,  the rows  of the m a t r i x  B s, which c o r r e s p o n d s  to the co l l ec t ion  I[ Zk,sVk,s[l,  k = 1, 2 . . . . .  2n 2, 
a re  l i n e a r l y  independen t  i n  Z p. Let  T(W s) be the n u m b e r  of so lu t ions  of the s y s t e m  W s. Note tha t  the sys -  
t e m s  Wn and W a r e  equ iva l en t  (we a s s u m e  that  X0 = 0); t he r e f o r e  T(W n) = T(W). F u r t h e r m o r e ,  f rom the 

de f in i t ions  of Zk,s, Vk,s we have 

~] - l  f n'~--t t I zi~, ~-1 vk. ~-lxk, ~ ~ tz~. ~-lYk, ~) (rood p~). 

Since u/, s _<s, t h e s y s t e m  W s can be r e w r i t t e n  (l = 1, . �9 N the r a n k  of B s = N+ 1) 

- 2"~ -~2nz I k t "  m-t-1 t ~_ . ~- t  3-1 ~}=I ( -  i)k Zk,'n-~v -IU#,I 8-1 --~ pS-i ~k=l (--)  ((m--)z}.s-:vk, s - : x ~ , s .  :Zk, s-l:k,~-::&,s) -~-X, (modp'% O. 
(:) 

Obviously ,  u/, s ~ m i n  ( s - l ,  ul,  s) and for  a l l  s the m a t r i c e s  B s have the s a m e  r a nk .  The re fo re ,  (1) i m p l i e s  

tha t  Zk, s-1, Vk,s-~ sa t i s fy  the s y s t e m  W s - v  

We take some  so lu t ion  of W s - v  Then it  follows f rom (1) that  for su i t ab le  Pl  we have the fol lowing r e -  

l a t ions  for  the unknowns:  

t) zk, 2-1 v~, ~-:xk, s + ~zk, ~-:vk, ~-lYk, ~) = ~z (mod p). (2) 

The r e l a t i o n s  (2) f o r m  a s y s t e m  of N+ 1--(s(s + 1)/2) l i n e a r  c o n g r u e n c e s  with r e s p e c t  to the unknowns Xk,s, 
Yk,s, k = 1 . . . . .  2n 2. Le t  T s be the n u m b e r  of so lu t ions  of this  s y s t e m .  Then  T(W s) = T s �9 T{Ws-1). We 
e s t i m a t e  Tso We c o n s i d e r  those  c o n g r u e n c e s  (2) for  which t = 0. The s a m e  appl ies  to c o n g r u e n c e s  with 
s u b s c r i p t s  I equal  to s ( s + l ) / 2 ,  ( s + l ) ( s + 2 ) / 2 ,  . . . .  n (n+l ) /2o  They  f o r m a  s y s t e m o f n - s - 1  l i n e a r  con -  

g r u e n c e s  with r e s p e c t  to the unknowns Xk, s: 
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~,~=, (-- 1)~ mz~. .... s_lX~ , 1  ~ ~_ p~ (mod p). (3) 

We c o m p a r e  the  row with n u m b e r  l = m ( m  + 1)/2 and the c o l u m n  with n u m b e r  k of the  m a t r i x  of the coe f f i -  
c i e n t s  of t h i s  s y s t e m  H 1 to  the row with n u m b e r  l i  = m ( m - l ) / 2  and the c o l u m n  with n u m b e r  k in the  m a t r i x  
BS_ 1. We s e e  tha t  the  i n d i c a t e d  r o w s  and co lumns  of t h e s e  m a t r i c e s  d i f f e r  in  the n o n z e r o  c o e f f i c i e n t s  in  
Z p  ( s ince  p > n). T h e r e f o r e ,  the r o w s  of H 1 a r e  l i n e a r l y  i n d e p e n d e n t  in  Z~ and i t  then  fo l lows  tha t  the  num-  
b e r  of s o l u t i o n s  of (3) does  not e x c e e d  p"- ........... ~. 

We now t ake  s o m e  s o l u t i o n  of (3). Then  (2) t r a n s f o r m s  in to  a s y s t e m  of N + 1 - ( s ( s  + 1 ) / 2 ) - n  + s + 1 
l i n e a r  c o n g r u e n c e s  wi th  r e s p e c t  to the unknowns Yk, s-  As  above ,  the l i n e a r  i n d e p e n d e n c e  of the  r o w s  of the  
m a t r i x  of the  c o e f f i c i e n t s  of th is  s y s t e m  H 2 i s  e s t a b l i s h e d  (in th i s  c a s e  the  row of H 2 with  n u m b e r  l = ( m ( m +  
1)/2) + t m u s t  be com13ared to the row of Bs-1 with n u m b e r  l~ = ( m ( m - 1 ) / 2 )  + t -1 )o  We then  f ind tha t  the num-  
b e r  of s o l u t i o n s  of the  l a t t e r  s y s t e m  does  not e x c e e d  p.,,,~-x-~.,~.~+,,-~-~. Consequen t ly ,  T~ ~< p~,~-N-~.(~(~+~)% 
f r o m  which  T(W) = Tn" Tn-t  . . .  T2" T(Wl),  

T (W) ~< p~'~'("-~)-('~-~)("~)("+~).~ �9 T (W~). (4) 

We e s t i m a t e  T(Wt).  It is  c l e a r  tha t  

N ~p--I . . . p - - i  

T ( W , ) . ~ p -  ,..., .... o ~,a,.~i=olSp(A)l ~'~', 

where 

~l~ ~ p  exp(2ni/~ (z,g)), Sl~ (.1) = ,--,=~,--,~=l 

A -- (O, al/p, a2/p . . . . .  axlp). 

F r o m  which  

T (W~) .<. p - ' l  S~, (0)[ "-,,~ + p-.,~ Y,I, [ Sp (A)[ ~':, 

w h e r e  Z}~ m e a n s  tha t  the  s u m m a t i o n  i s  o v e r  a l l A f o r w h i c h 0 ~ a t ~ < p - -  1, l =  t . . . . .  iY a n d A ~ 0 .  F u r -  
t h e r m o r e ,  I Sv (0) I 2,~ = p~,,,. We e s t i m a t e  Sp(A) fo r  A ~  0. We f ind f t ( x )  fo r  t = 0 . . . . .  n 

= 

the d e g r e e  of the p o l y n o m i a l  f t (x )  i s  not h i g h e r  than  n - t .  Le t  m be the m a x i m u m  va lue  of t fo r  which f t ( x )  
i s  not c o n g r u e n t  to z e r o  in rood p i d e n t i c a l l y .  Us ing  W e l l ' s  e s t i m a t e  ( see  [8], 

I ~,i'=0 exp(2~nig(k)/p) ~ ( d -  i ) I f  p, 

w h e r e  g(k) i s  a p o l y n o m i a l  of d e g r e e  d wi th  i n t e g e r  c o e f f i c i e n t s  and i s  not  c o n g r u e n t  to z e r o  in  mod  p i d e n -  
t i c a l l y ,  we ob ta in  

~ "  ~ ~ J  1 

+ 2..i.,..,,,,<.,~o~,~12.J,~=,~'-':~(2,ii.~(z,~)) < ( ' ~ - , , , ) v  i - p ( , , - i ) s ; . ,  c:;,,y,. 

Consequen t ly ,  T (W0 ~-~-"'p~":--~, which  i n s t e a d  of (4) g i v e s  a c o n f i r m a t i o n  of the  l e m m a .  

3. Second F u n d a m e n t a l  L e m m a  (see  [6]and [7]). L e t p b e p r i m e ,  (2/3)QV<-p~QV, p>-n2, Qo= ( Q / p ) + 1 .  
Then the  fo l lowing  is  t r u e :  

SECOND FUNDAMENTAL LEMMA. 

Jo (n, K, Q) ~< K ~'~' �9 2 a'':'-i . Q ~I'~-a'~t ...... (,~i) (,~§ Jo (n, K, n 2, Qo). 
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P r o o f .  Le t  Q1 = Q if  Q i s  an i n t e g e r  d i v i s i b l e  by  p, and l e t  Q1 = P ([Q/P] + 1) o t h e r w i s e .  Then J0(n, K, 
Q) _< J0(n, K, Q1). We e s t i m a t e  J0(n, K, QI). 

L e t D ~ = l ] d ~ . ~ n ,  l = 0 ,  t . . . . .  N; k =  i ,  3 . . . . .  2 K - -  l ; D 2 = U d z , ~ l [ , l = 0 , 1  . . . . .  N ; k =  2 , 4  . . . . .  2K, 
m - t  and,  a s  b e f o r e ,  d/,  k = x k y~.  E v e r y  so lu t i on  of the s y s t e m  

D �9 E =  0, l ~ < x h ,  ya ~ Q 1 ,  k =  1 . . . . .  2K, 

g e n e r a t e s  i t s  m a t r i c e s  D1 and D 2. If fo r  s o m e  s o l u t i o n  the rows  of each  of the m a t r i c e s  a r e  l i n e a r l y  inde -  
penden t  in  Z p  then  th i s  s o l u t i o n  r e f e r s  to the f i r s t  c l a s s ;  a l l  o the r  s o l u t i o n s  r e f e r  to the s e c o n d  c l a s s .  L e t  
J1 be the n u m b e r  of s o l u t i o n s  of the  f i r s t  c l a s s  and J2 be  the number  of s o l u t i o n s  of the s e c ond .  Then J0(n, 
K ,  Q�94 = J l  + J2" We e s t i m a t e  J2 o Hence fo r th ,  we a s s u m e  tha t  x k, Yk, qk, r k ,  Zk, Vk, q, r s a t i s f y  the fo l low-  
i n g c o n d i t i o n s  ( k = l ,  2 , . . . , 2 K ) :  x k = q k  + o z  k , y k  = r k + p v k ,  l < q k ,  rk ,  q , r _ < ~ .  

F u r t h e r m o r e ,  l e t  

~Q:-I ~Q~-I 
Qe = O,/p,  s (q, r) =: ~--]z=o ~-],,=o exp (2ui/A (q + pz, r + pv)). 

Let  J3 be  the  n u m b e r  of such  s o l u t i o n s  of s y s t e m  II fo r  which  the r o w s  of D 2 a r e  l i n e a r l y  i nde p enden t .  
L i n e a r  i n d e p e n d e n c e  m e a n s  the  e x i s t e n c e  in  Z o of the (N+ D - d i m e n s i o n a l  v e c t o r  C = II c l l l ,  l = 0 . . . . .  N 

= ~ N  cx  ~-t-t The e q u a l i t y  C ' D  2 0 m e a n s  tha t  such  tha t  C + D 2 0 in Z O. Le t  Fc  (x, y) = ~z=0 t v-  = 

F~ (xh, Yh) --= 0 (mod p) f o r  k = 2, 4 . . . . .  2K. (5) 

We take  s o m e  v e c t o r  C ~ 0 in  Zp.  
g i v e n  C. Then 

w h e r e  

L e t  J4(C) be  the n u m b e r  of s o l u t i o n s  which  s a t i s f y  the r e l a t i o n s  (5) fo r  a 

: ,  (c) = l,, E ,ZA, 

K 

Since  C ~ 0 in Z D the n u m b e r  of s o l u t i o n s  of the c ong rue nc e  Fc(x ,  y) ~ 0(p) does  not e x c e e d  up. T h e r e f o r e ,  
us ing  the HSlde r  i nequa l i t y ,  we ob ta in  

J, (c) < ~-I~.~K-~ y.~ S, ~ ~ U - " - ~ q = l  " - ~ , ' = 1  .in ] S (q, 7") dA. 

Using  C o r o l l a r y  (b) of L e m m a  2, we f ind tha t  

In [ S (q, r) 12~: dA = .70 (n, K ,  Q2), 

f r o m  which,  s u m m i n g  o v e r  a l l  C ~ 0 in Z p  we ob ta in  

d:3 ~ nIr z~'~3K§ Q~n,. J0 (n, K - -  n 2, Q2), 

and s i n c e  a n a l y s i s :  of the  c a s e  of the  l i n e a r  d e p e n d e n c e  of the r o w s  of D 1 i s  e x a c t l y  the  s a m e ,  then  J2 -< 2J3 

3-2 ~ nK p N+~+2 Q~n, . Jo (n, K - -  n ~, Q~). (6) 

We e s t i m a t e  J1. The c o l l e c t i o n  I[a k, bk[ [ , k = 1, 2 . . . . .  K s, K s > N i s  c a l l e d  p r o p e r  i f  the rows  of the 
m a t r i x  c o r r e s p o n d i n g  to  the  c o l l e c t i o n  II a k, bkII ,  k = 1, 2 . . . . .  N+  1 a r e  l i n e a r l y  i n d e p e n d e n t  in Zp .  The 
c o l l e c t i o n  l[ ak,  bk l l ,  k = 1, 2 . . . .  , 2K l i s  c a l l e d  s i n g u l a r  i f  each  of the  two c o l l e c t i o n s  IIak, bk]t ,  k = 1, 3, 5, 
. . . .  2Kl--1 and IIak, bk l l ,  k = 2, 4 . . . . .  2K 1 a r e  p r o p e r .  The so lu t i on  of a s y s t e m  of equa t i ons  ( cong ruences )  
which  i s  a s i n g u l a r  c o l l e c t i o n  wi l l  a l s o  be  c a l l e d  s i n g u l a r .  Obvious ly  
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w h e r e  

t~N+l\2 

Jr5 = a 81' 82 d A, 82 = q=l ~,'=I S (q, r) , 

& = <~. ~k<~' ~k=~ I s (qk, rk)I", 
k = l ,  g, . . . ,  n* 

and the  s y m b o l  E '  m e a n s  tha t  a v e r a g i n g  i s  only o v e r  p r o p e r  c o l l e c t i o n s .  
t a i n  ar~ < p~K-~,~-.~.y~, w h e r e  

so = l,,. s~ ~,.~57' ~ Y,,~_.lS(q,r)l"-"~"~ 

Using  H S l d e r ' s  i nequa l i t y ,  we o b -  

Us ing  C o r o l l a r y  Co) of L e m m a  2, we f ind tha t  J6 i s  the  n u m b e r  of s i n g u l a r  s o l u t i o n s  of the  s y s t e m  (l = 0, 1, 
. . . .  N): 

~ = 1  - -  t)k (xk - -  q),~-t (!f,r - -  r) ~ -}- ~'k=2~,+1 ( - -  l )  p " z k  vk = 0. 

F r o m  which  we conc lude  tha t  

J6 = E.'~J7 ( A ) . J  (n,  K - -  n ~ Q2, A) ,  

w h e r e  X h d e n o t e s  a v e r a g i n g  o v e r  a l l  the  i n t e g r a l  (N + D - d i m e n s i o n a l  v e c t o r s ,  and J7 (h) i s  the  n u m b e r  of 
s i n g u l a r  s o l u t i o n s  of the s y s t e m  of e q u a t i o n s  (for f ixed  A and the unknowns q, r ,  x k, Yk): 

Since J(n, K'n 2, Q2, A) _< Jo(n, K-n 2, Q2), then 

J~ ~J Jo (n, K - -  n 2, Q~).Ex-Jv(A). 

But the  va lue  of JT(A) e q u a l s  the  n u m b e r  of s i n g u l a r  s o l u t i o n s  of the s y s t e m  of c o n g r u e n c e s  (l = 0, 1 . . . . .  N): 

~2 t2 [ 

~'~=1 ' - -  t)~( xk q)'~-t(~."k--r)l ~-~ 0 (m~ Pro) �9 (7) 

We take  a r b i t r a r y  q, r .  Each  of the  o t h e r  unknowns in (7) t a k e s  any p r e a s s i g n e d  va lue  in  m o d  pn not m o r e  
than  (Q1/p n) + 1 t i m e s .  F o r  the s i n g u l a r  so lu t ion ,  the r o w s  of B, which was  c o n s i d e r e d  in  the f i r s t  funda-  
m e n t a l  l e m m a ,  a r e  l i n e a r l y  i n d e p e n d e n t  in  Z p  s i n c e  by v i r t u e  of C o r o l l a r y  (a) of L e m m a  2, the m a t r i c e s  
c o r r e s p o n d i n g  to the c o l l e c t i o n s  [lXk, Yk[[ and l l x k - q ,  Y k - r [ [ ,  k = 1, 2 . . . . .  2n 2 have  the s a m e  r a n k  in  Zp .  
T h e r e f o r e ,  we use  the f i r s t  f u n d a m e n t a l  l e m m a  to ob ta in  

& ~ p~ ((Q~/p,,) + lp,,'. T (W).]o (n, K - nL Q~), 

and T (W)~< n'-"~p ~ ...... o,~)0,+2~3. R e c a l l i n g  the cond i t ions  a p p l i e d  to n and 13 and (6), we then  p r o v e  the s e c o n d  
f u n d a m e n t a l  l e m m a  by m e a n s  of t r i v i a l  t r a n s f o r m a t i o n s .  

4. ]Proof of the  T h e o r e m .  When  7 = 0, the t h e o r e m  is  t r i v i a l .  Le t  the t h e o r e m  be  v a l i d  fo r  r = m 
and l e t  i t s  cond i t ions  be  s a t i s f i e d  fo r  r = m + 1. Since  in th i s  c a s e  

p > (2n)2, '~( .... +1) > (2n)% TO P~ > (2n) 2 > 64, 

t h e r e f o r e  t h e r e  e x i s t s  a P r i m e  p such  tha t  (2/3) Pv _< p _< Pv, p _> n 2 a n d k g  0 (n, K, P) can  be a p p l i e d  to the 
s e c o n d  f u n d a m e n t a l  1emma .  Consequen t ly ,  

Jo (n, K, P) G K>'23"~-lp 4K-~'~+4 ..... o,+~(~+2),z Yo (n, K - - n  2, Po), 

w h e r e  P0 = [P/P] + 1. F u r t h e r m o r e ,  P ,  > pl-~ > (2n)2n~( . . . .  ) ,K - -  n 2 > 2n a + mn 2. T h e r e f o r e  the t h e o r e m  is  
a p p l i c a b l e  to  J0(n, K - n  2, P0) and r = m.  Then 
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where b = (n(n+ I) (n+ 2)/3)A(n, m), 

Yo(n, K, P)~  K 2~'~'~+1) 23'~(~§ . p~K-(~(~§ 3~(~-~( .... +~), (8) 

since (1 + (p/p))4k < 2 or otherwise the theorem is tr ivial .  Inequality (8) implies that the theorem is t rue 
for ~ = m + 1 and therefore  it is true for all natural ~. The proof is concluded. 

The author expresses  his gratitude fo Prof.  A. A. Karatsuba for guidance and Prof.  S. B. Stechkin for 
careful considerat ion of the paper  and useful advice. 
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