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SOLUTIONS OF THE YANG—BAXTER EQUATION

P. P. Kulish and E. K. Sklyanin UDC 517.43+530.145

We give the basic definitions connected with the Yang—Baxter equation (factoriza-
tion condition for a multiparticle S-matrix) and formulate the problem of classi-
fying its solutions. We list the known methods of solution of the Y-—B equation,
and also various applications of this equation to the theory of completely inte-
grable quantum and classical systems. A generalization of the Y-B equation to the
case of Zzhgraduation is obtained, a possible connection with the theory of repre-

sentations is noted. The supplement contains about 20 explicit solutions,

0. By the YangBaxter equation [1, 2] is meant the following functional equationm:
“’RW’(“"”rd’Rpx’(“’ﬂﬂRpﬁ”m = “Q‘"Rr’ ’(v)dx”er”(“)rr’ p7 (W) (1)

for a collection of functions d&RXJFW) of a complex parameter W, depending on four indices

“aﬁ;r,f'.running through values from 1 to some natural number N. 1In (1) and later we under-—

stand summation over repeated indices.

Equation (1), which first appeared in [1, 2], has many applications to the theory of
completely integrable quantum and classical systems and exactly solvable models of statis—
tical physics. In recent years it has undergone intensive study. Here the profound connec-
tion of (1) with such areas of mathematics as group theory and algebraic geometry has be-
come more and more apparent,

The present paper is an (apparently the first) attempt to give a systematic survey of
the facts accumulated at the time it is written relating to the solutions of (1). The ac~-
count is structured in the following way. In Sec. 1 we give the basic definitions and we

Translated from Zapiski Nauchnykh Seminarov Leningradskogo Otdeleniya Matematicheskogo
Instituta im. V. A. Steklova AN SSSR, Vol. 95, pp. 129-160, 1980. -
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formulate the problem of the classification of the solutions of (1). In Sec. 2 we list var-
ious applications of (1) to the theory of completely integrable systems. In Sec. 3 we dis-
cuss known methods of solution of (1) and we formulate some assertions about properties of
its solutions. In Sec. 4 we consider generalizations of the Yang—Baxter equation, and fin-
ally, in the Supplement we give a summary of the known solutions of (1).

The authors hope that the present paper will be useful to specialists in the theory of
completely integrable systems and the method of the inverse scattering problem, and also
helps to attract attention of mathematicians who are specialists in group theory and alge-
braic geometry to a new promising object of investigation, the Yang—Baxter equation.

The authors thank L. D. Faddeev, the initiator of studies on the quantum method of the
inverse problem, V. E. Korepin, A. G. Reiman, M. A. Semenov~Tyan-Shanskii, L. A. Takhtad-
zhyan, N, Yu. Reshetikhin, and S. A. Tsyplyaev for many helpful discussions. We are grate-
ful to A. A. Belavin, A. B. Zamolodchikov, and V. A. Fateev for giving us a series of solu-
tions of the Yang—Baxter equation.

1. Since the systematic study of the Yang—Baxter equation (Y-—B) has only just begun,
there is still no generally accepted terminology in this area. In this section we make an
attempt to propose a system of terms and definitions for the theory of solutions of the Y—B
equation. Practice will show how successful this attempt is.

First of all, we discuss a series of equivalent ways of writing the Y-B equation (1).
For this we note that the four-indexed quantities “JSRFf@») can constitute a linear operator
R(w) in the temsor product of two N -dimensional complex spaces V5V(V5CNL The action of

this operator on the basis vector GYADed-is given by the following formula:
Repoes)=(e,@e) 5 Ryp - (2)

The tensor dﬂlzrd— can also constitute three operators qu, R%3,1R23 in the tensor prod-
uct VOV®V , corresponding to the three ways of imbedding the space V@V in V@ V@V :

Riu(e,@e @er)=(6,0 e @ep) R,

. 3
[R% (er® 65./® er//) = (e, ®~8rl®€d//)d¢//,R“~l/ 5 )

]R% (er® er,® Gr”)= (ex.® e,r®e ot'd.”Rr’y”'
Notation (3) we have introduced allows us to write the Yang—Baxter equation (1) as an oper-
ator equation:

R (- Ry Ryyan =Ry Ry (0B (u-v (4)

In order to avoid misunderstandings, it is necessary to note that there also exists another
gystem of notation, used, e.g., in [3-5]. 1In these papers, instead of the operator R., in-
troduced above, there is used an operator R , differing from R by multiplication by the per-

mutation operator P:

R= PR, (5)

where

Here the Yang—Baxter equation assumes the form:

(T Reu-v)EameI)(Iok w) =(RweI NIoRw)(Kw-neT) . 7
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This notation for the Y-B equation is interesting in that it preserves its form in the grad-

uated case too (see Sec. 4).

Now we introduce a series of concepts which we need later. A solution R(W) of the
Yang—Baxter equation (4) will be called a Yang—Baxter sheaf. The natural number N (dimen-
sion of the space'v—) will be called the dimension of the sheaf. The variable U, figuring
in the Yang—Baxter equation (4), will be called the spectral parameter, in contrast with the
other parameters §,%,z..., on which the sheaf R(u,§,7,...)possibly depends, and which we shall
call connection constants. We shall call the Yang—Baxter sheaf R(w) regular if for w=90

the operator Rew) is equal to the permutation operator P (6), which obviously satisfies (4):
— . 8
]Pm ]an ]Pza o Ipza IP{:; LDM : )

It is often useful to consider not the isolated sheaf R(%), but a family of Yang—Baxter
sheaves Riugq), depending on the connection constant . We call the family R(unp quasi-
classical if for some value of the parameter %=1, (one usually chooses the normalization

n;=0. which we shall also do in what follows) one has, identically in W,

= 1, (9)
R(w,n)l,Ho
where 1 is the identity operator in the space-VPQNJ:
_ (10)
df]:yd - d;rd}f '

If, moreover, for each " the sheaf Riﬂgﬂ) is regular in the sense of the definition

given above, such a family of sheaves will be called canonical.
Equation (4) admits a series of obvious transformations, leaving it invariant:

1) Multiplication of the solution R(W) by an arbitrary scalar function #(u) again gives
a solution of (4):

Riwy = FwRu). (11)
Sheaves R(uo and RkuJ. connected by (11), will be called homothetic.

2) Similarity transformation. Let T ve a nondegenerate operator in the space V. Then,

as one verifies easily, the sheaf
7 -
Rewr = (ToT) Rw (T@T)" a2

/
satisfies the Yang—Baxter equation (4). Sheaves R(uw)and R(w),connected by (12), will be
called similar. We note that a similarity transformation preserves the properties of regu-
larity, quasiclassicism, and canonicity of a Y-B sheaf or family of sheaves. Two sheaves

connected by a similarity transformation and homothetic will be called equivalent.

If in the space V the representation 'T(g) of some group G acts, then we shall call the

sheaf RUH invariant with respect to the representation T(g), if for any %eG-one has

Raw(Tegr@Tig)= (T @ Teg) Rew) (13)
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Let Rﬁkuﬂ and Eﬁ”(u) be two solutions of (4) of dimensions N, and N%, respectively.
By the tensor product of the sheaves ngu) and R}MUL) we shall mean the sheaf (Eﬁ”@ﬁﬁ”)(u)
of dimension Njx N, defined by

( Ru)@ R(Z))(u) _ R(“(V‘Lb) ® ]R(Zr)(w) ) (14)

By the direct sum of the sheaves'R“&uJ and RG%MJ we shall mean the sheaf (RW+Eﬁ“)(u) of

dimension N +N,, defined in the following way. The operator (R“+R%)(4) acts on the ba-

sis vectors of the form e“”@e"" (k=42 dy="1,2,.. mV) of the space (V+V;)®@ (V, +V,) by:
1G]
(IR ‘*R(M)(u)(e(“@) e(ﬂ) lR“(u (6 ®e}¢) \
® (2> “
(B4R wie, ®e"" -e T® e®
( ) € (15)
(R R w) (e“’ e‘” )= e“)® e;)

(Rw H{m)(u)( (g Ww R“‘(u)(e @ew)

Direct verification shows that (Rﬁ@>ku06w)and (RF%EE”)(w) actually satisfy (4). It is
also obvious that the operation of tensor multiplication of Y—B sheaves preserves the prop-
erty of regularity of families of sheaves. Now the operation of addition, on the contrary,
preserves only the property of quasiclassicism of sheaves. 1In addition, it follows from

(15) that the direct sum of two sheaves is never a regular sheaf,

If the space V admits a decomposition into a direct sum of two subspaces \E and.V;,
such that the action of the operator R(w) on the basis vectors of the form e“”@ e‘” (notation

is the same as in (15)) has the following property
i kiy .
Rie,'e eo(tk,) eVieV, , ik=12; (16)
1 : :

then the sheaf R(u) is called reducible. 1In particular, a reducible sheaf is always the di-
rect sum of two sheaves. If no such decomposition exists, we shall call such a sheaf irre~
ducible. It is easy to prove that for a reducible sheaf R(w) the operators RYw) andﬂf‘kw),

acting in the spaces \G@\Q and Vb@V;, respectively, according to the formula

B¢ (u)(e“’@ e}f” = R(u)(e‘”@ e“’) i=1,%, (17)

will also be Yang—Baxter sheaves. It is also obvious that a reducible sheaf cannot be reg-

ular.

As we shall see later, Y—B sheaves play a large role in the theory of quantum complete-
ly integrable systems. The analogous role in the theory of classical completely integrable
systems is played by the classical Yang—Baxter sheaf, whose definition we shall now give.
Let R(%,M) be a quasiclassical family of Yang—Baxter sheaves, depending smoothly on the pa-
rameter ¥ . Then, differentiating (4) with respect to % and setting 7=0, we get, keeping

(9) in mind, for the quantities

i
a A =
(w) 7 lR(u,;Z)‘Vzo (18)
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the following equation
Bgg, (W) g (U)+ g, (U= 1) By 5 (VD4 gy (W) % 5 (V) =, (W) 4y (W) + 05 (V) Yy (U= Y (W) 4y (U-¥) 5 (19)

which can be rewritten in the following commutator form:
[A"/lw(“"“)’ U W+ g (V) ]+ [t (), A ()] = 0 (20)

By a classical Yang-Baxter sheaf will be meant any solution of the functional equation (20).
The calculation given above shows that for a known qﬁasiclassical family of Y-B sheaves one
can always construct a classical Yang—Baxter sheaf., Whether the converse is valid, i.e.,
whether one can for any classical Y-B sheaf construct a corresponding quasiclassical family
of Y-B sheaves, is still unknown. Using (18), one can transfer almost all concepts we have
introduced for Y-B sheaves to the case of classical Y-B sheaves. In particular, instead
of invariance with respect to homothety transformations (11), classical Y-B sheaves are in-
variant with respect to the translation transformation
Yw = v+ I . (21)
The definitions of similarity transformation (12) and group invariance (13) carry over
to classical Y-B sheaves without change. We shall call two classical Y—B sheaves equivalent

if one of them can be turned into the other by a similarity transformation and a translation.

We shall call a classical ¥B sheaf 4(u) canonical if for it one has the following
equation:

W) = - Py-u)P . (22)

The connection between the concepts of canonicity of classical and quantum Y—B sheaves

is established by the following theorem.

THEOREM. Any canonical family of Y—B sheaves R(qu) generates by (18) a classical Y—B

sheaf v(u), equivalent with a canonical one.

Proof. We differentiate (4) with respect to % and we set #=0, y=0 . Multiplying the

result obtained
ey D P o e iy A
U &9 Dt Byt = By v, e v, () By (23)

on the right by{P,13 and using the obvious equations

Prytas 0 Py = vytv) = Brgin Py (24)
Pa 1,60 By = w60 = Bttt By,
we arrive at the equation
"Lm(—v)-r g (V) = YgpCV)+ Vg (V) - (25)

By virtue of the obvious symmetry of the Y-B equation with respect to permutation of the
spaces V;,V;,V; , one also has

Y (=) + 0 (V) == Yy G+, (V) (26)

Comparing (25) and (26), we arrive at the inference that the operator %, (-v) +%5,(Vv) acts

trivially on all three spaces \Q,V; ,XQ I -
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%MGW7+§%(V)::wunI1®Iz®Ia,

where the scalar function ¢(¥) must be even @QN)=9tv) . Redefining wcv»+wcm+%-q(v), we get

Ai’/fz ("’v’) = %'XA (U) b

equivalent with (22), which is what had to be proved,

The tensor product (¥'®+1®)(w) of the classical Y—B sheaves ~% (uw) and ~®(u) is given
by:

RS - {5 ¢ N
(v 0P () = v @I P T %Py | (27)

and the direct sum by {(+{"++&%¥) (1

(3% 9y () = 2P+ 1B (y). (28)

The definitions of reducible and irreducible sheaves are carried over to the case of class-

ical Y-B sheaves unchanged.

We formulate to conclude this section a series of unsolved problems, standing in front

of the theory of quantum and classical Yang—Baxter sheaves:

1) List all solutions of the Yang—Baxter equation (4) of a given dimension N up to
equivalence. The analogous problem is of interest for regular, quasiclassical, and canoni-
cal sheaves, and families of Y-B sheaves, and also for Y-B sheaves having group invariance.
The problem of listing all constant solutions of the YB equation, i.e., those independent
of the spectral parameter, is also interesting:

R

¥ ™7 . 2 PR
RpBes Ry = Ry BBy (29)

It is easy to see that (29) is satisfied, in particular, by the permutation operator
P (6, 8) and the identity operator 1 o). Setting in (4) W=v=0, we get that for any
Y-8 sheaf R(w) , its value for #=0 also satisfies (29).

2) The same problems are naturally formulated also for classical Yang—Baxter sheaves.
In addition to constant solutions, here there is also interest in solutions of the classi-

cal Yang—Baxter equation (20) of the form
7
W) =—r (30)

where the operator % must by virtue of (20) satisfy

[y Yagt 990 ] = 0, [wat vy, 15 1=0. (31)

(For canonical sheaves =P+ P, and the equations in (31) are equivalent.)

It is easy to construct a wide class of solutions of (31). 1In fact, let o be an arbi-
trary semisimple Lie algebra, J (¢=1,2,...,N) be a basis of its generators in an arbitrary
representation, k*# be the matrix inverse to the matrix of the Killing form of the Lie al-
gebra 3 in the basis of generators T Then, as is easy to verify, the operator ¥, de-
fined by the formula

v= k¥, 07, (32)
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satisfies (31). This solution was also obtained in [6], where there is the assertion that

(32) gives a complete description of the solutions of (31),

3) Can one associate with any classical Y-B sheaf Yu) a classical family of Y-—B sheaves
such that (18) holds?

2. Now we discuss applications of the Yang—Baxter equation to the theory of quantum

and classical completely integrable systems,

1) We shall show, first of all, that to any regular Yang—Baxter sheaf one can associate
a quantum completely integrable system with locally mutually commuting integrals of motion.
In fact, let R(uq be a regular Y—B sheaf of dimension N . We take as state space H of the
quantum system sought the space X=V,@V,...0V, (Vi =C"; w=1%..,M), where M is an arbitrary

natural number >2 , and we define in this space a Hamiltonian H by the formula:

M-1
H =n§ Howrn tHiy o (33)

where the local density of the Hamiltonian Nhﬂ,w is given by

[Hnﬂ,m—_' (E% Rpsin () )}Pnu,n : (34)

w=0

We explain the notation. The operator Rwﬁﬁn(w) acts in the space \ﬁu1®.V; , as the corre-
sponding Yang—Baxter sheaf.R(w), and on the remaining components of the tenmsor product V,®.
°VM it acts as the identity operator. The same relates to the permutation operator Pnﬂ,w.
It is convenient to represent the quantum system we have constructed as a ring of N‘"atoms,"
each of which has N quantum states, where only the closest neighbors interact. We note that
although the Hamiltonian }{, defined above, generally speaking need not be a self-adjoint

operator (which, however, is not reflected in the following calculations), in practice, in

the majority of cases it can be made self-adjoint by multiplying by a suitable constant.

A sequence of operators commuting with H is constructed in the following way. We ex-
A
tend our space H to the space }C:Q@Q’@Jﬁ , introducing two auxiliary spaces @ and Q, iso-

morphic with CV. We define the transition operator 'Tr(%) by

TM w1 = Ly Ly ). Ly (9 (35)

where ﬂ”4ua==lh}w(w) (the notation is the same as above, the index W relates to the space Vn,

the index g to the space Q). Analogously, replacing Q by Q’ one defines operators lfﬁ(uo and
T Mw .

Using the notation introduced, one can rewrite (4) in the form
14 14
R%’ W=l wL, =ﬂ4n(v)ﬂ4n(w)IR,%/(u,—V) . (36)

Starting from (36) one can prove [2-4] the following remarkable equation:

Rog - T ) =T T w Rggr () (37)
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The generating function t(u) of the integrals of motion of the quantum system considered is
defined as the trace of the transition operator Tﬁ(w), taken with respect to the auxiliary
space .
bow = b, TMewy . :
g™ (38)

It follows [2-4] from (37) that taw is a family of mutually commuting operators in ¥ :

[V, ] = 0. (39)

-1
As shown in [7], KMitm)tﬁkﬂ is the generating functional of the local integrals of motion
jn for the Hamiltonian H :

T =2 ot
( (o;’v(w)lu=o _ (40)

no dut

(locality means that we can represent the operator jn,as the sum of operators, each of which
acts nontrivially at no more than u+{ neighboring nodes of the lattice). In particular, for

w=1, (40) gives the Hamiltonian H=1J,.

The question of completeness of the system of integrals of motion Jn in the space #
has only been weakly studied so far (completeness is strictly proved only for one of the
simplest models — the Heisenberg ferromagnet [8]). The conjecture on the completeness of
the integrals of motion (40) for the known Y—B sheaves of dimension N=2 1is quite plausible,
On the other hand, for dimensions N»2, the completeness of the system Jn is automatically
false as comparison with the corresponding classical completely integrable equations shows
[9, 10]. The problem of constructing the missing integrals of motion in this case is still

unsolved.

It is not excluded that there exist methods of constructing from a given Y—B sheaf other
completely integrable quantum models too. For example, in the recent paper [11] there is
constructed a relativistically invariant model of the quantum field theory, closely connected
with the Y-B XYZ-sheaf (S8). Probably this result can be generalized to the case of an ar-
bitrary Y—B sheaf. ‘

2) The construction given above of the integrals of motion for a quantum model on a
lattice was based on (37). This equation plays a most important role in the quantum method
of the inverse problem [3, 4]. Besides the construction of integrals of motion, it allows

one to find, in many cases, the eigenfunctions of the Hamiltonian H and its spectrum [3, 4]

If the Yang—Baxter sheaf F, on which one constructs by the method described above a
quantum completely integrable model on a lattice, depends also on additional parameters 7%,
%,..., then it often turns out to be possible to perform the passage to the limit, as a result
of which one now gets a continuous completely integrable model of quantum field theory on
the line. For example, from the ¥¥Z model one gets in this way the nonlinear Schrddinger
equation [12], from the XYZ -model one gets the Tirring model [7] and the quantum sin-Gordon

equation,
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The limit passage mentioned is usually realized in the following way. Depending on
the character of the model, one chooses "critical" points of the spectral parameter and
connection constant and performs a scaling limit passage with respect to the size of the
lattice @-—-0, so that @h=x remains fixed (n is the number of nodes of the lattice).

For the choice of "

critical” values and scaling parameter, one considers the natural re-
quirements of decomposability of Ln(u) from (36) in a series with respect to the scaling

parameter and simplicity (diagonality or multiplicity 1) of the highest term

Ly, w,m,..)~ H_.(°)(d,=xv,...)+ oL,y )+ 0C0h) (41)

It is important to emphasize that the quantities R%yeg;m) and EA%GOEEQQMO in (36) now get
(after passage to the limit) a completely different interpretation in contrast with the lat~-
tice case, where R¢¢lﬂv) and ﬂ;nﬂw represent one and the same Yang—Baxter sheaf of dimension
N . At the same time that R%!(i,g“,...) remains a numerical N¥xN* matrix, the operator lL(oc,a,,...)
is interpreted as an Nx=N matrix, whose elements are operator-valued functions on the
line, e.g., Y)Y for the nonlinear SchrBdinger equation [12, 13] and T(®) ,exp@Fi¢@) for

the quantum sin-Gordon equation [14].

We choose the following parametrization of the Y—B sheaf (S8), comnected with the XYZ-
model [2],

| 3
Rowno=2 wywrbges
i1

[, . . . . il A% . . .
where 6‘; 6573,=1,2.,3 are Pauli matrices acting in V=V'= , and 6%, u‘;{ are identity matrices

in these spaces,

i W_in_____?zdwu wy= AN g

wmu’ P spudny 7 muony t

The coefficients uﬁ can be expressed in terms of an analytic function of modulus k. Making

the substitutions ( K;Kfare complete elliptic integrals of the first kind of moduli k and

K'=V1-k*")
w=1ia-K", =y -K

and letting k—~0(kva), we get the L—operator of the quantum sin-Gordon equation [14]

' P ¢ [0 % -etut
bt ghre e Su-ewt o0 |7
X+ 0 X+
p= ‘j’!t(wdij, w= eocp(i'i«—;jj‘?(wdg) :
X X v

The linear problem for the quantum nonlinear Schr8dinger equation [13] is obtained in
the following way. First we carry out the degeneration of the Y—B sheaf (88) in the sheaf
of the XXZ ~model on a lattice (S89) (the modulus of the elliptic functions k=(Q), Then we

proceed to the scaling limit in (S9) [12]
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where Y is the connection constant of the nonlinear Schr¥dinger equatiom, o is the spectral

parameter of the linear problem. As a result, we get (qf/zva —_— W1<xﬂ

X+0,
1+ 1'/‘0‘26:'0' Y ‘i/{Q_’ Y )d
Ly, (wmy~ 4 r;'! rey

) Vigdy, 1-52
v X”)J(‘P(y) 4, 1-iFa

Equation (36), in which RWV““ is replaced by the limit of the matrices, and EJW is re-
placed by the approximate transition operator on the interval (X,%+0) , is satisfied only
up to @, Now (37) remains valid after limit passage too, which allows one to apply for
models on the line the quantum method of the inverse problem. The corresponding matrix R.,
realizing the similarity of the tensor products of transition matrices of the quantum linear

problems T(A)@T(/u) and T(yM)@T(}\) , will be called the quantum R-matrix.

3) Most of the results of the first two parts of this section relating to quantum com-
pletely integrable systems can be carried over to the classical case too. The role of quan-
tum Yang—Baxter sheaves will be played here by the classical sheaves. For example, analo~-
gously to the way for a quantum Yang—Baxter sheaf there was constructed a quantum completely
integrable system, with any classical Yang—Baxter sheaf one can in a canonical way associate
a classical completely integrable system of Heisenberg ferromagnet type [15]. Without de-
scribing this construction in detail, we note only that the quantum equations (36) and (37)

correspond here to the classical equations

{ L,(x)u),’ L‘/(VJV)} =‘{’[*(“'V):L«/(Oc,u)+’.a,{y, 'U')] > (42)
{ T,;”(u),wx(v) b=-i [*(u-ﬂ,ﬂ;xmh Tgm(w] . (43)

Equation (42) reprodﬁces (20) with this difference that in the decomposition of 4y (W) and
1, (1 in terms of generators of some Lie algebra lfh 1=1,2,3, the generators 5;“ are re-—
placed by functions 5;($b of the Poisson brackets for which the commutation relations for
the generators J, are reproduced and the commutator [%”(uhywmn] is replaced by the Poisson
brackets Lixﬂu and L%yﬂn. Thus, L(%,u)is an N*x N matrix whose matrix elements are func-

tions on the phase space of the dynamical system with Poisson bracket

{8, @, ’S’.P(w}=_[‘£s sx,(oc) d(%~y), ([L,Jﬁ]ﬂcj; I) -

The classical transition matrix is determined as a fundamental solution of the differential

equation

6—69;"{1;(1»): L(oc,u)T;(u), T;c(u) =17 , (44)

and the matrices LQx,u) and LQ%,V} are given by

L'@,u) = Law o, Ly, m=TeLey,v . (45)
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In order to get (43) from (37), it is necessary to expand (37) in powers of the quasiclassi-
cal parameter § as 71— and to use the relation E;J—*-ﬂh{w'} between the quantum commuta-
tor and the classical Poisson bracket, retaining in (37) terms of order Y. The parameter %

plays here the role of Planck's comstant h [15].

As in the quantum case too, (43) allows onme to calculate the Poisson brackets between
matrix elements of the transition matrix and to construct commuting integrals of motion and
action-angle variables [15]. The matrix figuring in (42), (43) will be called the classi-

cal v-matrix.

In the scheme described above there is contained a large number of completely integra-
ble classical models, e.g., the nonlinear Schrddinger equation [13], the sin-Gordon equation,
the Landau-Lifshits equation [15], Toda chain [3, 16], etc. [30]. It is essential here,
however, that the Poisson brackets between dynamical variables are ultralocal in the termin-
ology of [3], i.e., do not contain derivatives of the d~function. There is interest in the
problem of generalizing this scheme to equations with nonultralocal Poisson brackets, e.g.,
the Korteweg—de Vries equation. The first steps in this direction were taken by 5. A. Tsypl;
yaev, who proved that for the sin-Gordon equation the classical ¥-matrices in the laboratory

system ({'I[(oc),CP(%)}=0"(,7c-1j,)) and in the light cone system ({cp(x),(pfy)}=d’fx-y)) coincide.

4) To conclude this section, we note that there exists another important interpretation
of the Yang—Baxter equation (1), as the condition for factorization of multiparticle S -ma-
trices. The functions *pr{(Q-QQ are interpreted here as the scattering matrix of two par-
ticles of identical mass with relativistic speeds 64 and Qz and having N states ("polariza-
tions") each, which are given by the indices dLP7Y7J: Equation (1) here is the condition
of reducibility of any multiparticle collision to a two-particle one (property of factoriza-
bility of multiparticle s-mmtrices). In this context (1) was first obtained by Yang [1],
as a property of two-particle S -matrices of nonrelativistic one~dimensional Bose particles
with exact interaction. Later, when the close connection was established between complete
integrability of a model and the factorizability of its S matrix [17], (1) was situated at
the foundation of the method of calculation of factorized relativistic S'—matrices (see [19]
and the referénces in it). Here, in addition to (1) there are imposed on the S-ﬂmtrix con-
ditions of unitariness, analyticity, and crossing-symmetry. In the realms of this approach
a large collection of g'—matrices have been calculated. The fact is encouraging that the
S -matrices found in a series of models of dynamics [20, 30] in the realms of the gquantum
Hamiltonian approach coincided with the answers obtained earlier by the method of factoriza~

tion of S—matrices.

Using the Sp—matrix treatment of the Yang—Baxter equation one can give an intuitive
interpretation of the operations on Y—B sheaves introduced in Sec. 1., The tensor product
of sheaves describes the construction of the g-mmtrix for composite particles. The direct
sum corresponds to the possibility of dividing the particles considered according to iso-
tropic indices into two kinds such that particles of different kinds do not interact with

one another. Reducibility means the possibility of dividing the particles into groups such
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that for particles from different groups the scattering is without reflections.

Besides the applications listed above, the Yang—Raxter equation is also used in the
theory of exactly solvable models of statistical physics. The first paper in this area is
Baxter [2]. ©Not having the possibility of discussing this interesting direction, we refer

interested readers to [2, 4, 21].

3. In this section we list the basic methods of finding solutions of the Yang—Baxter

equation, known from the literature.

1) The most straightforward method of solving (1) consists of choosing some more or
less successful substitution for the matrix 4ﬁRxf(uJ (e.g., to impose some symmetry condi-
tion) and write down the so obtained cubical system of functional equations for the matrix
elements 4ﬁRﬂf“”' The. system of equations obtained can either be solved directly, as was
done by Baxter in [2], or one can differentiate it with respect to v and set ¥={(, getting
a system of differential equations, which with some luck and skill can be solved. Although
this method is rather awkward and success is not guaranteed, the overwhelming majority of
known Yang—Baxter sheaves were obtained in precisely this way. In view of the large volume
of calculations in verifying the Yang—Baxter equation for concrete sheaves, it can turn out
to be helpful here to use a computer, in particular, programming languages allowing one to

make analytic calculations [22].

2) An important improvement in the preceding method is connected with the algebra of
Zamolodchikov [19]. We consider the algebra generated by elements Ad(@)and the commutation

relations
Ay Ao = s Ry WA A (46)

The Yang—Baxter equation is the condition for associativity of this algebra under the as-

sumption of the linear independence of the monomials of the third degree in A¢. The use of
the Zamolodchikov algebra in practical calculations allows one easily to write down the ma-
trix elements of the Yang—Baxter equation considering monomials of the form AJMAJ@U&AW and

performing commutations according to (46).

Cherednik constructed a realization of the operators Ad(W)for the XYZ- sheaf (S8) of
dimension 2 [23] in the form of compositions of opérators of multiplication and transla-
tion in the space of functions on an elliptic curves. Analogous relations of the Zamolod-
chikov algebra for N»2 were obtained in [5, 24]. Although Cherednik's method allows one
to get new Yang—Baxter sheaves, for the corresponding realizations of the Zamolodchikov al-
gebra for N>2 one does not have the independence of the third-degree monomials, and (1)

must be verified independently each time.

3) And, finally, the third method of solving the Yang—Baxter equation consists of seek-
ing a Y-B sheaf Ru) as an R-matrix Rq%dud,involved in relations of type (36), (37) (or
(42), (43) in the classical case) for some completely integrable model. The advantage of

this method is that in the classical case the operator L(w) is, as a rule, known in advance
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from the classical method of the inverse scattering problem, and the problem reduces simply

to the definition of 4(u)from the (it is true, redefined) system of linear equatiomns (42).
Knowledge of the classical Li-operator essentially facilitates the search for the quantum L-
operator for the corresponding quantum problem (which need not at all coincide with the class-

ical L—operator [14]).

Of course, as in the Cherednik realization, the Yang—Baxter equation (4) follows from
(37) only under the condition of the independence of the monomials of third degree in ‘Whﬂ.
which it is difficult to verify. Hence to get the sheaves R(W it is necessary to verify

(4) directly each time.
4, 1In this section we consider some generalizations of the Yang—Baxter equation.

One of the natural generalizations of the Yang—Baxter equation is connected with thé
introduction of a graduation [25). In particular, the classical and quantum equations which
can be solved by the method of the inverse problem and which along with the usual functions

- contain functions with anticommuting values, and in quantum theory, Fermi fields, lead to
this generalization [26-28]. In what follows we shall speak only of Zz—graduation with the
symbol Z, frequently omitted.

A vector space Y is called Zz—graded if it is decomposed into a direct sum of two sub-
spaces.V;e\a . Elements of \7, having zero projection onto one of these subspaces, are
called homogeneous. For the homogeneous elements o« there is defined a function p(x) with

values in the group 2, :

b(x) = 0, if x€Y, (even elements);

p(x)= 1, if xeV; (odd elements).

If the dimensions of the spaces \ﬂ and V, are equal to ® and m, respectively, then one writes

the dimension of the graded -space thus: @im V=(h,m)."

An algebra Jis called graded if it is graded as a vector space J%=Hﬂb@d%4 and for any
homogeneous elements @ € M one has the property: a,ota,ﬁedld*ﬁ » i1.€., p(u.ﬂﬁ:p(ud)*p(%) (ad-
dition of o and B reduced mod 2). Zz—graduations of an'algebra are also called superalge-
bras. If for homogeneous elements of the graded algebra Jbone has the relation ag=)P®PEIg,
then & is called a commutative superalgebra. An example of such an algebra is the Grassman
algebra ¥ [29].

We choose in the space WF=\L®XL a basis of homogeneous elements e”;“,ewexa and €, 4
€MNWEWT . The coefficients of the expansion of a vector X€V belong to the Grassman algebra
oc.-——-:;\;‘,?e&m,-,, w,€d (V is a right ‘4 -module). Right linear operators in V can be represented
in ghe chosen basis in the form of matrices

P = Fler,) = Fepx; = ejpﬁ"%

Such matrices Rq;are graded — to their rows and columns one can ascribe parity: p,()=
pee;), Q@=Rghgkﬂnqn+m. A graduation is also introduced in the linear space of such matrices.

To matrix F one ascribes a definite parity p(P) if the expression
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ptF = pir+per+ p(FL;j)

is independent of 4 and j (the matrix elements F'H;e‘j and \p(F'ij_) is its parity as an element
of the Grassman algebra). In what follows we shall be interested only in matrices of parity

zero, for which p( F';v}) = pUi)+pg,

We consider the graded Zamolodchikov algebra with generators Ad(u), some of which are
even p(Ad(u,))Ep(d)=0, and the others odd P(Ap(u))sp(_phf . The basic commutation relation (46)

we rewrite in the form
Pl ’
A yon = 1P Ry AW, (47)

assuming that all oLPR'X"( are even elements of - If er—=d;uw d}ur , then the algebra in-

op
troduced becomes a commutative superalgebra. Just as for an ordinary algebra (46) the con-

dition for associativity under the assumption of the independence of monomials of third de-

gree in the generators Ad(%), will be the relation

: w5 (D e penh h(pps+ p(a™)
" Rwl {%~V}MJRJ5U,// () ZJB"’/R.A?”(W ()PP PG) — O&”R.Bu!a.f/ w}d)"_”RZ“ﬁ”(m b‘B‘JR'ﬁ_P'(u-v)H)P iy’ ﬁ (48)

Between the solutions of the Yang—Baxter equation (1) and its graded analog (48) there

is a one-to-one correspondence. In fact, we overdetermine the coefficients in (48)

R = ()PP

ap Vpd

Then for R(u) we get (l). Here it is essential that p(dﬁRw-)=O for any nonzero aL,pr"f
and as a matrix R has null parity pR)=0.

R (u) can be considered as a matrix in the tensor product of two graded spaces VeV,
dimV=(n,m). For compact notation for (48), we need the permutation operator in the tensor

product of graded spaces and the operation of tensor product of graded matrices.

As a basis in the tensor product of two spaces V@ W we take v, 0wy (1&,145- are homogen-

eous elements). The components of the vector x®Y in this basis are equal to ac,;,y,j(-"l)P(x‘)P(?"):
m®1}=(%m£)®(ij)= (1@@1‘3)%%(-1)p(x-;>?(:}) ]

We define the action of the (right) linear operator F® G in the space VOW as (FeG)xoy)=

F‘(ac)@Gr(y) (we consider operators of null parity p(M=pG)=0, otherwise there arises an ad-

ditional factor (_4)p(ac)p(G-))- As a result the matrix element of the tensor product of even

matrices {Flj} {Gge} has the form

PEANpLiIt pE)) (50)

tw(F‘QG)Jﬁ = F‘tj G‘“g (‘1)
The permutation operator P in V®V, defined by its action on the product of homogen-
eous elements m,«j, has the form

pxIP(Y) peped)

PEoy)=cD YO, ggPu= 0y %D (51

Just as the ordinary permutation operator satisfies (1), the operator (51) satisfies
(48). Using this operator one can write one of the solutions of (48) for arbitrary dimen-

sion of the space V and graduation
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Raw=am+m P, aw=1-bw) = ufu+f . (52)

We note that the correspondence described above between R(#) and R(u) (see (49)) pre-

serves the property of regularity of Y-—B sheaves, but not quasiclassicity.

We_make use of the definition of the tensor product (50) and the graded permutation

operator (51). Then for the operator
R(u) PRw)

(48) assumes the same form as in Sec. 1 (7)

(Te Ilvi(u-v))([ﬁcw_ml NIe Rw) = (RuneI I e Rw) ﬂvlcu-v)@I) i (53)

Just as in the nongraduated case, for a quasiclassical family of Y—B sheaves (Rﬂhﬂﬂ*m=%1 )

one introduces a classical Y—B sheaf:

=4 Ry
sw= g ROwT o | (54)

It is convenient to get the equation for 4(w) from the following form of (48):
R, -7 R g1 Ryy ) = Rey 0 Ryg () Ry (- (55)

where the lower indices indicate in which of the three spaces V;@‘a QXG the Y—B sheaf acts

nontrivially, and

RH(U«) P IR-“’(’UI).P = P"'R (u)P”, . (56)

Differentiating (55) twice with respect to Y and setting 7=0, we get
[ 4, (412, T+ g 0+ [ g, vy I =0 . (57)

The arbitrariness connected with multiplication of R(u)by an arbitrary function leads to
additive arbitrariness in4: if 1(4) is a solution of (57), then (W) +PWII is also a
solution. One can make use of this arbitrariness and choose @(4) so that for 4%(W) one has
ww) =-Prw P . - (58)
We shall say a few words about applications. Graduated Y-B sheaves, just like ordinary
ones, about which we spoke in Sec. 2, arise if one applies the quantum method of the inverse
problem to equations in which anticommuting quantum fields enter. Such are, e.g., the ma-
trix nonlinear Schr8dinger equation with Bose and Fermi fields, the massive model of Tirring
with anticommuting fields [26], the supersymmetric sin-Gordon equation [27], etc. 1If Ru-v)
interlaces the quantum transition matrices Tw), TYV), then 4(uU-v) defines the Poisson brack-
ets of the matricial elements of Tkﬂdfwﬁn in the classical theory. Equations (57) and (58)
are the reflections, respectively, of the Jacobi identity and the antisymmetry property of

the Poisson brackets.

Another possible generalization of the Yang—Baxter,equation consists of considering
(4) as a functional equation for three different .operators M(u, V),IR (u), and R,5(v) acting
in the product of three different spaces V,®V,@V; with dimensions N1JNL7N3 , respectively,

where the operator R{a(u) acts nontrivially only in V,@V, . In the language of the S -ma-
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trix interpretation, discussed at the end of Sec. 2, this means that we consider scattering
of three kinds of particles, where Ny is the number of internal states of the o-th kind of
particles (t=1,2,3), The coefficient of reflection for the scattering of particles of dif-

ferent kinds here must be equal to zero.

One gets an especially simple such generalization for classical Y—B sheaves. 1In fact,
any classical Y—B sheaf of dimension N can be decomposed as an operator in cN ®(:N with re-
spect to basis elements of the form ddGJﬁ(cAﬁ==L2,u.,Nz), where jd is any basis in the Lie
algebra gﬂ~(N,C) :

n(u)—Z} g (W) J ey - (59)

But since in the classical Yang—Baxter equation (20) only commutators appear, it can be con-
sidered as an equation on the Lie algebra qg(N,C) and one can take as J* the generators of
QE(N,C) in any other representation besides the fundamental one. If the generators li’ ap-
pearing in (59) with nonzero coefficients 1&ﬁ(ua, form a subalgebra ;%(:gz(N,C), then the same
arguments work for the Lie algebra £. Thus, for any classical Y—B sheaf one can construct
an infinite series of classical Y—B sheaves of any dimensions, and also solutions of the

generalized in the above sense Y—B equation.

If the conjecture discussed in Sec. 1 that to any classical Y-B sheaf corresponds a
quantum quasiclassical Y-B sheaf is valid, then analogous results should be expected also in
the quantum case. However, since the quantum Yang—Baxter equation (4) is not expressed in
terms of commutators, the problem of extending a given Y—B sheaf to higher representations
of gﬁ(N,C) (or other Lie algebras) becomes much more complicated than in the classical case.
It is reasonable to assume that analogous to the way the classical Y-B equation (20) can be
considered as an equation on a Lie algebra, the quantum Y-B equation (4) can be considered
on the universal enveloping Lie algebra and one can get finite-dimensional Y—B sheaves by re-

ducing a "

universal" sheaf. The validity of this conjecture is verified by one of the auth-
ors (E.K.S.) ‘for the simplest 9&(2,C)invariant sheaf (see Supplement, formula (S3)).* Using
the generalized quantum linear problem for the sin-Gordon equation on higher representations
with respect to an auxiliary space and applying the third method (Sec. 3) of finding solu-
tions of the Y—B equation as quantum R -matrices, one can get a generalization of the XXZ -

sheaf (S9) in terms of the universal enveloping algebra of gﬂ(%c) f44].

SUPPLEMENT .
In the Supplement we give a summary of known solutions of the quantum Yang—Baxter equa-
tion. Since in a series of cases the verification of (1) requires long and tiresome calcu-~
lations, not all the sheaves given below will be reexamined. In the majority of examples,

we indicate the authors to whom the assertion that the given sheaf satisfies (1) is due.

%*As V. A, Fateev informed us, he, together with A, B. Zamolodchikov, obtained an analogous
result,
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It will be convenient for us to represent the tensor ¢,prd' in the form of a square
block-matrix, considering the index o as the number of the block-row, B as the number of
the row in block o, ) as the number of the block-column, and f as the number of the column

“in block &.

The spectral parameter is denoted everywhere by #, the quasiclassical parameter (for
quasiclassical sheaves) by ¥%. The normalization of quasiclassical sheaves is chosen so that
R(u,rl):I for ¥=0. For quasiclassical sheaves we give the corresponding classical sheaf

x(u)=af";7 R(“«»'l)’,z- o (18).

1) GL(N,C)-Invariant Sheaf (Yang [1])

I+

R(u)— u+y U+

‘Z,P dimR= N> (81)

It is obvious that I and P are the unique operators in GN®CN , invariant with respect to
the group GL(N,C) in the sense of (13). The sheaf (S1) is regular and quasiclassical, the

corresponding classical sheaf 4(w) has the form

*L(u)——- P+ou)T . (s2)

The sheaf R(u) is widely used in the quantum method of the inverse problem [3]. For N=2 it
arises in studying the quantum nonlinear Schrddinger equation [13], the XXX -model (Heisen-
berg ferromagnet) [3, 12], Toda chains [3, 16]. Sheaves with N23 are used in considering

multicomponent analogs of the equations mentioned: vector and matrix nonlinear Schrddinger
equations [10], generalized Heisenberg ferromagnet [30], non-Abelian Toda chains [16], sys-—
tems of W-waves (Lie model) [31]. 1In addition, the sheaf (S1) is used as S -matrix for non-

relativistic particles with pointwise interaction [1].

As noted at the end of Sec. 4, for N=2 there are known analogs of the sheaf (S1) for
any finite-dimensional irreducible representation of the group GL(%,(). Let there act in
the space V=C¢ an {-dimensional irreducible representation'%&(?) of the group GL(2,C). Then
the generalized sheaf (S1) has the form:

YA
- M-ky_p (s3)
R(u) jgo ﬂ u'l- k’z J ?
where Pj, is the projector onto the space of jf-dimensional irreducible representations in the

decomposition of the tensor product %g@%g into irreducible representations. The sheaf ob-

tained is canonical. The proof of (S3) will be published separately.

2) SO0(N,C) Invariant Sheaves

In the space CN® CY there are in all three operators, invariant with respect to the
action of the group SO(N,C). We have already met this with the operators L and P, and, in

addition, the projector K :

wpKyg = Gp Ty (54)
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An invariant Y-B sheaf corresponding to SO0(N,C) was found in [18] as S -matrix for the Gross—

Neveu model:

[R(u)“ o I+ U P+ K, ?_:_’N_;?._

u+y (uﬂl)(?zg—u) (85)
The sheaf (S5) is canonical. The corresponding classical sheaf:
sw==L P-Lk+owI . (6)

It is interesting to note that if one takes a linear combination of only Tand P , we

get a GL(N,C)-invariant solution of (S1), for combinations of P and K we get a new sheaf

Reuw=P ;j:“” K, e'=L-VN%8), (s7)

which is regular, but not quasiclassical, and finally, for combinations of only T and K a

solution does not exist.

3) XYZ -Sheaf (Baxter [2])

a 0 0 d
60 4 ¢ O
Rown, k=10 o ¢ o (s8)
d 0 0 a
TABLE 1
R w=_0 VL:O 3/87']7=o
a 4 1 1 o .
% MU O 4 _On%d/nu
My (Ut 7]) w w
¢ v 4 0 I
W (uU+n) mw.
¢ Jkwmumyl O 0 kwuw -

In the formulas of Table 1 all elliptic functions have modulus k . The XYZ -sheaf is
canonical. To the quantum XYZ-sheaf corresponds a completely integrable lattice XYZ-model
[4, 32]. The corresponding classical sheaf corresponds to the Landau—Lifshits equation [15].
The presence in the XYZ-sheaf of two parameters: ¥ and k allows one to get different de-
generate cases, e.g., XXZ - and XXX-sheaves (see below), and quantum models on the line (sin-

Gordon equation, nonlinear Schrddinger equation).

4) XXZ -Sheaf

(59)

o o o g
o o &O
o &0 o
s o <o

R(u,)g)= i

The XXZ-sheaf is obtained from the XYZ -sheaf (Table 1) as the limit as k—0. Like the
XYZ -sheaf, the XXZ —sheaf is canonical. To it corresponds a quantum lattice XXZ -model,

which was considered in the realms of the quantum method of the inverse problem (QMIP) in
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TABLE 2

R u=0 | y=0 | /0 ly=0
() M 4 1 0
S W
¢ n (u+y) 0 f ctg “
dim(uty) Mnw U
TABLE 3
R R
'y J(anwcn27+w bl g donucnly
_ W (Ut1) . v
3
8 3(mu(cn21z+oln212-4)+%) T [&dsnu
8 fj(muanw%%) R Jan iy
o | g Jsmucn(usy) sn iy fon(uey) a | g5Jsnudndy
B | e dsmusmin/sn(usT) 4 Jenwanldy
V=846, Janu sn /s (utn) g | Jdnusnly
= 4/sm(usy) , & =14
TABLE 4
R w=0| y=0 |8y-ly=0
5 1 1 1 0
Jshu 0 1 -2cth u
2
J shay 1 0 T
shushiy 2e
w | el shusy) 0 0 shu
5 s (urn)
T gswshenl ! ~hothu
sh(u+n)
& | t+R { 1 -%cth w
= A/sh(u+2y) .
TABLE 5
R w=0| v=0 | 8/dn |40
a 1 1 1 0
shu lioye
6 | W | O 90) g,/(m g0 cth u
Tt shu -1 AN
6 TV gy | © g0 G dhu
o |eTu_thr | 0 e'%u/ﬁhu
shiuty)
T |etw_shr | 0 &Y /sty
sh(u+n)




[12]. This sheaf also arises in the quantization of the sin-Gordon equation by means of

QMIP [141].

For tihe following degeneration W=gtv, Y=¢€y, £>0 the XXZ -sheaf degenerates into an XXX -

sheaf corresponding with the sheaf (S1) for N=2,

5) XYZ ~Sheaf for Spin 1 (Fateev [33])

4 ol
- . £
T R
v
= 8 ¥ (510)
Rawn,ky= | N R
R T
4| o
B ¥ %

As in Table 1, the elliptic functions in Table 3 have modulus k. The sheaf (810) is
canonical. The corresponding classical sheaf, which we shall not write down due to its com-
plexity, is a sheaf (S8) rewritten in a basis of generators of a three-dimensional irreduci-
ble representation of gﬂ(Z,C), which allows one to consider the sheaf (S10) as a generaliza-

tion of the sheaf (S8) to a higher representation (see end of Sec. 4).

6) XXZ -Sheaf for Spin 1 (Zamolodchikov and Fateev [34])

4
t 4
T a |R
v t
Rw,m)= o ¢ t“ (s11)
v
Rl @ T
Wb
4

In Table 4, ¢ =*1, The sheaf (S11) for &¢=1is obtained from (S10) with €, =1 after

passage to the limit as k- 0 and a similarity transformation (12) with matrix
1 -

0
T=-L |0 0o
LE IR

The property of canonicity of (S10) is also preserved for (S11).

7) Zn ~Invariant Sheaf (Cherednik [24])

For N=1

e
(2]}

Raw,m = a | (512)
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TABLE 6

R 9/07- | y—o
a | J(shiu-3n)-shin+ shin+shy) X(ehwu-4)
£ |3 (shiu-gn+shiy) X(ehu+sD
¢ 1 0
d 3(%5%-7)%%’1) X chu
e |-2Yet¥shay ch(zuw-dy) -X (1+e™¥)
€ —Zﬁe%“mmch(-},u-an) -X(+e*®)
§ -ﬂ(').ef“e"’lmmhmzw'”mhz) -2X
T | 4(aete M shyshin-elah dy) -2X |
g (T4 shfu sh 47) X(1-€*)
§ |-a(F e ashiushiy) X (1-e*)
3= (shou-Gyeshy),  X=2/shu.
TABLE 7
o ay 0y & 6 b G G Cs 9
w 1 U uwy, N
I WY, wrl, WY, 0 (1&?12)(133—%) 0 0 0 %
i w wy Y uy
'Il““Z U+t 0 wE T (Uury)(yg-u) 0 Ut (Uen)(ng-u) ~(N-4)
-t L uy } u7
‘munl Uty 0 U+n 0 (uﬂl)mpu) 0 Uty (14-”1)(1194-1‘«) 1+N
E' 0 { 0 ) —s‘n(u+ A_”, 0 1 ~5h(u+ Ai) g=0hﬂ«=
shu show =N
T n v shiuegy -shusp)  |g=efe
.X. 0 e 0 0 b0 show 9=’N
TABLE 8
R w=0| n=0 |0/0y lgy=9
o 1 1 1 0
& | Jshwch(u-1)/chu+y) 0 1 -4dhlu
¢ | Jshu 0 1 ~%cth u
d | Ishu-shiychy phiusm) |~ 1 _z"%w
Jahaych 4
4 | Sah 2y chy fehun) i 0 e
X | Jehiy 1 0 2
‘ shw
Y {Yshushly/chiusy) 0 0 &
. | chw
= 1/sh(u+17)

The sheaf (S812) is regular, and if g(0)= 1, then also quasiclassical.

In addition,

the sheaf is invariant with respect to a similarity transformation (12) with matrix T.
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TABLE 9

R U=_ |l =0 5/@"3 {"Z=O
@ | Jshu+shn/ehu) 1 ! 1 | -cthu+ i/shu
o | Jhu-shyfehuy | -4 o ~cthu~2/shw
& Y shu 0 l 1 l-dhw
! R ‘ =0 ‘ n=0 6/3’2' ”2=0
¢ i Jshoy 1 0 1/sh u
}ffshuahq Jeh 0 0 {/ch u
| =4/ shcu+y) .
TABLE 10
R u=0 | 1=0 | 08/8y-[y_,
@ | Jsh(u-m) -1 1 ~2cth w
Jshu 0 1 -cth w
Tshy 1 0 1/sh w

Y=1/shiu+n).

3
In view of the identity T = 1, the corresponding group of transformations is isomorphic
with Z:& . For (}(7)=1 the sheaf (S12) arises upon quantization of the doubles Toda chain
[36] with the help of QMIP (Reshetikhin).

Analogously, one constructs N —dimensional ZN —~invariant sheaves for any N»38 [24]:

ap er_:-_ Q0 for d+ﬁq&x+d- (MOd/N); d;_ﬂ;b'v)d-=0)4;---:N_1
R = (813)
ola, Vol T hq
ﬁ _cre
«8 R‘ﬁd CJOP( M?n(d’.ﬁ))m (U+7)
<R eocp(%z-L - 5igm (p~) 6,;1(11::12)

In algebraic terms a system of roots of the given sheaf, as we noted, is the quantum R -ma-
trix for the relativistic field-theoretic model corresponding to the system of roots AN-1
[36]. It is not hard to calculate the classical 4-matrix for the remaining root systems

(BN’CN'l""EK) , and it is interesting to find the corresponding quantum R-matrices.

8) Sheaf of Dimension 3 (Izergin and Korepin [5])

o 9 9
6 €
4 e
¢ 6 (S14)
R(u’ )= ¢
! A
" g b
g o4
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The sheaf (S14) is canonical — it is the R -matrix for the quantum relativistic model of

Mikhailov—Shabat [5].

9) Block Q(N)-Invariant Sheaves [35]

AB C
CR | (s15)
A

%
A,B, C are NZX N” blocks of the form A= el uzIP+a3ﬂ( and analogously for B and C, where K

Ry =

is a projector (S4).

These sheaves were obtained in {35], as examples of factorized SU(N)-invariant g-
matrices. This does not contradict our definition of them as O(N)-invariant, since the ac-

tion of a group of transformations on an S-ﬂmtrix is defined differently than we did it in

(13) .
The sheaf IT is canonical, I is quasiclassical, III is regular.
Now we give some examples of Zz—graded Yang—Baxter sheaves, satisfying (48).

10) GLm,mL) ~Invariant Sheaf

GL@w,m,C) is the analog of the group GL(N,C) [25] in the graded space ("™ with gradua-
tion (u,m). The sheaf has the form

— W )
‘R(“)—uﬂzI*mn P > (S16)

where Pan is the graded permutation operator (51), The sheaf given is a natural generaliza-
tion to the graded case of the sheaf (S1). It is used in applying QMIP to equations contain-
ing Fermi fields [26, 27, 30].

11) Sheaf, Connected with the Tirring Massive Model for Fermi Fields

The auxiliary linear problem for the Tirring model [26] is defined by a (3 x 3) matrix
differential operator of the first order. The graduation is equal to (2, 1). In the basis
where pU=p@=0, pB)=1, the R-matrix, interlacing the monodromy operators for the auxiliary

linear problem (37), has the form:

47
Y
¢ Cw X
role v (517)
R(“@"Z)z w ¢ X .
X ch
Y Y d
12) Graded Analog of XVYZ -Sheaf (but in Hyperbolic Functions)
@ 0 04|
n 0 & ¢ 0|
b’ik“«’[)= 0 ¢ 6 0 ' (518)
d o o a|
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This sheaf arises as part of the interlacing R-matrix for the quantum supersymmetric sin-

Gordon equation [27], corresponding to a majorizing field.

13) Graded Analog of the XXZ -Sheaf

11.
12,
13.

1l4.
15.
l6.
17.

18.
19.
20.

21.
22,

23.
24,
25.

26.

27.

28.
29.
30.

31.
32.
33.

R,y = (519)

oo~
OO0 &0
o0 o
o oo
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