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1 o 

Let 

~=~:e 4 . . . . .  ~e..)= ~ a~ ~ 
t,}-~ 

be a pos i t ive  def in i te  quadra t i c  f o r m  with r e a l  coef f i c ien t s  o,~k , where  a~} = c ~  t~, 9-- 4 . . . .  , r~). The 

f o r m  ~ is  s a id  to be M i n k o w s k i - r e d u c e d  if any se t  of i n t e g e r s  ~ . . . .  , g,~ with g r e a t e s t  c o m m o n  d iv i so r  

. . . . .  , g~)=t s a t i s f i e s  

The general theory of Minkowski reduction of positive definite quadratic forms was developed 

m Minkowski's celebrated memoir [31 (see also the beautiful exposition [4]). 

In the N - d i m e n s i o n a l  N -  r~(n,+ ~) space  of coef f i c ien t s  {a 4 . . . . . .  a ~ ,  a,~ a . . . . . .  ~, the 

Minkowski  doma in  of r educ t ion  is  a convex gonohedron  with a f in i te  n u m b e r  of f ace s .  Minkowski  [2] 

f o r m u l a t e d  a n u m b e r  of p r o p o s i t i o n s  which make  it  pos s ib l e  to d e t e r m i n e  the r educ t ion  gonohedron  

fo r  r~ ~ 6. However ,  Minkowski  pub l i shed  proofs  of t he se  p ropos i t i ons  only for  r~ 4-_ ~ [1, 3]. Ryshkov 

[5] has r e c e n t l y  p roved  these  p ropos i t i ons  in  the case  ~ -  5. The pu rpose  of the p r e s e n t  note is  to 

give a proof  of Minkowsk i ' s  p r o p o s i t i o n s  for  r~= 6 o More  p r e c i s e l y ,  we e s t a b l i sh  the fo l lowing  p ropo-  

s i t i o n  (s tated without proof  by Minkowski  [2]). 

THEOREM.  Let 

~ ~__ a 4 % ~j 
L.}-_4 

be a pos i t i ve  def in i te  quadra t i c  f o r m  with r e a l  coef f ic ien t s  a~$ (~, } = ~, . . . ,  rL) and suppose  that n ~ ~. 

A n e c e s s a r y  and su f f i c i en t  condi t ion  for  ~ to be  M i n k o w s k i - r e d u c e d  is  that it s a t i s f i e s  the condi t ions  

a ~ a ~ + ~ , ~ + ~  (~= 4 , . . . ,  r~-~) (2) 

and the cond i t ions  

~ ( e , , . . . ,  ~ ) - ~ a ~ ,  (3) 

where  ~=' i ,  , .  ' " �9 , r~, and the va lues  of ~ a r e  t aken  f r o m  the fo l lowing tab le .  Here  (~, ~, ~, . . . ,  ~,~-~) 

r u n  th rough  a l l  p e r m u t a t i o n s  of the i nd i ces  (~, Z, . . .  , r~). Only those  rows of the tab le  (4) with not 

m o r e  than  r~ e n t r i e s  a r e  t aken ,  and  ze ro s  a r e  i n s e r t e d  in  the vacant  pos i t i ons .  
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2. 

(4) 

B e f o r e  p rov ing  the  t h e o r e m ,  we s ta te  and p rove  a s e r i e s  of l e m m a s .  

We in t roduce  the fol lowing nota t ion :  1) ~ is the vec to r  which has its L-th coo rd ina t e  equal to 1 

and all  i ts  o t h e r  c o o r d i n a t e s  equal to  0 {~- 4,.. ,  r~); 2) if b, j , . . . ,  K a r e  indices  (poss ibly  ident ica l )  

f r o m  the se t  (~, 2., . . . , r~) ,  then 

e~,},...,K = e~+e} § �9 e K. 

In this notation the inequalities (3) corresponding to the rows of the table (4) (other than the last row) 

can be written as follows : 

~(ed,,l,, & . . . . .  h ) - ~ ( e ; 2 , 0  (t-- 4, Z , . . . ,  r~- ~), (5) 

}(e~o,),, .... h-,,h, h )-  }Cejo~,0 (t- h, 5,. �9 �9 r~- 4 ), (6) 

](e. . )-~{e}o}~0 (~=5, r~- 4). Jo,l, . . . .  , h-,, h-~,l,, h " " "' 

The inequalities (5), (6), and (7), respectively, are equivalent to the inequalities 

Z~(ejo; ei , ,h . . . .  ,i)+~(ej,,j~,...,A)-~O ( t - ~ , ~ , . . . ,  ru-4) ,  

(7) 

(8) 

~SCejo; ej,, & ..... j .... h, h)+5(e~,, ...,h-,, h, h )~'~ (~= ~' 5,..., ~-4), C9) 

~(e$o; 5~ .... , d,-~, h-,, ,i.,. h )~ ~(5, .... , h-~,h.,h,h 3~0 (t =5, . . . ,  n-  4), 

w h e r e  ~(~;V) is the b i l i n e a r  f o r m  

c o r r e s p o n d i n g  to  the quadra t i c  f o r m  

(4, Z , . . .  ,n . ) .  

rb 

, and }o, J , , . . .  , ~ a r e  dis t inct  ind ices  chosen  f r o m  the se t  

(1o) 

In addi t ion,  f o r  b r e v i t y  we use  the  no ta t ion  e = ( g4, . . . .  g~) in the s t a t e m e n t s  of L e m m a s  1-3 for  

the point with i n t eg ra l  c o o r d i n a t e s  g,, �9 �9 �9  l~ sa t i s fy ing  the  inequal i t ies  

0,~ g , .  ~ , - . . .  ,E e,~. (11) 
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LEMMA 1. 

t i e s*  (5) for  ~= 4, ~ , . . . ,  ~ + 4, and s u p p o s e  a l s o  that 

~-g-4 

~e~-~ =~ ~ 

Fina l ly ,  s u p p o s e  that for  K ~, 3 w e  have the inequal i ty  

Then 

Proof .  We have** 

Let K b e  any index in the range O ~  K~r~-  4. Suppose  that ~ s a t i s f i e s  the inequa l i -  

(12) 

~-w- 4 (13) 

i(~ )~ i(e- e,._~, . . . .  ,r~)" (1~) 

Expanding the b i l i n e a r  f o r m  }(e; e~_,, ~_..~,.,., ~) in i t s  f i r s t  argument  a c c o r d i n g  to the r e p r e s e n t a t i o n  

n-K-r ~-4 

~=/_ ~e,+~,,e~.~,,,_.., ..... ~+~(e,~.c-~ . ~ ,)% ~,. 
; , = t  " " =  - - - . . , r ~  '~ 

w e  obtain 

tt-~r 

+ ( e . . . . . , ~ -  g~_.'){ 2~. (e . ._ . ;  e . . . .  4 . . . . .  ..)4- ~(e . . . .  ,~ . . . .  ,n . )+  

n-~§162 

+ if,,._, +~- e,,._,,.,) Z_. t,Z ~.(e~; e ._ , . r  . . . . .  ~1" i(en_**~ . . . .  , n)} * 

l,=O ~=a-K 

K-~ a-6-4 r 

~=0 ,1* n=~+Z i't =n-'~ 

+(ze,_,,- ,7__ e,- ~)ts(e . . . . . . . .  ~)-2~L~ ~(e~)}+ 
t,=4 

-,- Z__ (e,,_~- e,,,_~_,) Z (~,+'0t mo,~ ~.~e,~- ~(e~) b 

*And h e n c e  a l s o  the  equivalent  inequa l i t i e s  (8).  

**We hence for th  take  the s u m  .~_ to be  equal  to z e r o  if v-< c~. We a s s u m e  a l s o  that g = e,~ and 

n~o~ ~(e~)= O if m~ ~ r~. 
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This  e s t ab l i shes  the inequal i ty  (14), s ince  by (5) each of the t e r m s  in the cu r ly  b r a c k e t s  is nonnega-  

t i r e ,  so  that  by (11), (12), and (13) each  of the t e r m s  on the r i gh t -hand  s ide  of the las t  equal i ty  is a l so  

nonnega t ive .  

This  p r o v e s  L e m m a  1. 

R e m a r k .  F o r  ~= 3 and r~= 6 the inequal i ty  (13) takes  the f o r m  

~ + ~ +  ~ ~ ~, + I~+ ~,. 

L B i M M A  2 .  L e t  ~=5 o r  ~ = e .  S u p p o s e  t h a t  

= 4, L,  . . ,  ~ + 4 and also that 

R'K-~ 

Fina l ly ,  suppose  that  f o r  z = 4 we have the inequal i ty  

rt-~ 

Then 

P r o o f .  Let  

(13') 

sa t i s f i e s  the inequal i t ies  (5), (6), and ( 7 ) f o r  

e~_ +eo-e~_~- E e~. (i5) 

}(/~)-~ ~(~- e,~_,~ . . . .  , n-~, r~, r~)" 

(16) 

(17) 

We have 

~(g)- ~e-  %_~,..., ~_~, ~, ~)= 2~(e; e~_~,..,,~.,,~,~)- ~(e~.,,...,~.~, ~,~). 

Expanding the b i l i n e a r  f o r m  $(~; %_~ .... ,~-~,~, ~) a c c o r d i n g  to the r e p r e s e n t a t i o n  
n-K-4 

It= ~ lt~e,+Ae._., . . . . . .  v,~, + Be  . . . . . . .  , ~ - , ,  ~ . . . . .  r~ + 

+(P... - A - B ) e ~ _ .  . . . . .  ~_~ ,~+Ce . .~ .§  r~-,,  ~ - 4 ,  ~,  ~ + 

+(P% K+4- 6~ . - C ) e r ~  .+~, r~-4, r~ + ~" (6~-i-- f'r~ -i,-~)er~-~, r~ § 

we obtain 

+ [6r~_~- ~_~- B -C)e~_~, r~ +(~- 6~_~-A)e~.~ 

~ ' (~ , ) -~ (g-e~_K, . . . ,  ~ -~ ,  n., r~) = 

r~-x-4 
- ~ ~.~{2.~(e~; e . . . . . . .  ,~._~,,.,.,,./,'-~-(e . . . . . . .  ,,.,._,, ~,,-,,)t + 

+ re,_,- k-B~(e. . . . . . .  ,~_,, ~)- H%)} + 

+(g~-. , C  t~._.-C)t}(e. . . .  , . . . . . . .  ,, . ) +  Z { ( e . _ . ;  e . . . .  ~ . . . . .  ~_~, ~ )~ + 

+ {~.-K+C I~_, - C){ }(e . . . .  ~ . . . . .  --~, . . ) -  l} (e.)~+ 
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§ . . . .  ,,...,,._~ .. . .  )- { (e.._ ~)i + 

~..~ r,.-,i 

+ Z (L._ce~_~_~) .T_ ~z~-(e,,; %_~,...,,,._~,,.,.)+~.(e,,_~ ..... ,,_~,,jl -§ 

+(k-,- ~,,_,-B-C) Z I~,~(%; e,,_,,,~)+~(%_,,,.~)l-+ 
I,= I t- t .  

+(~,,.-4- g,..~-6-C){Z~(e,._~; e,,.)+ ~(e~) I + 

n,-4 

+ (L,- ~,,-,,- e,-c)[~ z~(e,; ~,,) + ~e,,)]+ 

~ - K - 4  

�9 i zA-~-  J"  ~,~,-e.._.-A-S,-a){~-Ce .. . . . . . . . .  ,,,,vJ-~-m,._,it". 
{,.,1 

+(~,~. , , ,~-  ~,,.. , ,-C/[~(e . . . .  ,,...,,.,_, . . . .  t -  {(e . . . .  ~ . . . .  , , , - ' , , , - ) ]+  

+(~,.,- r Z t~{(e~; e,,.,)++~e,.,)~+ 
~Jn-g  

f~-K-4 

This establishes the inequal i ty (17), since by (5), (6), and (7) each of the terms in the cur ly  brackets is 

nonnegative, while for  K-3 or  K=~ Eq. (5) and Lemma 1 imply that the expressions in the cur ly b rack-  

ets are nonnegative, so that by (11), (15), and (16) each of the terms on the r ight-hand side of the Last 

equal i ty  is nonnegat ive .  

This  p r o v e s  L e m m a  2. 

LEMMA 3. Let a=  6. Suppose that  

a l so  that  

m-4 

Fina l ly ,  suppose  that  e i t he r  of the fol lowing condi t ions  holds :  

I ) ~=~A~=Z~, 
2 ) ~,oe, ;.e,. 

Then 

P roo f .  Let  

s a t i s f i e s  the inequal i t ies  (5), (6), and (7) fo r  t= 4 . . . . .  5 and 

f,Cr ~" { (e- %,,,,,,, ~,,~, ~, ,% 

A- m~n(~,* e.- ~s, E,- ~,). 

(~-- ~, 5, ~). (18) 

(19) 

(2o) 

(2i)  

681 



We have  

~(~.)-~(~-% ~ ~ ~ ~ ~ ~ ~ ) = 2 4 ( ~ ;  e ,~  ~ ~ ~ ,  . ) - ~ e ~  ~ ~ ) 

Expand ing  the  b i l i n e a r  f o r m  }(E; e~,~,~,,, ~4, ~, ~ ) a c c o r d i n g  to  the  r e p r e s e n t a t i o n  

~=(1~- I~,,)e~,~, ~,,, ~,~, ~, + Ae~,~,~,,,,%~, ~,~,~ 

we ob ta in  

+[~4+ e,,-e~.-A){5.{e,,~,~,,,,~, ~,c)- ~(e..)~r +(e.,+ ~,- ~.-A/{~.(e~ ......... e,e)- ~(e~)t 

3 

+[~.-~,-A)~__ !~(eL; e.,, ,~+~(e, 5,, )t § ~,-A){z { ~e~; e,,,)+ ~(e.,,)t + 

This establ ishes the inequal i ty  (21), since by (5), (6), and (7) each of the te rms  in the cur ly  brackets 

i s  n o n n e g a t i v e ,  whi le  by  Eq.  (5) and L e m m a  1 the  e x p r e s s i o n  in the  c u r l y  b r a c k e t s  i s  nonnega t ive ,  so  

tha t  by  (11), (18), (19), and (20) each  of the  t e r m s  on the r i g h t - h a n d  s i d e  of the  l a s t  equa l i t y  is  non-  

n e g a t i v e .  

Th i s  p r o v e s  L e m m a  3. 

3 .  

We t u r n  now to the  p r o o f  of the  t h e o r e m ,  a s s u m i n g  h e n c e f o r t h  tha t  r~_~ 6 .  If a f o r m  is  Minkow-  

s k i - r e d u c e d ,  t hen  i t  s a t i s f i e s  a s e t  of i n e q u a l i t i e s  which  i n c l u d e s  the  i n e q u a l i t i e s  (2) and (3). 

We next  p r o v e  the  c o n v e r s e :  if ~ s a t i s f i e s  the  i n e q u a l i t i e s  (2) and  (3), t hen  it i s  M i n k o w s k i -  

r e d u c e d .  Le t  ~ = ( 64 . . . . .  ~ )  b e  a v e c t o r  with i n t e g r a l  c o o r d i n a t e s  having the  g r e a t e s t  c o m m o n  

d i v i s o r  (~ . . . . .  ~ )  = I f o r  s o m e  j ( 4 ~ ~ -~ n . ) .  We m u s t  p r o v e  tha t  

{(g~,. . .  , ~ , . )~  o~t~. (22) 

1 ~ Wi thou t  t o s s  of g e n e r a l i t y ,  we can  a s s u m e  tha t  ~ ~,0 f o r  a l l  L= 4 , . . . ,  r~; f o r  o t h e r w i s e  the  

f o r m  s cou ld  b e  r e p l a c e d  by  the  f o r m  ~ ={(*- ~ , .  �9 . ~ +-~,~), w h e r e  the  s i g n s  a r e  c h o s e n  so  tha t  

~(Je,  l . . . .  , 1 ~ , , I ) - ~ - { ~ , , . . . ,  ~) .  

2 ~ Suppose  tha t  a l l  the  c o o r d i n a t e s  of the  v e c t o r  ~ e x c e p t  the  f i r s t  c o o r d i n a t e  a r e  equa l  to z e r o ,  

wi th  t he  g r e a t e s t  c o m m o n  d i v i s o r  (E;, .  �9 � 9  6~)= q. Then  6 = e~ f o r  s o m e  L--. ~ and 

~-(~)= ~(e~= a ~  ~ 

by  (2). Thus  the  i n e q u a l i t y  (22) has  been  e s t a b l i s h e d  in t h i s  c a s e .  We t h e r e f o r e  a s s u m e  in what  f o l -  

lows tha t  t h e r e  a r e  at  l e a s t  two n o n z e r o  c o o r d i n a t e s .  

3 ~ A s  a p r e l i m i n a r y  s t e p ,  we p r o v e  the  fo l lowing  l e m m a .  
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LEMNLA 4. Suppose that ~ satisfies the conditions (3). Suppose also that the  integral-valued 

vector ~=(s .... ~) is distinct from the vectors of the table (4), with ~0 (5= 4 .... , rv), and that there 

are precisely s nonzero coordinates ( Z--- s -~ ~ ~ ~ ). Then there exists an integral-valued vector 

~'=(~,,.. ,  6") satisfying the conditions 

:D 0~ ~'~ ~ (~,= ,~,..., ,~); 
2) V~:~O i f  ~ , -0  (~= 4 . . . .  , ~); 

e;+...+<< e,+...+ 

4) {.(~"}~ ~(~). 

P r o o f .  Without  l o s s  of g e n e r a l i t y ,  we a s s u m e  tha t  the  cond i t ions  (11) a r e  s a t i s f i e d  fo r  

~ , . ( ~ + , . . . ,  6 ~ ) ,  s i n c e  we could  o t h e r w i s e  r e p l a c e  the  f o r m  { by  a f o r m  ~ ' - - ~ ( ~ , < , . . . ,  ~,~) such  tha t  

~ ,+ -~ . . .  ~ 6 , ~ .  In p r o v i n g  L e m m a  4 f o r  the  f o r m  ~' , we a l s o  p r o v e  i t  f o r  the  f o r m  9. 

In the  fo l lowing  t a b l e  we g ive  the  c o n s t r u c t i o n  of the  v e c t o r  ~' in t e r m s  of the  v e c t o r  6 (for  

v a r i o u s  va lue s  of s and u n d e r  v a r i o u s  cond i t i ons  on the  c o o r d i n a t e s  of the  v e c t o r  ~). The r e m a r k s  

in the  l a s t  c o l u m n  i n d i c a t e  why the  new v e c t o r  6' s a t i s f i e s  the  cond i t ions  t - 4  (the r e f e r e n c e s  a r e  to  

v a r i o u s  c a s e s  of L e m m a s  1-3) .  

C o n s t r u c t i o n  of R e m a r k s  s Cond i t ion  on 1 
the  v e c t o r  1' 

e,~_+ "~ r e'= (~-e~ L. 4. for K=0 
2 

er~_ ~ = ~ - ~ = ~,_4e~.+,r~ 

~ _ , ~  f~ ~'-- g-e~, L.  ~. f o r  ~=0 

3 

n - , I  

ze,.+"A 
- -  m - 4  

. , - 4  

_ ~ ~> +.~i.-~ ~ 
F~-4 

~,e~. "~ ~.~ e L 

Z~= Z.. ~(m=R-+,nl 

6'= ~- e,~ 

L. ~. for K = I 

L. 4. forK=Z 

L. 4. fo r  K=0 

L.4. f o r  K ~  

L.~. f o r  K=Z 
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.%-4 

$ 

r 

e s > 1~ 

n..-~ 

I 

e~- 4 

~'= ~,-e~ 

~'= ~- e~,~ 

g'-- ~ - e~,,,, 

~'= s 

L . L  for  ~=5 

L.4. for  ~=0 

L.4. for  ~=q 

L.q. for  ~=z 

L. 4. fo r  K-5 

~'= e-e,,~,~.~, 6 L.2,. for  ~=3 

~3 

L.~ .  

m,-.f 

for  K=~ 

for  K=~ 

6 8 4  



j rrt-4 I~e.~-" ~,~ I,~-,,~,~, 

L. 5. (19) 

L. 5. (20) 

= ~4  ' ' ' ' 

It is  s t r a i g h t f o r w a r d  to  s h o w t h a t  the  cond i t i ons  i m p o s e d  on the  c o o r d i n a t e s  ~ of the  v e c t o r s  ~,  

exhaus t  a l l  p o s s i b l e  v e c t o r s  which  do not a p p e a r  in the  t a b l e  (4). We note  h e r e  only tha t  if e,~_, = ~, 

then  i t  can  be  shown f r o m  the  cond i t i ons  

r t -  r t % - 4  

Z~_.~ ~ e~ (.~=0, 4,2,) 

that 6 is one of the vectors given in the table. It is also quite straightforward to verify that the con- 

ditions for the applicability of the lemmas are satisfied. 

This proves Lemma 4. 

In order to formulate the next proposition~ we introduce the term ~reduchons of Lemma 4 '~ 

for the transitions from ~ to ~' given in the table which appears in the proof of Lemma 4. 

Addendum to Lemma 4. The vector e~')=e~0~,,,., ~,~,~.~ can be obtained by means of the reduc- 

tions of Lemma 4 from only one of the following vectors ~') 

c~ rr~ C~-) ~ e rr~ (s) - Z e rn. = e ' ~ + 2 " e z ,  s , , ~ + 3 e s + g e ~  , rr~")=e~~'Ze~.,~§ = 4, z . 5 , % ~ - , ~ , e ,  - , % z , ~ , ~ , s , s , ~ , ~  ~ 

Proof. It is sufficient to consider the reductions of the table corresponding to s= ~= 6. These 

reductions are achieved by subtracting the vectors e;; e~,}; er er e~,$,~,m,m~ e~,},~,~,p,~ 

e~, h ~,~, p,~,~, ~ from the original vector ~. Using the fact that 6~'*= e ~,z, ~,#, ~,~,~,~ and checking 

directly that ~ satisfies the necessary conditions for the reduction to be possible, we find the given 

set of vectors m~. 

LEMMA 5. If ~ is any form in six variables which satisfies the conditions (3)~ then 

~:(m.%~ ~a.,~ %, (~= ~,. . . ,  ~). 

Proof. We have 
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}{n~('))'=He,.,.,.~.,.,)§ Z~tZ~(er e,.,)+ }(%.,)t 

§ ~ {r t +~(e,.=.~.,.s.s.,.,)* 9(e,...~.,) 

$(='")= {}(e,...~.,.,.~.,)- ~(e~)~ +~He,.,.~.,.,.,)-}(e,)~* 

+ ~  tz~(e~; e,.,.,)* ~(e..,.,)~ + }(e,...,.,.,.,)+ z~(e......,.,) 

$ 

+/~ t2}(e.. ; e,.6)+ {(e,.,)} + {(e,.~.,.,.,.,~+}{e..,...~...,...,). 

By the inequal i t ies (5). (6). and (7) the expressions in the cur ly brackets are nor.negative, and the sum 

of the  r e m a i n i n g  t e r m s  is not l e s s  than ~ a =  $(e~). 
~,=,I,..., ~ 

This  p r o v e s  L e m m a  5. 

4 ~ Suppose  that  } is a f o r m  which s a t i s f i e s  the condi t ions  (2) and (3) of the t h e o r e m .  By L e m m a  

4, if e=(~,. . . ,  ~,) is any i n t e g r a l - v a l u e d  nonnegat ive  v e c t o r  having s (Z~ s ~ r~ ~ 6 ) nonze ro  coo rd in a t e s ,  

then t h e r e  ex i s t s  a v e c t o r  g'= ( e ' o . . . ,  g ' )  of the table  ( sa t i s fy ing  e~> 0 if ~ =. 0) such  that  

~(g)~" S'W). 

This  v e c t o r  a l so  s a t i s f i e s  ~ffi ~ if e~ = ~. Thus if the las t  n o n z e r o  coo rd ina t e  of ~ is equal to unity,  

then the las t  n o n z e r o  c o o r d i n a t e  of g' is  a l so  equal  to  unity.  By (3) we have 

~Cr ~(r 5(e;)= o-;;. 

w h e r e  e~- e~-'1 and r ~i = 0 fo r  ~-~ .  

We t h e r e f o r e  a s s u m e  in what fol lows that  the las t  nonze ro  coo rd ina t e  of ~ is g r e a t e r  than unity.  

5 ~ If s =2,3,4 and e is any i n t e g r a l - v a l u e d  vec to r  having s pos i t ive  coo rd ina t e s ,  L e m m a  4 i m -  

p l ies  that  g~ = 4 if e~ =0 and tha t  ~'~ = 0 if g~'~0 (g = 4 . . . .  , n.). By the condi t ions  (3) we have 

~-$ 0 

and the  inequal i ty  (22) is val id.  

6 ~ If s=5, L e m m a  4 impl i e s  that  }(g)~ ~(e'), whe re  the v e c t o r  e' of the table  has at  l eas t  one of 

i ts  las t  two pos i t ive  c o o r d i n a t e s  equal  to  uni ty ,  and by  (3) we have 
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where K is the penultimate index of the positive coordinates of ~. Using the results of Sec. 3.5, this 

implies the inequality (22). 

7 ~. Let 5~=~ and ~ ~ (g~, ..., g~), and assume that we have the greatest common divisor 

(~,... , ~,)=4 for }=4. By Lemma 4 there exists a vector g'=(e~, . .., 4') of the table for which at 

least one of the last three coordinates is equal to unity. Then by (3) we have 

The case 66 = ~. was c o n s i d e r e d  in  Sec. 3.4.  C o n s e q u e n t l y ,  to p r o v e  (22) i t  is  s u f f i c i e n t  to  s tudy  the case 

of the  g r e a t e s t  c o m m o n  d i v i s o r  (~,~,)=~. We s h a l l  p r o v e  tha t  in  th i s  c a s e  

~(6) ~ a ~ .  (23) 

8 ~. Let  s=r~=6 and a s s u m e  tha t  we have  the g r e a t e s t  c o m m o n  d i v i s o r  ( ~ ,  ~ ) =  ~. If by  app ly ing  

L e m m a  4 we found a v e c t o r  ~' of the  t a b l e  (4) fo r  which  the  f i f th  o r  s ix th  c o o r d i n a t e  w e r e  equa l  to  

uni ty ,  we would have 

To establish (23) it is therefore necessary to consider only those vectors ~' of the table (4) for which 

g~- 4 and ~ > 4, i.e., the vectors 

~"'=(~,~,~,~,z,z), (~'=(~,t~,tz,~), ~"=(~,~,~,~,~,z). 
9 ~ . We show h e r e  tha t  

~(g~'~)~ a , ~  ~.~, ~(E~)~ a ~ .  (24) 

We have  

f" (e~4.,K,, . . . . . . . . . .  )'f~(e~,~, ,,, ~,.,., .~, ~)- V e,,,.)~ * 

w h e r e  ~, ~, K, e,m., and ~ a r e  d i s t i n c t  i n d i c e s .  By (5) and  (6) the  e x p r e s s i o n s  in  the  c u r l y  b r a c k e t s  a r e  

n o n n e g a t i v e .  Th i s  i m p l i e s  the  i n e q u a l i t i e s  (24) and hence  a l s o  (23). 

10 ~ To p r o v e  the  t h e o r e m  it  r e m a i n s  only to note  tha t .  a c c o r d i n g  to L e m m a  5, a l l  the  v e c t o r s  

n~ ~'~ (~= ~ . . . .  ~ 6) f r o m  which the  v e c t o r  ~'~-- ( I , I , I , I , 2 , 2 )  can  be ob ta ined  by  m e a n s  of the  r e d u c t i o n  of 

L e m m a  4 s a t i s f y  the  cond i t i on  

so  tha t  we have  e s t a b l i s h e d  the i n e q u a l i t y  (23) and thus  a l s o  (22). 

Th i s  p r o v e s  the  t h e o r e m .  

I thank  A.  V. M a l y s h e v  f o r  s u g g e s t i n g  the  p r o b l e m  and fo r  his  i n t e r e s t  in  the  w o r k  and S. S. 

Ryshkov  f o r  a l l owing  m e  to  b e c o m e  a c q u a i n t e d  with  his  w o r k  [5] in m a n u s c r i p t  f o r m .  
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