QUANTUM VERSION OF THE METHOD OF INVERSE SCATTERING PROBLEM

E. K. Sklyanin UDC 517.43+530.145

This paper is a developed and consecutive account of a quantum version of the meth-
od of the inverse scattering problem on the example of the nonlinear Schrddinger
equation., The method of R-matrices developed by the author is given basic consid-
eration. The generating functions of quantum integrals of motion and action~angle
variables for the quantum nonlinear Schrddinger equation are obtained. There is
also described a classical version of the method of R-matrices.,

Introduction

1. The last decade was marked by a sharp increase in interest in completely integrable
systems of classical and quantum mechanics. Although exactly solvable problems are always
of interest for physics and mathematics and models for the study of general laws of behav-—
ior of complicated nonlinear systems or as sources of "zeroth" approximations to noninte-
grable equations, only comparatively recently were powerful methods for their study avail-
able, which allowed the essential extension of the class of completely integrable systems,
We are concerned here, on the one hand, with the method of the inverse scattering problem
[1], which has its origin in Gardner, Greene, Kruskal, and Miura [2], Lax [3], Zakharov and
Faddeev [4] and allows one to investigate completely integrable models of classical mechan-
ics. On the other hand, there exists a tradition of studying exactly solvable models of
quantum mechanics and statistical physics, going back to Bethe [5] and Onsager [6] and
achieving its highest development in Baxter [7-8]. (We intentionally schematize the situa-
tion here, leaving aside for example, the group-theoretic methods of investigation of class-
ical and quantum completely integrable models.)

After the complete integrability of certain relativistically invariant models was
proved: by the method of the inverse scattering problem sin-Gordon equations [9], chiral
fields [10], etc. there arose the question, doesn't the corresponding quantum models also
turn out to be completely integrable., A positive solution of this question would be of
great interest for the quantum theory of fields, since it would give a nontrivial example
of an exactly solvable quantum model. This circumstance gave rise to a series of attempts
at the quasiclassical quantization of completely integrable models, e.g., [11l, 12], which,
however, were not completely satisfactory, since one could give only an approximate and not
an exact answer,

Thus, there remains the actual problem of synthesis of the two approaches indicated
above, the classical and the quantum, into one method of investigation of quantum fields of
completely integrable systems, which one could call the "quantum method of the inverse scat-
tering problem."

The first steps in this direction were undertaken in [13] by Faddeev and the author and
in [14]. 1In [13] there was formulated a program for generalizing the method of the inverse
scattering problem to the quantum case. In [1l4] this program was successfully realized for
the nonlinear Schr8dinger equation. However, the small size of [14] did not allow the in-
clusion in it of all the necessary proofs. The present paper, written on the basis of the
author's dissertation [15], contains a developed and consecutive account of the quantum
method of the inverse scattering problem for the nonlinear SchrBdinger equation taking ac-
count of the achievements of the 2-yr period of development of this method [16-28]. 1In
addition, we have included here a brief outline of the theory of the classical nonlinear
Schrddinger equation, based on the method proposed by the author in [29] of the classical
¢-matrix.
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2. We consider in more detail the basic lines of the approach to the quantum general-
ized method of the inverse scattering problem, proposed in [13, 14] and developed in the
present paper. First of all we compare the formulation of the problem in classical and quan-
tum mechanies., If in classical mechanics one is usually interested in the evolution of the
initial data in time, and the classical method of the inverse scattering problem is usually
aimed at finding the law of evolution in time of the scattering data of an auxiliary linear
problem, then for quantum mechanics the "stationary" approach is more characteristic, in
which the greatest interest is in the spectrum of the Hamiltonian and S-matrix. However,
despite such an apparent dissimilarity in the formulation of the problem, there nevertheless
exists an approach to the classical method of the inverse scattering problem, completely an-
alogous to the "stationary" quantum mechanical approach. We are concerned here with the
Hamiltonian interpretation of the method of the inverse scattering problem, developed in
[4, 30]. The study of the nonlinear evolution equation with such an approach is aimed at
constructing from the scattering data of the auxiliary linear problem variables of action-
angle type for the equation considered and thus proving its complete integrability, deter-
mining in passing the spectrum of the elementary excitations of the system. Now the ques-
tion of the time of evolution is from this point of view of secondary interest. Precisely
this Hamiltonian approach was taken as the starting point for the quantum mechanical general-
ization of the method of the inverse scattering problem in [13, 14] and in the present paper.

The choice of the nonlinear Schr®dinger equation (n.S.e.)

Y=Y+ 2alYIPY &

as the object of study was dictated by the following considerations:

1) The quantum version of the nonlinear Schr8dinger equation (with zero boundary condi-
tions at infinity) describes a one-dimensional system of Bose particles with pointwise in-
teraction. Thus, the problem reduces to the quantum mechanics of a finite number of parti-
cles and does not contain difficulties specific for the quantum field theory (nonfocal repre-
sentations of commuting relations, divergence, etc.).

2) The nonlinear Schrddinger equation is studied in detail in the classical as well as
the quantum case. The classical n.S.e. admits the application of the method of the inverse
scattering problem [30-32], in the quantum case there is a complete description of the spec-
trum and eigenfunctions of the Hamiltonian [33, 34)]. The latter circumstance is valuable in
that it allows one to compare the results obtained by the new method with the exact quantum
answer,

Now one can give a concrete formulation of the problem. An important role in the
method of the inverse scattering problem is played by the transition matrix TA) (see below

Sec. 1.1)

al) , kB _
W=\ sa ,an ) =+ o

which is defined by means of the auxiliary linear 'problem, and whose matrix elements are

functionals of the fields Y&, Y() .

As is known [30], (1) describes the dynamics of a Hamiltonian system with Hamiltonian

o H=Tan([  al I

and Poisson bracket, defined by the relations
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{Ya, v} ={¥e, Yl =0,
{Ya), Yy} = i6(x-y) .

The method of the inverse scattering problem allows one to calculate the Poisson brack-

ets between the matrix elements of the matrix f{(A). 1In particular:

{d(ﬂ) ’ (1(%)} = {g(k) ' g(jk)} =( , (3)
%1ow;ng}=“_7fq§ija GODEQD . (4)

In turns out [31, 32], that {na(@) is the generating function of the local integrals of
motion of (1), and from the quantities &) and Eb@ one can construct variables of action-

angle type.

In [13] the problem of generalizing the method of the inverse problem to the quantum
case was formulated as the problem of constructing quantum operators A(A) and B*(a), which

would have the following properties:

1) In the classical limit the operators A(A) and B*() should go respectively into the
quantities afi) and 8Qp).

2) Between the operators A(}) and B+QD there should be the following commutation rela-

tions:

[Amy, Agn] =[BT, Bw] =0, 5)
AW B = (1,1 BYHAG), (6)

where ¢(A,u) is some numerical function of A and .

We note that such a formulation makes sense not only for the n.S.e., but also for many

other completely integrable equations [16].

The quantization of (1) is carried out in terms of the annihilation and birth operators

%H@Q and }gﬁhé , satisfying the canonical commutation relations
Yo, Yl=[¥ '@, Yipl=0,
[Ye, Y'ap]= 6Ge-yy .

Here the problem of comstructing the operators A() and B reduces, essentially, to

(7

the question of choosing a proper ordering of the operators Y and EE+, i.e., an ordering
such that condition 2), formulated above, should be satisfied. As will be proved later, for
the n.S.e. the normal (Wick) ordering is proper, i.e., the operators A and-BYﬁ)are de-
fined as the operators whose normal symbols are respectively the classical functionals a(A;

Y, %) and A ADE

LY

The basic technical difficulty of the approach considered consists in proving the com-

mutation relations (5, 6) and calculating the coefficients c@qy) . This problem can be
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solved by the method of R -matrices proposed by the author in [14], which makes it possible
to write down the commutation relations between the matrix elements of the quantum transi-
tion matrix in compact matrix form and to reduce their proof to the verification of simple
infinitesimal relations. The idea of this method was suggested to the author by the papers

of Baxter [7, 8].

Calculation of the coefficient ch*Q by the method of R -matrices gives the following
result:
_}.,_:},I.+'L'X,
ﬁ—}l.

(8)

CA, )=

We list the main results which will be proved in the basic text as consequences of the

commutation relations (5, 6):

1) The operator-valued function {nA@), as in the classical case, is the generating func-

tion of locally pairwise commuting integrals of motion ﬂm for the quantum n.S.e.
2) States |k,...k¢>3, obtained by the action in a vacuum of the operators B+(k9 (=4, )

%,,.... T, > = BCk)...BTe IO )

are eigenvectors of the quantum Hamiltonian H and all integrals of motion U, , where the

corresponding eigenvalues are additive in the momenta k@:

N
H 1k,,...,k,,>s=§§k; Vg ks - (10)

The wave functions of the states kn“wkw>a coincide with the wave functions obtained by the

Bethe substitution method [33, 34].
3) The operators q%M,CPYﬁ), defined by the formulas

Py =B (2shln) A(M)% Poy= Pl (1D
satisfy the canonical commutation relations

[P, Pgo] =[Py, Pig] =0, .
[Py, Pgw] = s(r-p) .
and allow (in the case #>0) the explicit diagonalization of the Hamiltonian ‘
H={dpp P Py (13)
and all othef integrals of motion Wm.' On this basis the operatbrs CP@)}?%@ can be called

the quantum analogs of action—angle variables.

3. The basic text of the paper consists of two chapters, a Conclusion and a Supplement.
In Chap. I we consider the classical nonlinear Schrddinger equation, in Chap. II the quantum
one. Here the consideration of the classical case is carried out so that all the results

obtained have direct analogs in the quantum case.
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The composition of the paper is also subordinate to this idea: to each section of-Chap.

I corresponds an analogous section of Chap. II.

Chapter I consists of five sections. In Sec. 1.1 the basic concepts and notation are
introduced.  In Sec. 1.2 the Poisson brackets between matricial elements of the transition
.matrix -r:f@Q on a finite interval are computed. In Sec. 1.3 the cases of semi-infinite and
Anfinite intervals are eonsidered. In Sec. l.4, which has an auxiliary character, known re-
sults about the integrals of motion for the n.S.e. are collected and action-angle variables
are constructed. 1In Sec. 1.5, with the help of the method of R-matrices, the generating

functions of the M -operators for the n.S.e. are constructed.

Chapter II also consists of five sections. In Sec. 2.1 the known results for the quan-
tum n.S.e. are listed, the quantum transition matrix 1[::@) is introduced. 1In Sec. 2.2 the
commutation relations between the matricial elements of the quantum transition matrix 1[::00
are calculated. In Sec. 2.3 the cases of semi-infinite and infinite intervals are considered.
In Sec. 2.4, the results obtained are summarized, the question of construction of quantum
action—-angle variables is considered. 1In Sec., 2.5 the question of the quantum M—opefator is

studied.

In the Conclusion the basic derivations and results of the paper are summarized, a
brief survey is given of unsolved problems in the domain of quantum completely integrable

systems, the future developments in this direction are discussed.

In the Supplement a summary is given of the classical and quantum commutation relations
between the matricial elements of the transition matrix for finite, semi-infinite, and infi-

nite intervals,

CHAPTER I
CLASSICAL NONLINEAR SCHRODINGER EQUATIONS

1.1. Transition Matrix

In the present section we introduce the basic notation and list some results, basically
known in [30-32], for the classical nonlinear Schrddinger equation. We allow ourselves to
deviate somewhat from the notation and formulations of the original papers [30-32], giving

them a form more convenient for our goals.
The nonlinear Schr8dinger equation, as was indicated in the Ihtroduction, has the form

Y=Y, + | Y'Y . (1.1.1)

The complex-valued function HQ?JD will be assumed to be infinitely differentiable in both

arguments and for anyt, decreasing in « faster than any power of x.

The study of (1.1.1) by the method of the inverse scattering problem reduces, as was
shown in [31, 32], to the study of the spectral characteristics of the sheaf of linear dif-

d
ferential operators gy - L) , where
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/—i% ,mﬂf—(x}

L@y = =ik g+ ix¥@) o,- 1%)6; . (1.1.2)

~-iVe) , i%

% ('0—4)' O (o o)'d‘ (4 o)'

Starting here and up to Sec. 1.5 we shall consider the moment of time t fixed.

In contrast with [30-32], we have chosen the matrix L with nonsymmetric occurrence of
the connection constant ¥, which allows us to consider in a uniform way both the case of re-

pulsion ®>0, and that of attraction ¥<0 .

: i . x s p : .
We introduce the transition matrix T,}OQ on the finite interval |x,,%,] as the solution

of the differential equation
T x
a Ta®W=LanTr0 (1.1.3)
2
with the initial condition

Ti(l)=<é (1))=1- (1.1.4)

x
We list some properties of the matrix T,:(?t) :

1) T2 =T, (1.1.5)

2) TR TEW=T2®0, - (1.1.6)
3) = 1 a®=-Trmle,m», (1.1.7)
&) TEm=KT2@K, | (1.1.8)
where
0, xt

?
=\t L
K"%,O 7K~I‘7
" and the line over a matrix denotes elementwise complex conjugation.

5) | dd T m=1. (1.1.9)

Properties 1)-3) follow directly from the definition of T::OD. The symmetry property

4) follows from the analogous property of the L-operator

Le,n=KL1)K, (1.1.10)

which can be verified directly. We note that (1.1.8) means that the matrix 1-:§@3 has the

form
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0 (), 202 @) \

10 \zw, =m,

(1.1.11)

Finally, property 5) follows from the equation t%L(x,?\)=0 .

Substituting (1.1.11) in (1.1.9) we get for real A the important relation of "unitari-

.ness"
o @I - x[szml=1, 2-1. (1132

Now we define the transition matrices T_(m,w),T+(x,7»),T(7L) for semi-infinite intervals

(e°,¢] and [x,0) and the infinite interval (- o, 00) , respectively, as the following limits:
: T_(x,l;=£iin_mTi(ﬂ)e CA (1.1.13)
T+-(x,‘7k)=@me(fxz,?u)Tzz(ﬂ) , (1.1.14)
£
Tm=tin_eCx, 0T oMe, (1.1.15)
yetoo
where we have introduced the notation
e(x, M= exp(-ido,x)

It follows from (1.1.13) that T.(x,x) satisfies with respect to the variables & the dif-

ferential equation (1.1.3) with the boundary condition as %x—-oo

T— (x,1)~¢ (x,ﬂ)

0. (1.1.16)

X =00
Analogously, T;(m,h) satisfies with respect to %« the differential equation (1.1.7) with the

boundary condition as x—+oo

T+ (x,A) = e(-x,1)

—=0. (1.1.17)

It follows from (1.1.6) that for any @

Ta)=T,» T . (1.1.18)

Analogously, to the case of a finite interval, for T_t(.n,;k) and T one proves the sym—

_metry property (1.1.8) and the "unitariness" property (1.1.12).

We list analytic properties of the matricial functions T:’;(ﬁ,), Ti.(x,l), and T(A) with re-
spect to -the spectral parameter A. T::-(A) is a holomorphic function on the entire complex

;plane A. The matrix elements a_(xA)b&A),a,&A),8,(x,1),a(r) can be analytically extended to the

half-plane ImAa>0 , then as matrix elements a_@n),b@r),8,&0),a,@4),0 can be analytically
extended to the half-plane ImA<0., The matrix elements §@) and 6—(_[) , in general, are defined
only for real A. (The notation for the matrix elements of the matrices T.(x3) and T® is

given in the Supplement.)

The proof of the analytic properties listed above and also of the existence of the

limits (1.1.13-17) is carried out in the standard way {[30-32] using integral equations and
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integral representaticns for Tiﬁ@ﬂ,-n@hﬂ, and T(0) , and we now start in on its consideration.

The Cauchy problems (1.1.3-4) and (1.1.7)-(1l.1.4) are equivalent respectively with the

Volterra integral equations

T2mw= I+StixL(x,x)TZ4(n) (1.1.19)
and
Tem=1+ rd%T:‘(l)L(x,l) . (1.1.20)

Extracting from L(x,n) the potential V(x)=£9c—‘}_’2m)6+- iVYix)6., we get the following integral egua-
tions for Tif(ﬂ,) : ‘

Tom= G, 1)+Sﬁclx elr-z, V@ T 5 () (1.1.21)
Tom= el x4,7t)+5ti*T:‘ WeeE-2,2) . (1.1.22)

From (1.1.13), (1.1.21), and (1.1.22) follow the integral equation

T_(x,x)=é(x,a)+Sd§e(x-g,n)\/'(g)T_(g,x) (1.1.23)
and.the integral representation

Tem=cxy+{deTiMVEeE,n (1.1.24)

for T;@gﬁ). Analogously, from (1.1.14), (1.1.21), and (1.1.22) one derives the integral

equation
Ten= e(—x,x)+fd§ﬁ@,n)\/'(g)e (e-x,%) | (1.1.25)
x
and the integral representation
T )= eca, M+ {deece,pVEOTEW (1.1.26)
for T,(xp) . For TOQ, from (1.1.15), (1.1.21), (1.1.22), we get the two integral representa-
tions:
T(ﬂ)=1+5d‘l e, )V T.(x0) (1.1.27)
and
Tw=1+ Sdm T.enVmelx,n) . (1.1.28)
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Iterating the integral equation (1.1.21) or (1.1.22), we get the following expansions

of the matricial elements of T“OD in power series in %:

af ()= 6‘42(%,11)[1.‘_2% S Sd§1 dén&m dn em@q Heong 'ln)\lj( ‘V(gn)‘if( )W(rln)] , (1.1.29)

€ U Gy N

5";’;(%)= _iel%(xu'xp)[;axn Ssdé‘ld%n dq1 . ..c’,rlnﬂ X

> Mat” €™ 7y > 2y

xe”’@*“ FEn '1n+4)\l[f(§ \VQ,L W(rlw)] (1.1.30)

Expansions for aﬁﬁD and %iﬂﬁ)are obtained by complex conjugation. Analogous expan-
sions for the matricial elements of T-@,d), T1,(,A), and [(d) are obtained from (1.1.29) and

(1.1.30) by cancellation, respectively, of %;,%,, or ¥; and X,.

To conclude this section, some words on the discrete spectrum. As shown in [31], for
%>0 the function a(A)has no zeros in Imh.>0 , but for %<0 can have in the upper half-plane

a finite number of zeros:

a(y)=0, Ima;>0, j=4,... ¥, (1.1.31)

This property of the coefficient afa)is closely connected with the existence for #<0 of
soliton solutions of (1.1.1), and in the quantum case, as we shall see later, the connected

states of the basic particles.

1.2. Poisson Brackets. % -Matrix

As is known [30], (1L.1.1) describes the dynamics of a Hamiltonian system with Hamil-

tonian

=j°dx(l‘ﬂlz+ Y1) (1.2.1)

and Poisson brackets

Yo, Yy = {‘Tf(x) Yai=0,
(Yo, V) = B x-y).

In other words, (1.l1.1) can be represented in the following form:

\Vt={H,\|f}. | (1.2.3)

(1.2.2)

In [30] from the matrix elements of the matrix T) (1.1.15) there were constructed ac-—
tion—anglé variables for (1.1.1). The basis for this construction includes the calculation
6f the Poisson brackets between the matrix elements of 1A) as functionals of the fields
'W%é and ﬁ%@ . Below we shall calculate these Poisson brackets by a new method, proposed
by the author in [29]. This method is based on using the so-called ¥ -matrix and has the
advantage over the traditional methods [4, 30], that it admits direct generalization to the

quantum case, and also allows one to appreciably simplify calculations.
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In what follows it will be convenient for us to use the following notation. With each

T= (t“ m) v
Ty tee
~ ¥
we associate two (4 x 4) matrices 1 and T :

tw 0 1ty

(2 x 2) matrix

0
tlﬁ

T-Tel-| %, o' 4,0 | Q2.4
0 ty 0 t,,
and
ty g 0 0
?=I®T= Ty 1y, O 0. . (1.2.5)

Thus, the matrix

{am), o) fam, 2 b@}, (d@), o), i), 2 3@}

(o, 80}, law), }, (eb®, $ o}, ek, o)}

{8, o}, b , 280}, o, aga}, (al® , 25@) (1.2.6)
{iw, $}.fe), o(@},{a@®, 4g5}, {o@, B}

T, T} =

will contain all 16 possible Poisson brackets between the matrix elements of the matrices

TW and T . We note that the matrices T and T§) commute with one another
) ’ ~ o ay
TT=TT. (1.2.7)

Later we shall also need the permutation matrix 7

1 0?0 .
00

p=(30he], P-1, a.2.9
0001

and the following easily verifiable relations

»Te=T , »T9=T, (1.2.9)
o RS o~ '
PTTP=TT . (1.2.10) -

The fundamental result of the present section is the following theorem.

x,
THEOREM 1. The matrix of Poisson brackets'Erzf00,1_2390}=fpmﬁﬁdg admits the following

representation for X,>X
Hx 2
P, = [«c A, | o) Tmf(y)], (1.2.11)

where [ ’ ] denotes the commutator of matrices, and the 4 x 4 matrix %(Z-P) has the form
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t(A-p)= - {—P P. (1.2.12)

For x,<%,, as follows from (1.1.5), (1.2.11) goes into

0 -
‘(ﬂy)——[%(w)T ORI q»)].
Proof. For the proof it suffices to see that the right and left sides of (1.2.11)

satisfy the same differential equation with the same initial conditionms.

Differentiating the right side of (1.2.11) with respect to %, we get for ?:ﬂj,) the

following differential equation:
a Pnlp= [%(ﬂ-w,L@cz,wL(xmy)]T::mT 0+ L+ La) Mo a.2.19

with the initial condition

;(P:(ﬁ,Ju)=0 : (1.2.14)

In order to calculate the derivative with respect to %, of the left side of (1.2.11),

we represent it in the form:

& {Ta0,Toe) - um 07 hp-220) -
-t (T2, T} T2o Tap +in t (T -1){ 0. 20 0.0

We study the first summand of the expression obtained. Substituting in fPﬁ:+%@dg the

expression
X+

TE=14 S dzl @+ 06,

following from (1.1.19), we get

T 48 E 48

Tl -afeflenyp) 06-
-Jlés i’d'é{f«(x,»,i@,w}’s(m-«;>+o<6’) -Fallen Touf +0).
Here {Jldenotes the "local" Poisson bracket
Ve ,‘V@)}’% {Fa ,T{(oc)}'= 0,
Ve Fe) =i .

Finally, passing on (1.2.15) to the limit as 6—0, we get

(1.2.16)

(ﬂ,y) {L(xz,n),L(xz,}L} qu(A)T 240+ <L(x2,7t) + L(mz,y)> @) . 12,17
In order to identify (1.2.13) and (1;2.17), it suffices to note that one has

LenTlew = ['z(i-}x),lm.,(x,w)+T,(x,}L)} (12.18)
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or

{I(x,h),i(%,y)} = [%@L J\L),]:(x,ﬂ) +i(‘j;}*)] 5@:-1}), (1.2.19)

which is easily verified directly, taking into account (1.1.2), (1.2.2), (1.2.12).

In order to complete the proof of Theorem 1, it remains to note that {Tij@»,’Fiqu}

satisfies the initial condition (1.2.14).

A complete summary of all Poisson brackets between matrix elements of Tiﬁ@) following

from (1.2.11) is given in the Supplement (Egqs. (51-6)).

We note that the domain of application of the method of the ¥ -matrix is not restricted
to (1.1.1). The existence of a representation of the Poisson bracket in the form (1.2.11)
is based, as follows from the proof given above, only on (1.2,19), which also holds for the
sin-Gordon equation and the Landau—Lifshits equations [29]. The matrix % for these equa-

tions has a more complicated form than (2.2.12).

1.3. Passage to an Infinite Interval

To achieve our ultimate goal, the construction of action-angle variables, we need to
calculate the Poisson brackets for the transition matrix on the interval (~ee,o0). But first
. ~
we concern ourselves with the calculation of the Poisson bracket {T..(x,?t),T_ @c,y,)} » which it

is convenient to denote by g{@x;ld@ .

Repeating word for word the argument of the preceding section, one can see that gl@ﬁ
A,M) satisfies with respect to the variable &, the differential equation (1.2.13). On the
other hand, the same differential is satisfied by the expression [“L(?L—}L), _’r_(x,ﬂ)%’_(m,y)] .
Consequently, their difference satisfies the corresponding homogeneous differential equa-
tion, whose general solution we can write as i(m,’h)ﬁ‘g_('-\'—,}‘«) C_@,0. Thus, we get the following

representation for ?_(x;n,lu):
P @np=|20-p,TenLep|-Tenlepn Cap. (1.3.1)

The (4 x 4) matrix Qijdg igs determined from comparison with the asymptotics of (1.3.1)

as x—==-oo,
It is easy to get the asymptotic behavior of the right side of (1.3.1), using (1.1.16):
ﬂ(xrhhv’) :;:fm |}(’@’ }L)) E(mlw)W]—. E.(x,k,y) C—@’d‘) ! ‘ (1 -3. 2)

where

Ee;n,w=2eNee, = o) (1.3.3)

. - ~
To calculate the asymptotics of {_E(x,x),'[(m,p)} as x-—+-co we use the integral representa-
tion (1.1.24). We have:

{TenTew =fag]a Q{T 0V, T iV leEnEap - (1.3.4)
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Calculating the Poisson bracket standing in (1.3.4) under the integral
{T;(A)V@ T @V@} -Tg(w)Tn(w {V@ V(rp} {T g(ﬂ)T (w} Ve Ve +
+1 'L(}L){T M V@}V(g)ﬂ (n){V(g) T q(}L)} (), (1.3.5)
we see that only the summand
TiwTip{Ve Yo} - T;‘(ﬁflgu) 12 (F5-5,8) 6 6-n) (1.3.6)

gives a nondecreasing contribution as ®-—--o in (1.3.4). Substituting (1.3.5) and (1.3.6)

in (1.3.4), and considering that as follows from (1.1.21),

Tiw-e@-g,0)—0, xg—-oo

?

we get, that as X—=-oo,

Q(x;l,y)fv_fE (x—g;x,y)m@_?,r- Eﬁ_) EE;pds. (1.3.7)

It is easy to calculate the integral in (1.3.7), and comparing the asymptotics of (1.3.7)
with (1.3.2), we get

6o 0o o0 o0
0o o0 1 _o
=9€ ﬂ,‘}t‘to .
C.ap 0 =m0 o (1.3.8)
o 0o o0 0

Completely analogously one calculates the Poisson bracket {ﬁ(x,}),f(x,w}-_— .(P.,_ (xm’w

D, @ing - [ T+ CopTeitey, (1.3.9)
where
©o o 0 0
o 0o Lo )
Cap=2|, P : (1.3.10)
A-p-io
©o o o 0

It is interesting to note that although (1.3.1) and (1.3.9) should be understood in the
sense of generalized functions, the summands in (1.3.1) and (1.3.9) containing %C&—yg , are
not needed in the regularization for A=M, since the corresponding numerator @%ﬁ;@ﬁ)iiﬁﬂ@

vanishes for A=p by virtue of (1.2.10).

However, the choice of a definite regularization of %Ch-y), e.g., m@:@@=—x5}mp.iép , al-

lows one to write (1.3.1) and (1.3.9) in compact form:
P @i =21 Le ) e - LanLenra-p (1.3.11)

and
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Reinp =%+(7t—}k)rt(x,7ﬁ(x,y) ~TenTep -y (1.3.12)

where
4
VP',iT_F . 0 y 0 ’
o, 0, xwis(,
%i<n'—}i)= %(%.}L) + Ci(nly/) == % 0 , ;ﬁiﬁ@-}t}, 0 , - (l. 3 . 13)
o, 0 , 0 ,vp li—ﬁ

Now everything is ready to calculate the Poisson bracket Gﬁj%?@&w=§%@dg . Keeping in mind
(1.1.18), (1.3.11), and (1.3.12), we get

Pap= “4+(7t-}*)Ti7L)¢T?y) —’TV(M?QL) (g . (1.3.14)

The results proved above allow us to formulate the following theorem.

THEOREM 2, The Poisson brackets between matrix elements of transition matrices for

semi-infinite and infinite intervals are given by (1.3.11-14).
A complete summary of all Poisson brackets is given in the Supplement (Eqs. (S87-24)).

1.4, 1Integrals of Motion. Action-Angle Variables

In the present section, which has an auxiliary character, we list results basically
known from [30-32] for the nonlinear Schr8dinger equation, which will be useful later for

comparison with the quantum case.

 As shown in [31, 32], fha(d) is the generating function for the local integrals of mo-
tion Ym for (1.1.1), i.e., the coefficients Y, of the expansion of {na@) in an asymptotic

series in powers of A

&ma(ﬂ)=fb'x;3m7€"‘ (1.4.1)

are the integrals of the local densities with respect to Y@ and Y

oo

Umfidﬂ—f(x)xm(x) ’ (1.4.2)

where Xmﬂﬂ are determined from the recursion relation

_ mo . ’
Kot @ = =1 g2 L@ + 2V L L@ Yo @ (1.4.3)

with the initial condition

0=V . (1.4.4)

By virtue of (S19) the quantities ﬂm_are in involution with respect to the Poisson bracket

(1.2.2). We shall write down the first few of the integrals i

oa

Y= N = de[ Y|, (1.4.5)
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2

J=H {‘“‘ (\‘lez*‘ |¥1) . (1.4.7)

Y=P= %_Iotx@i‘if'-?‘@, - (1.4.6)

The quantities N,P,and H are called, respectively, the number of particles, momentum, and
emergy. Since the Hamiltonian H=Y; is included among the 7, , the quantities Y, are inte-

grals of motion for (1.1.1)..

We proceed now to the construction of action-angle variables for (1.1.1). The concept
of "action-angle variables" we shall treat here broadly, calling such any canonical vari-
ables in which the Hamiltonian H can be written as a quadratic form (and the equations of

motion, correspondingly, become linear).

We introduce quantities ?@O and q%u by the formulas

R ﬁnla(n)
f= 5 ,
G 30 [talaml (1.4.8)
o= 8|V Toee

In (1.4.8) it is necessary to take the positive value of the root. The expression un-
der the radical sign here remains positive for any value of #, since by (1.1.12), |a@|->1

for %>0 and |[a@)] <1 for %<0, when A runs through the real axis.

The quantities 9@ and ?%6 satisfy all the requirements listed above for action-angle
variables. 1In fact, using the Poisson brackets (Egs. (89-24)), it is easy to verify that

@) and ?%v are canonical conjugate variables:
{ew, e =130, %6 =0 ,
o, P =18 a-p).

‘Further, for %70 , the generating function of the integrals of motion {ha() has, as

(1.4.9)

proved in [31, 32], the following integral representation:

lna)= & jd}x, tnla(y)\

JL

which can be rewritten, using (1.4.8), as

fham= mjdy, H’(W‘ : (1.4.10)
Decomposing (1.4.10) into powers of A, we get
‘.‘!m=j:dy B el | (1.4.11)
In particular, |
=_j§:dﬁ IC?(M’L, | (1.4.12)
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P=_Tdy.y|?(}»)|9", (1.4.13)

oo

Hfidy}x’"lq’(y)lk (1.4.14)

Thus, all the integrals of motion ﬂm’in the variables ¢§@ are quadratic, and corre-

spondingly, the equations of motion

gfit"q’(t}}*)={'5mf?(f§)‘)}=‘i (AR (1.4.15)

are linear in ?,@b, which allows us to call the variables ?W%?QD variables of action-angle
type for (1.1.1) in the sense of the definition given above. The action-angle variables
introduced by us differ from the traditional ones [30], but have the advantage that they ad-

mit a quantum~mechanical generalization.

The case #<0 requires the calculation of the discrete spectrum. We shall not write
down here the corresponding variables of action-angle type, since they, apparently, have no
reasonable analogs in the quantum case, and we restrict ourselves to indicating how in this

case one generalizes (1.4.10-14):

tha@= Zin fi +mS ‘(P(Wl dp (1.4.10")

= m|;,g|Z.Im(7L jdm» ‘H’(y)\ (L.4.11")

. _ |

Nzﬁ%r;lméﬂd}‘l?w)lg , (1.4.12")
[y

P=%Z=R” 1m7‘+5dﬂb|(f’(}i ) (1.4.13")

H= ﬁZ@’R“ Imag~ I"‘”) j‘”‘ﬁ\“’@ﬁ- (1.4.14")

1.5. M —Operator

All the arguments of the preceding sections were based on the study of the operator
LCKJQ at a fixed moment of time t. This did not prevent us from proving the complete in-
tegrability of (1.1.1) and finding the spectrum of its elementary excitations. For the tra-
ditional approach [31], however, the consideration of theltime evolution from the very start
is characteristic. The initial point here is the representation of the equation of motion

(1.1.1) as the commutativity condition of two differential operators:
2 _ oy 2 =
['0’.1‘/ .L(fl?,‘t,l),rat M@C,‘t,?\)]—o ) (1.5.1)

or

L=M+[ML], (1.5.2)
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where ‘
X4 | Ve #Reh - i Ve y

Me,t;m = . .
Vol ) +in W), =i 2 - in| Ve, 1)

(1.5.3)

Although, we stress again, the approach developed in the present paper is in principle
not necessary in introducing the operator M both in the classical and the quantum case,
the study of the question of the N\—operator is of definite systematic interest and allows

us to demonstrate again the possibility of the method of the ¥ -matrix.

We raise the question in the following way. Let the time evolution of the fields W%ht)

and ﬁ%@ﬂ) be given by the m -th local integral of motion:

& Ve ={Jn, Ve 1) . 1.5.4)

How can we find under these conditions a matrix ﬁ4mﬁxﬂ) , satisfying (1.5.2)7 Although the
answer to this question is known [35], the method of the ¢ -matrix allows us to express it

in a simple and compact form.
We consider first the case of periodic boundary conditions on the interval [x,,x,]
HR@+&;&O=“&@ (1.5.5)
and we formulate the following proposition:

Proposition 1.5.1. One has the equation

{Tho, Lep) = S Mienp+ Mienn Lep), @56
where
M2 @ p= T <Tii(7t) 1T Z(M) : (L.5.7)

~s
The operation tv introduced by us here is the convolution operator in ¢*® C* in the indices

relating to the first factor. The result, thus, is a (2 x 2) matrix, In particular,

~ ~ SRS
T2 (hoB) =T (AB)= (xAB; ABeMat (e, .
The proof of Proposition 1.5.1. is based on the following lemma:

LEMMA 1.5.1. For any functional XQKW) of the fields Y@ and V@@ one has the following

relation:
{T 20, X} = ELMT o) {L(x,ﬂ), X}T:@) : (1.5.8)

Lo z .
To prove Lemma 1.5.1 we introduce the notation fp';(?t,X)’- {Tx:‘(ﬂr),X} Differentiating the
left and right sides of (1.5.8) with respect to %,, it is easy to see that they satisfy the

same differential equation

a%; ﬂ)i’; (ﬂ; X) =L@, »?P :f(%X) + {L(x,,@,X}Tiﬁ(ﬂ) (1.5.9)
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with the same initial condition

PamX)=o0. | | (1.5.10)

Reference to the corresponding uniqueness theorem completes the proof.

We begin now the proof of Proposition 1.5.1. First, using the notation @&, we have

introduced, we transform the left side of (1.5.6):

{t% T:f (w),L(x,y)} = E{T Z’:(A) ,I(x,y)} . (1.5.11)

To calculate the right side of (1.5.11), we use Lemma 1.5.1, which we have just proved. Sub-

stituting in (1.5.8) X=T(x,y), we get

{T ) ,T:(a'c, }L)} = 5:05 {T ;‘(D{I(E,D,i(x, y)} Ti(?») , (1.5.12)
or, by virtue of (1.2.19),
{2 Tan}=Tr0 op LenTep) Too - 1.5.19)
Substituting (1.5.13) in (1.5.11) and using (1.1.3) and (1.1.7), we get
Tz, Lew) =5 T20 ew, Len) To0+
RTow [, Len] To® = 257200 Tem +
+ [fﬁf: 2 T 5, L(x,y)] = 2 M@+ [Mi’; @), .L@C,}L)] , (1.5.14)
where M3*(x;ay is given by (1.5.7), which is what had to be proved.

From (1.2.11) follows
X 3 _
{WT xﬁ(k),t%Tx’;qt)}‘O , (1.5.15)
which allows us to consider {ntiT:fOQ , as the generating function of the integrals of motion

of (1.1.1) with periodic boundary conditions.

In order to find the analog of (1.5.6) for an infinite interval, it is necessary to
divide both sides of (1.5.6) by birﬁf@) and pass to the limit as ®—-°°, X,—~+oo, The an-

swer depends, obviously, on the sign of ImA and is given by the following formula:

finc®m, Lo} =m0+ W %inp, L] (1.5.16)
where
M(i)@:l 7"7}'9 =
5 (BT e vaop T o) 1.5.17)

We explain the notation. The upper sign corresponds to Ima>0, the lower to ImaA<O0, cﬁ”@@;

a@, d,(')(i\,)=a-(=i-) . The projectors p® onto the eigenspaces e(x,A) have the form

1563



p®_ <1 o) N PO (g :)) |

The proof of (1.5.16) and (1.5.17) becomes obvious if one notes that as % ——o°, X,—+o

T2~ e ) T m, ) ~eFHEE P9 Ty P = 7idernaay

We consider the results obtained. Since {na(® (or fha() ) is, as discussed in Sec. 1.4,
the generating function of the local integrals of motion Ym, (1.5.16) means that Mcj@nlﬂg

is the generating function of the corresponding M -operators:

M(+)(m A )= +vx£ %“Mm(x,y) (1.5.18)

In particular,

M (17») is,, (1.5.19)
M an=-Lan=i%o-iaYms,+iVos. (1.5.20)
M, e, )= ( “+ m‘\lf(x)\ )6 + %(\Vx(x) M}V(m)) dy+ (\V @)+ M\V(m))d (1.5.21)

We note that the specific structure of the /-matrix for the nonlinear Schrddinger equa-

tion (1.2.12) allows one to simplify the expression (1.5.17) for N@3@31401

M(+> e ( (M)) (%(%W),”m)

Er0=~2o5 3\ , (1.5.22)
M-()x,w)“’ﬁ - #he) (5+(x,’)b),a,+(:c,§,)>, (1.5.23)

oW \a_(x1)

thus reproducing a kmown result [35], stating that the generating function of the M —oper-
ators for the n.S.e. is proportional to the diagonal of the kernel of the resolvent opera-

b _
tor zz-L.

We stress, however, that such a simplification makes essential use of the specifics of
the nonlinear Schrddinger equation, at the same time that (1.5.17) carries a universal char-
acter and is suitable for any completely integrable models, whose L -operators have a ¥-ma-

trix (e.g., the sin-Gordon equation, the Landau—Lifshits equation [29]).

To conclude this section, we introduce a series of formulas, describing the time evo-

lution of the tramsition matrices -rM,Tl and T.

Proposition 1.5.2. The transition matrices T:f@;@,W}@th) , and I¢;n) satisfy the fol-

lowing differential equdtions:

DT oM =M, 0 T2 -T2 A Mt (1.5.24)
%"[(x,t;ﬂ)=M(m,t;?»)'[(x,t;n) ~Ttmi L, (1.5.25)

1564



ATetn=i%sTetn-TEtnMetm, (1.5.26)
AR [ %"as,T(t,W)] : (1.5.27)

Proof. We introduce the notation E%Tx4@:© .M @ A) . Differentiating (1.5.24) with
respect to ¥, and using (1.1.3) and (1.5.2), it is easy to see that both sides of (1.5.24)

satisfy the same differential equation

-Mif(’t N=L, EAMEEY +< R n)+[,L(xut N, M@t 'k)])T%(t () (1.5.28)
with the same 1n1t1al condition
?1(1-’77"):0 ! (1.5.29)

which proves (1.5.24). Equations (1.5.25-27) are now obtained from (1.5.24) by passage to

the limit according to (1.1.13-15), taking into account

fim M@,n= ¢2 . (1.5.30)

{xf—roo
which follows directly from (1.5.3) and the boundary condition Wﬁ@)EEZ;:O .

We note that (1.5.27) has the obvious general solution:

Tp=e* ke T(w) gt (1.5.31)

Writing out the matrix elements of (1.5.31), we get the well-known result [31]:

a(t,)=a@m, (1.5.32)

att,y=a (oW, | (1.5.33)

bt )= 2 ) (1.5.34)

E(t%k@”ﬂ(o,ﬂ) : (1.5.35)
CHAPTER TT

QUANTUM NONLINEAR SCHRODINGER EQUATION

2.1, Quantization

In this section we enter upon the study of the quantum version of the nonlinear Schrb-
dinger equation, which constitutes the basic object of study of the present paper. As al-
ready noted in the Introduction, the nonlinear Schrddinger equation admits detailed descrip-
tion in the classical as well as the quantum case, which stipulated its choice as the object
of the first application of the quantum method of the inverse problem.

We shall briefly describe the quantum system corresponding to the classical equation

(L.1.1). The Hilbert space of states of the system is the Focke space [ for Bose particles
in one dimension [36, 37].

The elements of the space F' are columns of the form

kY

3, \
:E (x’4 1

iﬂﬁ““”%ﬁ /
Y

’ ' (2.1.1)
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where e , and f;@&,...,x) is a complex~valued symmetric square-integrable function of N

real variables. We define the scalar product in the space ' by the formula
- T T 7 -
n X
<j,%>=fo%u+xz-_l_._.idfn1...dmﬁfﬁ@c{,...,azﬁ)(3_,‘“\:154;...,&!;}‘

The Focke space F splits into the orthogonal sum of N partial subspaces Fx:

DQQ .

F==2: F} 1 foMr"'zxi)e F} :

N=0

A vector of the form

=‘0> Il <0|0>=i,

Zofo—*

will be called a vacuum and will be denoted by 10).

4t
Let the generalized operator~valued functions Tfﬁa and Yf'@ﬂ define the standard [36,

37] representation of the canonical commutation relations

Yoo Yig] = [Y o, ¥ ] =0,
[Y(x) ,Y@)}S(x—«p (2.1.2)

in the space F (we set Planck's constant f equal to 1), having the property

Y(x)l0)=0 ) (2.1.3)
Here any element § [Eq. (2.1.1)] of the space F can be represented in the form
- T4 TT £yt
F=f,10> +§; VF,S,, . .idxi...dx,, £ ). Yz 10> (2.1.4)
In what follows we shall use as representative both (2.1.1) and (2.1.4).

The classical Hamiltonian H (1.2.1) corresponds in the quantum case to the self-ad-

joint operator H in the space i, defined by the expression

H=Jax (4 W+ YV YY) @2.1.5)

The Heisenberg equation of motion for the operator Hﬁn@, generated by the Hamiltonian M,

has the form

Y= [Y,[Hﬂb et VY Y (2.1.6)

Using the commutation relations (2.1.2), it is easy to verify that the Hamiltonian H

commutes with the operators of the number of particles

N fzdeﬂLY (2.1.7)

and momentum

P-i [ (Y-, @18
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On vectors fxcﬁ)"v“ﬁ from the N-partial subspace F}, the Hamiltonian H acts as a dif-

ferential operator [33, 34, 38]:
N
d
fo @y %)= G,; W+ 2% %8(%-0:;)&(&,,..-,&“) ’ (2.1.9)

having the form of a multipartial Schrdinger operator with twin pointwise interaction, It
is easy to give strict meaning to the singular potential §(xj-=z) in (2.1.9), replacing it by

the boundary condition [33, 34, 38]

5 xi=mi+0
B f0m)| = 1, @] (2.1.10)
b='1'z§-0 xf{t&

The eigenfunctions of the operator H admit a simple description [33, 34]. Namely,

¥
the eigenfunction j}@ﬁrw“x‘kh"vk@; corresponding to the eigenvalue Z:k; and describing the

=1
state of scattering of N particles with momenta 10“...,1CN(lmki=0;}=4,...,ﬂ'), has for 2,<%,<..<Xy

the following form

)Y ey oyt
f,;_(“‘1;---:“x‘k17'--zkx) = @TL—)%WZC%JN{W 4t Lxm“') (2.1.11)

(to other values of x the function fﬁ is extended by symmetry). A substitution of the form
(2,1.11) for an eigenfunction is usually called a Bethe substitution in honor of Bethe, who

in [5] first proposed such a substitution, studying a lattice model of a ferromagnet.
The summation in (2.1.11) is taken over all permutations @h"vﬁa of (1,..,¥), and the co-
efficients Ctpnﬂg must satisfy the condition

Ottty B by 4

k4

- - _; (2.1.12)
ch...f,s...l.,,...iw kzq, 1055 e
Following [38], we choose a solution of (2.1.12) in the form
C('“""“) (2.1.13)
by

200 o

- N
ji ity 50ttty el =@Z£ | D{ Sy py)- (2.1.14)
ol =

~o0

: 2 (v
In the case of repulsion #>0 , the system of functions xg %qrqmwlk“"vkﬂ (N=20,4,2..), more~

over, is complete in F. 1In the case of attraction #<0, we must consider connected states.
It turns out that for each N=2,3,... there is only one N -particle connected state obtained
from (2.1.11) by analytic continuation with respect to the momenta‘ki:
P it G-, 5
k&=ﬁ+4|9ﬂl == =12, 8, (2.1.15)

where P is the total momentum of the connected state. The corresponding normalized wave

functions are given in [38].
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The proofs of all the assertions given above are contained in [33, 34, 38].

Concluding the list of results obtained for the quantum n.S.e. by the method of Bethe

"~ substitution, we can enter upon the consecutive account of the quantum version of the method
of the inverse problem. We note right away that in contrast with the method of Bethe sub-
stitution, our method allows us to find the spectrum of the Hamiltonian and other integrals
of motion of (2.1.6), without using the explicit form of the eigenfunctions (2.1.11).

The main object of our investigation will be, as noted in the Introduction, the quan-
tum analog of the fundamental solution T::@Q of the auxiliary linear problem (1.1.3). Gen-
erally speaking, there exist many methods of associating with a given functional of classi-
cal canonical variables 1P@Q and ﬁ%m a quantum operator (for example, Wick, anti-Wick,

Weyl quantization [39]). We dwell here on Wick (normal) quantization. The advéntage of such
a choice is indicated, for example, by the result of [38] in which it is proved that the in-
tegrals of motion U, (1.4.2) for the classical ‘equation (1l.1.1) after Wick quantization go

into quantum integrals of motion for (2.1.6).

- . . ®,
Thus, we define the quantum transition matrlx-wm:@) by

_H_M(W) Txi\ . (2.1.16)

The colons :: in (2.1.16) denote Wick quantization. In other words, the matrix elements
of the matrix 1[2:@0 are defined as quantum operators whose Wick symbols are the correspond-

ing elements of T3*{).

There immediately arises the question of the propriety of such a definition, i.e., of
the existence of such quantum operators in the space F. The clarification of this question
we postpone to the end of the section, and meanwhile we list the properties of the quantum

transition matrix, formally following from the definition (2.1.16).
x, Xq, xy, ,
Tam=T a7 =®
for ‘3',1<x;-"<'f43 or :r,>m> 3 (2-1-17)

-“-:’1'(70 has the form

Ty X, ) )
Acw , 2B < ® (2.1.18)
nx : +$2, ?
B«i@@ ! A 1400
where the superscript + denotes Hermitian conjugation, and Am\)" oy (;L}“., B:f(ﬂ,)é:()iﬁ(ﬂ)*,/\ % (A=

A2@), B am=020)".

3) 1[::@3 satisfies the differential equations

Tow=

ax > Temw=:Le,nTs 2 (Av%- 6, + 'Y (o) 6'+> Tom -8 T o Ye,) (2.1.19)

and

o Tn®==T2WLew: =¥ Tams-Tan Wik 610 ¥e) (2.1.20)
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with the. initial condition

TZ@)= 1. (2.1.21)

Property 1) follows from the analogous property (1.1.6) for the classical transition
+’ . . » 3
matrix and the commutativity of the operators Y@» and H{{x}on disjoint intervals. We
stress that in contrast with the classical case, in the quantum case the condition &<%,<x,

or x,>%,>%; is essential.

Property 2) follows from (1.1,11) for the classical transition matrix and the obvious
property of Wick quantization that the complex conjugate of the Wick symbol corresponds to

the Hermitian conjugate operator.

In order to prove property 3), we formulate the following simple assertion. Let XG@W)

be a functional of the fields W& and ﬁ%@. Then one has
TY-=r.v.
PX=V -X», (2.1.22)
A=Y

!

The proof is obvious.

Now, differentiating Wr:f@) with respect to %, or %, and using (2.1.16), (1.1.3),
(1.1.7), and (2.1.22), we get (2.1.19-21),

In order to write (2.1.19) and (2.1.20) more compactly, we introduce the sign of normal
arrangement of operator factors :i:. The sign i: should not be confused with the sign for
Wick quantization ::, applied here only to classical functionals, the sign i}, applied to
the product of several operator factors (including Y and H{+), guarantees the arrangement
of all_Hf+ on the left, and all ¥ on the right, without altering the order of the remain-

ing factors. For example,
YWY =YYy (2.1.23)

Using the notation introduced, (2.1.19) and (2.1.20) can be rewritten, respectively,

in the form
9 ®o . Lo, .
i Lo = L, Tom: (2.1.24)
x, . x, .
a2 Law=:Tamhem: , (2.1.25)
where L(cc,?h) is the quantum 8 -operator

-i% , iMY"(.x)

Lew =L =-ik 6 it Y +ins,Vim = Y, ib X (2.1.26)

As also in the classical case, the differential equations (2.1.24) and (2.1.25) with

initial conditiom (2.1.21) are equivalent with the Volterra integral equations

"[fi‘f(n)=l+5deL<m,%ﬂ(:4@2 (2.1.27)
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and

Tow=1+ [ T2 Lapw: (2.1.28)

L

or
x
Tii'm=e(xz-w1,w>+i;iwe@fx,w)‘.V@TZ@? (2.1.29)
and
_“.:f(”) = e(%‘%ﬂ)"i:ﬁ3-“—22(7")\/(&)3 e(@-z,1) (2.1.30)
ok,
where |
Ve = :Vay: = Wdﬁ/&) »_w}y@ . (2.1.31)

Iterating (2.1.29) and (2.1.30), we get for the matrix elements of -W;ﬁn [Eq. (2.1.18)]

the following expansions:

A:f(?v)=e‘i%(:’7")&EH;x"g...gdgi..‘d;ndq{...dqn MR Y- YE) Y(‘Lb-"jif('tn)] y  (2.1.32)

%y> én? N2> t> %y

A:&(ﬂ) - e“'(ﬂ:p,"xq) [1 +Z:)en5g d% d?;ldfg,dqh e"vw(éf..f%ﬁ'h’-fnw) Y@D . Y@J%’LDY@J} ’ (2.1.33)

T En>. -6, >

z sy Y
B;@) ——igt? (xﬁ%)nZ:a%n

J. Jag, .dg.dn oy M) Yo Ve Yy, 210

Il> llhvﬂ)év?-""h’ x

Bt =6 ™ o] Jag, gy aq, BT Vi VE ). Yy, 2099

"~ x2>%nﬂ>'1lv>"->€4>x4
analogous to the classical expansions (1.1.29) and (1.1.3Gj}.

To conclude this section we turn to the question of the propriety of the definition
(2.1.16) of the guantum transition matrix WW:f@b . Unfortunately, the general theorems con-
tained, e.g., in [40], do not give an answer to this question, since too restrictive con-
ditions are imposed on the Wick symbol of the operator (of the type of decreasing as |W|—*
eo or summability), However, the specific construction of T5¥® as a functional of Yeo

and §%¢ essentially simplifies the situation.

We take as a basis the expansions (2.1.32-35). Analysis of (2.1.32-35) shows that the
operators Aiﬁ@@ and AC:EUQ do not change the number of particles, B#:?@Q increases it by 1,
and lowers it by 1 (annihilating vacuum). Here, in order to define the action of any of
these four operators on an N—pérticle state, it suffices to know only a finite number of
first terms of the series (2.1.32-35) (up to terms containing N annihilating operators, in-
clusive). Thus, on functions from Fk the matrix elements of 1r:w0 act as certain integral

operators.
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We shall not discuss here such properties of these operators as the domain of defini-
tion, range of values, etc. For our purposes (i.e., for calculating commutation relations
- . + x,
between matrix elements tg(») it will suffice to consider the operators A;AQ,;A””M B IM,

and R*ffﬁ‘, as formal series (2.1.32-35), The integral equations (2.1.27-30) we shall con-

sider here as compact notation for the series (2.1.32-35).

c o ; , . . TRy g
Some additional information on the properties of the matrix elements of Ixf@g as oper-

ators in the Focke space will be given in Sec., 2.4.

2.2, R -Matrix

As in the classical case too, our final goal is the definition of the quantum transi-
“tion matrix M&U for an infinite interval and the calculation of the commutation relations
between its elements. An important intermediate stage here is the calculation of the com~-
mutation relations between the matrix elements of -?%gg. Analogously to Sec. 1.2, it is
convenient to introduce the matrices ﬁ?iﬂﬂ and 2???@9 by (1.2.4-5). The basic result of the
present section is the following

-’x/\ . - .
THEOREM 3. The commutation relations _;mﬁM and Tﬁjq@ can be written compactly in the

form
: P =
R(ﬂ*‘ﬁ}sﬁt:ﬁﬂ:}-ﬂ'ngﬂ)z-ﬂ-mAM-ﬁlw@ R(' i, (2.2.1)
where
R(_?J)=L,+L%(?»}=I;% . (2.2.2)

As also in Sec. 1.2, the proof of Theorem 3 is based on the verification of (2.2.1) in in-

finitesimal form. Here the following lemma will be useful.

= vy
LEMMA 2.2.1., The products T’«H\MTM(}"I and T:fﬂ[:i’(ﬂ) satisfy the following differen-

tial equations:

EQ_ -“—m, ﬂfﬂ.m (}Jl) =1 X(ﬂlz, ;}“ﬂ]‘ m,‘(?v),ﬁ— (2.2.3)

and

a / '@wz ‘ﬁ‘m,l
By T:ﬂuﬂﬂrm *\'— I@;whw % (2.2.4)
and initial condition
——\/x! //\\';x Wm Sy _
Tolip=-T.plen=1 . (2.2.5)
The operators & {¢;4,4) and ,fi@wda in (2.2.3) and (2.2.4) have the following form

iV, wYm, 0 \\

I

~ i —tY(x) P4t L—g ¥ |
L it = LM*“"J“WM 5 - LV AT 2V : ’ (2:2:8)
Yog -V ?wi{fx 43‘%‘& ;’[

'
N

/
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,/ Rand we“_{f(ac mf(x}, 0 \\
-N@ ,H*T, x ¥ |
Wy, 0 iRk iV | (2.2.7)
\ 0 °w¥y@ﬂ ~¢¥£@ 2L~—

’ ’ ~ ~ {
Xty = Lo +Lap +2dd x\

We give two proofs of Lemma 2.2.1,

Proof 1. Let & be an arbitrary positive number., We differentiate the product

WTif*maWT 90 with respect to %,. Using (2.1.19), we get

(T 55”‘Le(ﬂv).“— y«) (‘i% 8;—%% ?ZHMN(;M:)T -“- L 40— 4,6 -“- 5(1)-[|- (}L)Y(x,,) +
+iad, T :7;+8(M\.|:f(;,)-ﬂ- i L&T:f‘e( Z)\y(x,;sﬁ:fgk) =: (’ﬁ; @re,n) + ﬁﬂ\:(xz ’ y,> T iy )'“' 0
-6 -W (7\) [Y(x,js) -[fx, ] + mz [T:"ﬂ(w) ,Y(;L)] T:f(w ) (2.2.8)

In order to get the flnal answer (2.2.3), we must calculate the commutators in the last two .
terms on the right side of (2.2.8) and pass to the limit as §—=0. The commutator [&%ﬁ}@,
T::(P)] obviously vanishes, since .\}f(x;ba) commutes with all operators; \Kx),‘y-(;,) for xe€ [x,%,]
since >0 . To calculate the second commutator in (2.2.8), we use Lemma 1.5.1 and the fol-

lowing easily verifiable equation,

REURHERI AT S N

which is valid for any functional XQPW) of the fields Y&), ¥ Yy . As a result we get
T5% Yol me ToiHlew T Toor Tpat Tow. (2.2.10)

Substituting (2.2.10) in (2.2.8) and letting &é—0, we get the answer required. We note
that the result is independent of the sign of £. For &<0 the second commutator in (2.2.8)

vanishes, and the first gives the needed summand in (2.2.3). One proves (2.2.4) analogously.

The method of "extension" used in the proof given above we borrow from [30].* This
method allows us to avoid consideration of indeterminate expressions of the form [“- @Q,
Hf@;ﬂ (containing indeterminacies of the type of the product of a function and a discontinu-
ous one, as is easy to see, using, for example, the expansions (1.1.29-~30)). However, here
one uses implicitly an unproved, generally speaking, proposition about the continuous de-
pendence of éh(f;L ﬁff @»cn18 Hence we give a second proof of Lemma 2.2.1, more straight-

forward, although also more complicated.

Proof 2. We substitute into the product 1T ”@fﬂ:jgn the integral equations for WT,(m
and Trx’w)of the form (2.1.27). As a result, we get:

"

*The author thanks S. V. Manakov for indicating the possibility of using the method of "ex-~

tension" in the quantum case.
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+§dg§dq ( i 3+weY ® d+) _“- - 46 ‘(w)\lf(g)] X

[( %iwx\i’(@d)T *h a7 g»)\lf] (2.2.11)

Subsequently, complicated, but in terms of ideas entirely transparent, calculations pro-
duce as their ultimate goal the reduction, using the commutation relations (2.1.2), of equa-
tion (2.2.11) to a Volterra integral equation, equivalent with the differential equation

(2.2.3) with initial condition (2.2.5).

We transform the fourth summand in (2.2.11), opening the brackets in the integrand and

using the commutation relation (2.1,2), after which it assumes the form

Idgjdq [( ik +m\if(§ )-ﬂ— ( ?ﬂx\fmm)-ﬂ;‘ o+

N

T CIAIS AN T eV -iT TimVeTLe Y+

-it Tm\?@(‘L%%*W\Fﬁnﬂﬁ)\l}({?m(w+aed G, 6 (- rl-[]_ =) 21@9]. (2.2.12)

We transform (2.2.12) in the following way. Firstly, we integrate the § -function in
the fifth summand. Secondly, we divide the domain of integration in the remaining summands
into two parts: x<f<n<¥, and a4<q<§<m%. Then, for £<f, in the first and fourth sum-
mands we transfer &%ﬁ to the left, using the fact that T§$ﬂwcommutes with qf%ﬁ for the in-
dicated relation of § and 1, and for £>1 analogously we transfer W) to the right in the
third and fourth summands. Then using (2.1.19), we can rewrite (2.2.12) in the form

2, N " N
MS&;K—L%&L Vi3, (\-ﬁ Ti0) Tho-iE (?JM(%)T (}»)\V(q]

1

+] d%ﬁdn[( 1+aVld) Tiow (E Thw) -
-8 Ti Gn-ﬂ-zw)w@)—t relde T8 TamT 50 - (2.2.13)

Carrying out integration of the total derivatives in (2.2.13) and substituting the re-

sult in (2.2.11), we get for 7?:?@)7?:?@9 the following integral equation
o~ L Lo ~ 2 e
x Xy 5o YA\ Fr, FFx .
.ﬂ-mf(l) T ()= i +fdoc .(ﬁa(xli&)*l*uq(x,w%-gm_o;) Tm(@ﬂ]— 2 00° (2.2.14)

which, obviously, is equ1valent with the Cauchy problem (2.2.5) for (2.2.3). The investi-

gation of the product “-MQQWT *(\) is carried out analogously. Thus, Lemma 2.2.1 is proved.

The proved lemma allows the reduction of the proof of Theorem 3 to the verification of

the equation
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Ra-p f(;-;?v,}»)=5€,(x;%,w R(v-p . (2.2.15)

. P Ty, T T2y T %,
In fact, by virtue of (2.2.3-5) and (2.2.15), the quantities .ﬂnli(}k)-ﬁtxi\%) and R,(‘A,-}b)-ﬂ-ml(?\)-ﬂ-x,@b)f
Rﬂ@b}@ satisfy the same differential equation with the same initial condition. We note that
in establishing this fact it is extraordinarily important that R is a numerical matrix,

whose matrix elements commute with the matrix elements of T;?.
Equation (2.2.15), to which the proof of Theorem 3 is reduced, is easily verified directly,

We discuss in the conclusion of this section the connection of the formula (2.2.1)
which we have obtained with the result (1.2.11) of Theorem 1. TFor this it is convenient to

introduce in the commutation relations (2.1.2) the Planck constant'ﬁ:

[\‘Lf(x) 7\1}(2‘{)}?1-‘8(““41) : (2.2.16)

Then the R -matrix assumes the form

ixh ,
Ro=1- %P =T+ikew . | (2.2.17) -
We shall show that in the quasiclassical limit h—o0 (2.2.1) goes into (1.2.7). 1In
fact, in view of (2.2.17), (1.2.1) can be written in the form

(T2, Tot] = -0 00T 20T 20T 2T Z000p) @219

Using the fact that as h~=0 ,1r:f@0 goes into the classical transition matrix Tﬁ%@@, and the

commutator goes into the Poisson bracket

[7]"“"43th{,} (2.2.19)

and retaining in (2.2.18) terms of orderft, we arrive at (1.2.11).

We note that this result is also valid for R -matrices of more general form, for which

(2.2.17) is false (see [29]). In the general case it is replaced by the relation

RAY =TI+ ihrh)+ 0t (2.2.20)
or

‘ =i 2.2.21)

rA) Gy ] . R(AT). (

2.3. Passage to an Infinite Interval

This section is devoted to the derivation of the most important result of the present
paper, the commutation relations between the matrix elements of the quantum transition ma-

trix for an infinite interval.

Analogously to the way the quantum transition matrix ﬁﬁf(A) was introduced in Sec. 2.1
for a finite interval, we define guantum transition matrices ﬂl(x,ﬁ), Tl(x,i)for the semi-in-

finite and T(h for the infinite intervals by the formulas
T.‘L’(m’?\)=:']]-ri:(x)}\) Yy, (2.3.1)
Ty =:Th -
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The properties of the matrices T»_G_—'(x,A) and T(M) follow directly from (2.3.1), completely
analogously to the corresponding properties of the matrix T?:" (b, established in Sec. 2.1.
The matrices r[['+(oc,?\) and T(A) have the same symmetry as T (7\) (for the notation for the ma-
trix elements r[['i(x,ﬁ) and T(\), see Points 6-8 in the Supplement) T-@;A) satisfies the dif-

ferential equation

2 , .
7 L =1 Lo, h T, by 8 (2.3.2)

and rmm,h the equation

?%—T,,(M):—'; T, L by . (2.3.3)

For Tt(w,ﬁ) and T(?\) the quantum analogs of the integral equations (1.1.23-28) are

valid, which we shall write down later insofar as they are needed.

We recall again that for now we are considering the matrix elements of 'H't(ov,%) and T(h)
which are formal series of the form (2.1.32-35) (we shall not write these series down here,

since they are obtained from (2.1.32-35) by eliminating %; and/or m, ).
Now we can formulate the basic result of the present paper, Theorem 4.

THEOREM 4. The commutation relations between the matrix elements of the quantum transi

tion matrices ']I’i(m,}\) and T(}d) can be written for real A and M in the following form:

R /u)’ﬂ'_(x,ﬁ)’lf_cxw(i—xww & &) “’H'_(x/n‘ll'.(oc A)(if—jw——— & )R, (2.3.4)
R’O"/“’)(i+ Ju, -0 gi )T+(9°1A){T+(%ﬂ) =(1- }\ '/%*'1/0 Ez’r?‘-)r’ﬁi (x,ﬁ)r’ﬂl+(x,ﬁ)R(A-ﬂ), (2.3.5)
ROt =5 leuo 28) TanTow(1- .ﬂio &) =

~ N (2.3.6)

= (-2 a?;)T(Ju>’IP(A)(1+ o SERU-pm.

‘/u,+1,0
Proof. First we prove (2.3.4). The proof will be based-on the study of the asymptotic

behavior of the products T,q (A)T ”(Jw) and T ju)rﬂ' *A) as x,—~-o00. Here we shall devote bas-

ic attention to the formal-algebraic side, not going into the analytic justifications of

our calculations and making it our goal to give as simply and rapidly as possible a method of

calculating the desired commutation relations.

It was proved in Sec. 2.2 that the products T;"(A)ﬁ:;" () and T (}L)Tm (}) satisfy, re-
spectively, the differential equations (2.2.3) and (2.2.4). The operators J and £ 2.2.6-
7) figuring in (2.2.3) and (2.2.4) do not coincide with the sum of the operators I(:x,ﬁ) and
I(x,/u), as would be so in the classical case, but differ from it by the summands x & ?‘1. and
%G, &, respectively, arising from the noncommutativity of the quantum operators. In connec-
tion with this, in the quantum case in describing the asymptotic behavior of the products
'Tf;""(ﬁ) rTT:Z’(ﬁ) and %:w(ﬁ)ﬁ';f(ﬁ) as ®—=-00 or x,—>+ o0 the role of the classical matrix E(x;
7\,’,44) (see Sec. 1.3) will be played, respectively, by the matrices fo(:»;?\,/u) and ﬁf(x;A,Ju)‘:
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-1 x’ O , 0 ) 0
. -4
0 ,e"ﬁf‘x 5 0 , 0
b = exp Xl = 0 T 4,&1115&00 LA—',;!‘—‘x' o | (2.3.7)
> A‘J“' 3 c s A.,u’
+
0 , 0 , 0 ,e¥" 2 *
s, 0, 0, 0
- . x
0 L& dats, g
’ / _ i
6(.’!}5 A,'/U«)= exP ‘xo(-A:‘/“)x - 0 , 0 , e{,A_i&x )- 0 ) (2.3.8)
th
1"‘-2—2,
o, 0, 0 e

where {,(A, A) and I:(A,ﬂ) are the "asymptotic'" (as |Xx|—=o ) values of the operators £(¥;
A, and IQx;ANM), respectively,

Lo, p=-ig v g e wi & (2.3.9)
4 ~ ~ ~
xonA,ﬁ>é—e—Q—o;-¢%s;+xq?_ : (2.3.10)

We note that by virtue of (2.2.15) one has
RCA-p) ZoCA, ) = %/Ch ) RCA-p). (2.3.11)
From (2.3.11) in combination with (2.3.7-8) follows the analogous equation for the matrices
&(x; A, wyand tlas A, p) :
RAA-p) 65 4, ) =85 4, ) RCA- 1) . (2.3.12)
Now we concern ourselvgs with the investigation of the asymptotic behavior of the prod-

uct T:*(A)'T:f’(ﬁ) as ®—=-o , We note, first of all, that the differential equation (2.2.3),

which, one can rewrite using the notation (2.3.9-10) and (2.1.31) in the form

R R TV R
7a, (Toxm T (f*))%:(Z,(A,ﬂa)‘i’W(xg)'FV(x,,))(rﬂ‘g:"(A)T::‘(ﬂ))Z , (2.3.13)

is equivalent under the initial condition (2.2.5) with the Volterra integral equation

~ Xy, L~ =~ ad x>
(T::( A)Ta:,'(/")) = 5(059.'“‘1 H A’./“’) +I dw : (T:W(Q)T:"(}b))(v(x)*'W(:)c))': fo(x-x, 5 A,Ju,) . (2.3.14)
% .

We introduce into consideration the limit
, Ma | N
ﬂ-.(mi A,jk)=xﬁ1_'”w‘(|]rx1(ﬂ)'ﬂ‘x1 (‘/M)ﬁ(iﬂ, '74A;ﬂ) . (2.3.15)
1

Substituting (2.3.14) in (2.3.15), we get for ﬂlx;ﬂwu) the following integral repre-

sentation

X ~ ~ ~ 5
T(x; A puy = B(x; 4, 4) +j dy (T:(A)T:(/L))(W(‘)Z)+ Vep): eipsd,m) . (2.3.16)
-0
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We note that J(x;A, u) as before satisfies the differential equation (2.2;3):

—(1%&— Twshpy =+ L5 A 1) T(ms0,0) 0 (2.3.17)

On the other hand, arguing exactly as in the proof of Lemma 2.2.1 in Sec. 2.2, one can
o~ ==
see that the product TLGMA)T_(WUM), which we denote by ZE(W;ANM), satisfies the same dif-

ferential equation
o . .
o L hpy =1 Lo b Lash 0t (2.3.18)

Consequently, the quantities ﬂix;ﬁwu) and f[(x;}uu) can differ only by some matrix fac-
tor C(A,m):
Lxs Aoy = Tz 4, 0 CA ) (2.3.19)
We note the obvious similarity of our arguments with the arguments made in proving
Theorem 2 (Sec. 1.3). As also in Sec. 1.3, we find the matrix G(AnM), comparing the asymp-
totics of Twshpy and T (%A, m) as &—>-o . The asymptotics of (a3 4, p) as X—s-o00 are

easily determined from the integral representation (2.3.16):
T(ws b M) =t B A, p) (2.3.20)

It remains to investigate the asymptotics of 5[(&;A,Jw). For this we use the quantum

analog of the integral representation (1.1.24):

x S
T_ b =& +_§ dy : T:(A)Vaz) AN (2.3.21)
or
& & t F & ~
T (o0 = € (i) +_§o dy TV Equu . (2.3.22)

Substituting (2.3.21) and (2.3.22) in the product WLJQAfW_CEJU, we get
x

T(asd, m= Exshpu) +| dy: ’TP,T(A)Vm‘; gm0 E(w, p) +

-0

x P . x ¥ ~ N o .
v ]y 'H';U"?V(’l) P& B 4] dy, | drl,d[w*i'*(w'IF;('A)q-i‘ﬂ‘;(x)au’m)] X
o -Ca 4. ¢]

3 : + zm =~ Fx B V ~
"[“‘Y ) 1y, we-iT qz(ﬂ)oz‘i’m,;)] €, e, p) - (2.3.23)
Here we again use the notation introduced in Sec. 1.3 E(x; A,Ju,)z‘ €(ao,'1)€(ac,‘/u).

The fourth summand in (2.3.23) can be transformed completely analogously to the way the
corresponding summand in (2.2.11) was transformed. Omitting the corresponding calculations,
which coincide almost identically with the chain of calculations (2.2.11-14), we give only

the final result:

x ~ o a
Tmshm — E s hpy +f dy i (TE T Gw)(VepeVapez& &) Ecpst . (2.3.24)

In order to find the asymptotics of ﬂ:(x;ﬁ,fn as x—>-0, we note that the product

"I‘I",T(A)T,f('/k) has the following asymptotics:
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N, R
T, ‘A’Tv(ﬂ’i,?.ioo (IC NS (2.3.25)

as x,7——~- o, Formula (2.3.25) follows from (2,3.14). Substituting {2.3.25) in (2.3.24)

and discarding terms which decrease as & —-o00 , we get

x
T (e p) =z B, p) ti Ay S5 w & & Ey; 4, p) - (2.3.26)
Calculating the integral in (2.3.26), we arrive at the following result:
; ~A
9"(@ A'J“’\/ Ew; ﬂ;,,u)+A ~peio © %'“éi F =% hw C,m, (2.3.27)
where
Chpm=1I, Ao S0 (2.3.28)
Rewriting (2.3.19) in the form
T hpy = L4, m 03-1()\,/40) (2.3.29)

and using the fact that

14

22

-1 _ T - 4t®
O w=1, T 010 &

(since %= 6‘;,“’= 0), and recalling the definition of 7(90;1,./&) and T (x; }\,'/,o) , we get finally

(2.3.30)

hm('lf d)‘l[' () b3 4, )= 'H'_(acﬁ)'ﬂ'_(x,ﬂ)( §%). (2.3.31)

Y Aju+t0

The analogous formula for 'EQQW;EM(A) is obtained by interchanging in (2.3.31) A*;u and

A e

R

wﬂim('f:(ﬁ)'ﬁl':(ﬂ))ﬁéac;A,/L)=T_(ac,/u)T_(x,A)(I+ ®_s%). (2.3.32)
Xjr-00 . .

b A-p-i0

Now everything is ready for getting the commutation relation (2.3.4). For this, we

multiply (2.2.1) on the right by '3($ﬂAhﬂ0 and use (2.3.12), and we get

/ i 6 Q’;W o ] o~
R =) Ty, 0T By = ;:(ﬂ,'ﬂ'x1(;,5{x15;,ﬂ) RCA-p). (2.3.33)
Passing in (2.3.33) to the limit as x;—=—— oo , according to (2.3.31) and (2.3.32) we get
(2.3.4).

Equation (2.3.5) is proved completely analogously. Combining (2.3.4) and (2.3.5) and

using the obvious equation

Th = T,@HTox)y, (2.3.34)

we get (2.3.6), thus completing the proof of Theorem 4.

We proceed to discuss the results obtained. We note first of all that a calculation,
completely analogous to that given at the end of Sec. 2,2, allows us to get in the classi-

cal limit of (2.3.4) the formula (1.3.1) and analogous formulas for T, and T. Thus, the
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results of Theorem 4 generalize the results of Theorem 2 to the quantum case,

A summary of the commutation relations between the matrix elements of the matrices
T;(m,ﬁ) and TA) is given in the Supplement (formulas (S31-48)). 1In order to show how one
gets these formulas, we calculate, for example, the commutation relation between the opera-
tors Alxhﬂ) and I{kagA)(formula (S34))., For this we write in (2.3.4) the matrix element
found at the intersection of the first row and third column:

- T”%) B (Ao, ,w)=—;~iﬂ B (o, (5,1 + )—’”——

o BT @, AL (o5, A0+ A_(ao ) B (2,4 (2.3.35)

Regrouping terms, we get

A-(x,/;,)Bt(x,A)= Bi(x,A)A_(ac,/u)—i:;—g_"w—B:(wa_(x,A) +%E Ef(oc,/.u)A- e, h) - BY (e, AL (oc,_/u)], (2.3.36)

We note that in the denominator of the third term on the right side of (2.3.36) it is un-
necessary to regularize for A==J&, since the numerator here vanishes. This means that we
can choose the regularization of the denominator arbitrarily, in particular, replaceb(ﬂ—‘/b)-1
by djﬂ-iof' (see the analogous argument in Sec. 1.3 in comnection with (1.3.11)). Then

terms containing the product Br(xvu)A-(x,ﬂ), are preserved, and we get (S34),

Analogously one also gets the remaining formulas (S31-48). The calculations here, how-
ever, turn out to be rather complicated. It turns out that if one is interested in commu-

tation relations only for A=#jk then (2.3.4-6) can be essentially simplified.

In fact, for A:#JL the regularization of + {{ in the denominator (A-/u)is inessential,

and we can divide, for example, (2.3.4) on the right by(jl 2 &.?,), obtaining here the

‘9\-/u,+130
following equation:
R(A-ﬁ)T_(x,Aﬁ‘_(x,/u)-—:i]T'_(x,Jw)'IF_Lx,A)Ro(A-Ju) , (2.3.37)
where
i__‘vA&, o0, 0, 0 \
2V
Roch ={4+22 & VR (U+22 ¢ §) = '0 o L 0 (2.3.38
d-(pEhredren = | 0 e

We note that without making any preliminary statement about Af/(, we would get in
(2.3.38) a meaningless product of generalized functions of the form (A:ﬂ~i0fkljﬂ+iof'.

Analogously from (2.3.5) and (2.3.6) one .gets

4

Ry(h-) T, i, =Tz, wTah RU-m, (2.3.39)
Roci-ﬂ)ﬁ(ﬂ(m = m,u)')f'(m Ro(A-p). (2.3.40)

Equation (2.3.40) reproduces a result obtained by Faddeev in [16].

1579



We note one interesting thing. Although the commutation relations for the matrix ele-~
ments of T;(&A) , obtained from (2.3.37) and (2.3.39), are only defined for A:#Jw, we can,
using the analytic properties of the matrix elements of the matrices m;@ng , extend the
corresponding commutation relationms to the real axis and find thus their proper regulariza-

tions for A = M. We clarify what has been said with an example.

We write the matrix element lying at the intersection of the first row and second col-

umn in (2.3.37):

(1——)\@:’—‘3;) BRI M Ao, my=A e, mBI(x,1). (2.3.41)

By virtue of (2.3.1) the operator functions A_@%jb) and Eﬂxﬂbﬁ) have the same analytic prop-
erties as the corresponding classical quantities a.(®, %) and ZL(ahﬁ). Thus, (2.3.41) is
initially defined for Imm>0 and ImA<0 . When A and m leave the real axis we must reg-

ularize the denominator (ﬁ—}b) in (2.3.41) in the following way:
A, RE (x, M=(1- A 2 RIx M A (xm, (2.3.42)

thus getting the proper commutation relation

In the same way from (2.3.37) and (2.3.39) one can reproduce all the commutation rela-
tions (831-42). For the quantum transition matrix TK}) on the infinite interval, analo-
gously from (2.3.40) one can reproduce the commutation relations (S43-46), i.e., those com-
mutation relations, in which at least one factor admits analytic continuation to the real
axis. Exceptions are the commutation relations (847-48), since the functions B(}) and B*On

are defined only for real A. These commutation relations can be obtained only from (2.3.6).

The commutation relation (S48) between B(}) and B+(JL) deserves special commentary. We

write it separately:

BB’ (ju (4- N4~

)B (WB) +AmsA-mAhAA) . (2.3.43)

Q\JMW A,u -i0

On the right side of (2.3.43) we see, generally speaking, the undefined product of gen-
eralized functions (Aju+¢0fwﬁzﬂri07t- This indicates the highly singular operator character
of B(A) and BfQM). It turns out, however, that one can be saved from the singularities in

the ratio (2.3.46) by regularizing the operators B¢(A) and BTJW)in a definite way.
Namely, we define operators CP(A) and q)"'(}\) by

Diiy= N DA P Ry,
(2.3.44)

=R AT A,

and we formulate the following proposition.

Proposition 2.3.1. The operators P()) and ®*Ay introduced by (2.3.44) satisfy the

canonical commutation relations:

[P, Pyl =L Ph, P =0, [ P, P ] = dihp).  (2.3.45
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Proof. We note first of all that from (546)
AhB () = (Lrg=2r Ju —2 ) B Ak (2.3.46)

and from (S43) follows the analogous relation

F(A B'(w) = B (Ju)a‘[(i»r Ay ] (2.3.47)

A+ 0 fb+10

for any analytic function Ff(A). In fact, from (2.3.46) the validity of (2.3.47) follows
directly for polynomial functions f(A), and consequently also for analytic functions F(A)»
considered as infinite power series in A (we recall that all our arguments carry formal al-
gebraic character). We can also extend (2.3.47) to functions $(}) of the form J(A)==A%/z,

by decomposing them into power series near any point A=A=0.

Analogous arguments allow us to get from (S45) the following relation

Bk $(Aun=#[ (4~ A-ffw) Agw | Bchy. (2.3.48)

Now one can enter upon the proof of Proposition 2.3.1. We derive, e.g., the commuta-
tion relation between (P(A) and Q#de. For this we substitute in the product qxx)qﬁg#)
the expression (2.3.44). We get

PAP = (amy ko) B(A)B(,w)(A(/u)A(ﬂ)) (2.3.49)

Now using (2.3.43),

PPl A BB Alwhe) i(i = - M_w)
- ' +
+(275)"(A*(A)A(A))I(qu)A(ﬂ)A(ﬁ):f(A-/o)(A(ﬂ)Aw)" : (2.3.50)

In order to get the answer needed, it remains to transform (2.3.50), using (2.3.47-48) and

the commutativity of Ach) and AﬁQﬂJ (Eqs. (S43-44)):
Py Pipy= 2 BB At "By oth-pr = Pw Pchy+ FCh- ).

The remaining relations from (2.3.45) are obtained analogously.

We note to conclude this section that the quantum operators P4y and PY(A) correspond

to the classical variables of action-angle type @(A) and G(Ay (Eqs. (1.4.8)).

2.4, Spectral Decomposition

In the present section we shall show how, using the commutation relations between the
matrix elements of the transition matrix 'E(A), one can study the spectra of the integrals

of motion of the quantum n.S.e.

First, however, we consider the connection of the quantum method of the inverse problem
and the Bethe substitution method. This connection is given by the following proposition.

Proposition 2.4.1. The wave function of an Jv—particle state

[ Koo ky >4 = Btk Bk | 0 >
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coincides with the wave function defined by (2.1.11) for the following choice of coeffi-

cients Cﬂn&ﬁ:
______ . (2.4.1)

The assertion just formulated was first announced in the author's paper [14]. The
proof of this fact available to the author is quite complicated and reduces, essentially,
to the direct calculation of the result of the action of a segment of the series (2.1.34)
on a wave function of the form (2.1.11). An analogous proof was recently published in [27].
Almost simultaneously'with [27] there appeared [23], containing an elegant and short proof
of an assertion, equivalent with Proposition 2.4,1, Hence we shall not give here the proof
of Proposition 2.4.1, but proceed directly to the discussion of the consequences following

from it,

Comparing (2.4.1) with (2.1.13), we see that one has

V73 ko~ko+ i .
= ™ 1 l*’ﬁ;—ké—' Uk (2.4.2)

where |Krﬂk”3wm" is the X -particle state which is associated by (2.1.4) with the wave func—
tion f;wr%ﬁbuvxwik1”",k”) (Eq. (2.1.11)). Equation (2.4.2) shows that the wave functions
generated by operators B+d9) are not normalized on the ¢ -function. Moreover, the denomina-
tors (k,-k)' make the normalizations of these wave functions so singular that BY(4) cannot
be defined even as a generalized operator-valued function.* This fact allows us to clarify

the singular commutation relations (2.4.43).

Now we consider the JY—particle state generated by the normalized operators ‘$+(kj)
(Egqs. (2.3.44)):

“(17“-7 k”>= ¢*(k1)"'¢ikj),0> * (2.4.3)

Substituting (2.3.44) in (2.4.3), we get
4 1
[kpp-os ky > = BlkpamAckpAk) > B’?k,,)(szA‘Zk”)A(k”)) 10> . (2.4.4)

With the help of (2.3.47-48) moving the factor (2¢AYKVA(%)Y4M'to the right in (2.4.4) and

using the equation

Adplo> = Atkylo> = Jo>, (2.4.5)
which follows directly from (2.1.32-33), we arrive at
. 1 kr'ké v
‘k’""’k”>h(27r)”“‘ VD: I~k b ks k> (2.4.6)

or by virtue of (2.4.2),

i k17-"7k11/ > = ‘k17“" kl]’ “horm -

%A, K. Pogrebkov pointed this out to the author.
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Thus, the operators qvlki)give birth to the normalized eigenfunctions of the Hamilton-

ian (2.1.5).

We proceed now to the consideration of a circle of questions connected with the quantum

integrals of motion for (2.1.6).

We shall show that, analogously to the classical case, the role of the generating func-
tion of the quantum integrals of motion is played by wA()). In fact, from (S43) follows

the commutation relation

[tnA, mAm ]= 0. (2.4.7)

Moreover, substituting in (2.3.47) Fh=Mm A, we get
U AdB =B [+ elte 2 (2.4.8)
[enAch, D ]= q’?ﬂ)ﬁ%(iu_—zw) , (2.4.9)

We let the operator LA}y act on the JV—particle state '&W*l”
A Pky)... Pk 0> (2.4.10)

Using (2.4.9), we can move 4 A(d) in (2.4.10) to the right. Noting, in addition, that by

virtue of (2.4.5) one has
mAMNo>=10, (2.4.11)

we arrive at the following result. The state lh,“.,hy> is an eigenfunction of the operator

A :
. y o
fwA(A)!k,,...,kf:jE M(brl?:%?) [k ky > 5 (2.4.12)

where the corresponding eigenvalue is additive with respect to the momenta kj;

Decomposing both sides of (2.4.12) in powers of 3-4, we get that the state Ihqu,> is

proper also for the operators Ani’ defined as coefficients of the expansion

00
. ~m
%Am=mm£_!4 A.x™ (2.4.13)
The corresponding eigenvalues cm(k)
¥
Am'‘(1,..-;1(”'7-——;'§'1 Cm(kj)lk’,, k” > (2.4.14)
are defined from the expansion
o
1% ; -
=iz 2l ¢, (k)
(L1 5% . 2O (k) (2.4.15)
and have the form
Mobie™ & m) . adym-
Cm(khk (k-i%) =5 (m-1)! (-tz)ﬁ{km s+1 (2.4.16)

imz o (M=)
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Unfortunately, for the quantum case a method of calculating the operators Ant, analo-
gous to the method of the Riccati equation (l.4.2-4) in the classical case, is still un-
known. Hence, in order to connect the operators AH1 with the local integrals of motion for
(2.1.6), we have to use a result of Tsvetkov [38]. As shown in [38], the classical inte-
grals of motion ﬂm;(l.4.2) for (1.1.1) after Wick quantization become quantum self-adjoint

operators y“vin the space F e

Y= Jm ¢ (2.4.17)
commuting with the Hamiltonian . 1n particular,
b =:N:=N, (2.4.18)
J= :P:=P , (2.4.19)
Y, =:H:=H . , (2.4.20)

(For the definition of N, P, andﬂﬂ, see Eqs. (2.1.5, 7, 8).)

The eigenvalues of the operators ym,on the states ‘hrﬂk!> have the form

N
m’”‘k‘"'”kﬂ’:ég, k;‘lk,,...,k”>. (2.4.21)
Comparing (2.4.21) and (2.4.14), we get the relation
m. o ) :
Am———E—————(M D! iy (2.4.22)

y=1 Al(m-5!

In particular,

A=1,, | | (2.4.23)
A=3-221, (2.4.24)
A= il -2y (2.4.25)

Formulas (2.4.23-25) allow one to expressﬂm,P, and H in terms ofA4,Az; andAaz

N=A,, (2.4.26)

P=Ag+2EA, (2.4.27)
. 2

He A+ inh-ZA, - (2.4.28)

For positive values of the connection constant % (the case of repulsion), the states
|k“"qk”>(ﬁgﬂﬂﬂ"J.as indicated in Sec. 2.1, form a complete system of eigenfunctions of
H in the space . This fact, and also the additivity of the eigenvalues of A in
(2.4.12), allow us to write for the generating function of the quantum integrals of motion

ﬂnl the following spectral decomposition:

A= Tdfﬁf“( 3

"v_jL)CD‘ZJu)(Pc,u), ImA~ 0. (2.4.29)

The analogous decompositions forﬂﬂ,ﬁl and H have the form
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N=_Ld/b Ptw P, (2.4.30)

oQ
+
fP.—:f d«Jw-/LCPWCPW, (2.4.31)
-0Q
[oe]
H=fd/u-/w”*¢+(/u)¢(/u), (2.4.32)
- 00
Equations (2.4.30-32) show that (P+9u) and CP(J“) are operators of birth and annihilation of
elementary particles with momentum M and energyvﬂ“ . The operator q%pﬁyq can here be in-

terpreted as the operator of the density of the number of particles with momentum y. We

note the obvious similarity of (2.4.29-32) with (1.4.10, 12-14) for the classical n.S.e.

To conclude this section, we discuss the case of attraction (2<0). Here, as noted in
Sec. 2,1, in the spectrum there appear connected states, which can be obtained from the

scattering states IK y> by analytic continuation with respect to the momenta (2.1.15).

We calculate the eigenvalues of the integrals of motion for the connected states. This,
of course, can be done by simply substituting (2.1.15) in (2.4.21), but we choose another
method of calculation, which allows us at the same time to get interesting deductions of

general character.

First, we find the eigenvalue of the operator Achon the state lk“m,k”>. This is easy
to do, letting the operator A(},) act on the expression ¢*(k1)...¢*(k,y)lo> and moving Ah) to the
right with the help of (846). As a result we have

Ad)”‘u K= E Lasid k i Ik, ky> ImA>0 . (2.4.33)

We note two things in connection with (2.4.33). Firstly, the eigenvalues of A(A)are mul-
tiplicative (hence additive as eigenvalues of inA})) in the momenta k}. Secondly, the eigen-
value 4ﬁ{t%?if has in the upper half-plane with respect to A exactly N zeros A= k{i%==

k}+tlxl (we recall that we are considering the case %<£{),

An eigenvalue of the operator A(A) on a connected state of ﬁ/particles is obtained from

(2.4.33) by analytic continuation of (2.1.15) with respect to the momenta kj‘ Here in the

product
y SITE kB Pt L P N
[ e adid T _a”pwm LB ————-—A . (2.4.34)
b=t A=k A-Drife L f- P g T P i It

there occurs consecutive cancellation of numerators and denominators, and as a result there

remains the factor

/1~——le1 sl

(2.4.35)
A—JV—MIZIT

having a unique zero in the upper half-plane with respect to A at the point Azﬁ;ﬂilxl—E%L.

It is interesting to note that on the other hand (2.1.,15) can be obtained, by requiring that
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the eigenvalue A) have a unique zero in the half-plane In017>0 and that the momenta k} be
distributed symmetrically with respect to the real axis. In fact, the condition of cancel-
lation of numerators and denominators in (2.4.34) leads to the requirement of equidistance
of momenta k:k}H~kj==Lf%l, which in combination with the requirement of symmetry k”==-E
gives (2.1.15).

This result has interesting analogs in the theory of the classical nonlinear Schrddinger
equation. It is known [11, 41], that connected states of quantum particles correspond in
the classical limit to solutions for (1.1.1). The classical coefficient of passage &l}) to

a one-soliton solution, characterized by the momentum P and the number of particles f, has

the form
P el
a(A>=~———7\_” ety (2.4.36)
A-—-—+1}[9¢|%

Comparing (2.4.36) and (2.4.35), we see that they coincide up to the translation A—=A-

i -E;L which in the quasiclassical limit is inessential,

The eigenvalues q¥%p)of the integrals of motion A"ton an.”—particle connected state

are obtained, as earlier, by the expansion of the generating function

M
A-p--i B2 3
tw , JY =-ile| Y] Ly, (2.4.37)
ﬁ—iﬁr+t|%|—§7— =1
m
c(”’(p)~mm[—— | | ) (f/ +1‘,|ae|-£;i) ] , (2.4.38)
e (p) = Con(P) -

Using (2.4.26-28) it is easy to get the eigenvalues of the integrals of motion EG,P s

and H on an.N—particle connected state |p,f>:

Lo, o=[k,5e-.s ”> k———+4/lae](;_~”/"“f)
=='1,...,JY , (2.4.39)
These eigenvalues have the form
Nipt>=Kpt>, (2.4.40)
Plph>=plp, s>, (2.4.41)
Hip o> = (52 4% [, 4> (2.4.42)

Unfortunately, we still do not have available a method based on the quantum method of
the inverse problem for constructing the canonical operators fe;(p) and q%y(p) of birth and
annihilation of normalized connected states of N particles with total momentum p. - If, how-
ever, one admits that such operators are constructed, then the proper generalization of the

spectral decompositions (2.4.29-32) to the case %<{ must assume the form:

A4~ ogn
A= E &Apz __J_:_‘_’!__~¢ 0P, (2.4.29")
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N=3 [ dp B Pycpy (2.4.30")

.”='1 ~00
IP=JV§. [ dp-p Py Py, G217
o TOL R ) e (2.4.32"
_JY=4-~eo P(W—Tf('jy_‘”/)) ¥ PRy P | 432"

2.5. Quantum hﬂ—Operator

All arguments of the preceding sections were carried out for a fixed moment of time t.
The introduction of temporal evolution does not present any difficulty in quantum mechanics.

In fact, the solution of the Heisenberg equation of motion

Xp =~ + [X,H] (2.5.1)
for any observable quantity X is given by the formula
X)) = e'HI X.(O)e'{'u'ﬂt ) (2.5.2)

In particular, for matrix elements of the quantum transition matrix 'W(A), we get, using

the commutation relations

[Ahy, H] = 0, | (2.5.3)

[B*h, H] = *R') (2.5.4)
the following result

Ad, b= Aw, ), (2.5.5)

B*thA = e"’mB"(o,'A) i (2.5.6)

Nevertheless, there is definite methodological interest in the following question:
Does there exist in the quantum case an operator AA(W,A), allowing one to describe the tem-
. - . x .
poral evolution of the transition matrix qnw*(ﬁ), analogous to the operator M in the class-

ical case (Sec. 1.5)7

A positive answer to this question is given by the following proposition.

Proposition 2,.5.1. The Heisenberg equation of motion for the quantum transition matrix

on a finite interval

d %, T %,

- Torch = [ H, T ]
can be represented in the form analogous to (1.5.24):

—d"%’ﬂ’:*d):E M o, M T -TorcOM =, 1) (2.5.7)
where the operator [M(%,3) has the form
Mx,hy=": M, 1: (i;%zﬂ}se'w(aww(m)ﬁ'ﬂ%(Yg(x)—iﬂi’?x)) 6 (Y (m)+ 1A Y () 6o .
Proof. We denote the commutator t[ﬂﬂ,Tﬁ?(A)] by the symbol J%:?(A) and we find the dif-

ferential equation with respect to the variable x,, to which this quantity is subordinate.
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For this we differentiate tm:?(A) with respect to %, , using (2.1.24). We get

:;m:&[m, LT ] =

o

(2.5.8)
=:.1L(oc A)Mx h: —WT “h [iH, Yewy) ] +iae s [ H, Y(xz)] ']I'w .

Using the equation of motion (2.1.6) for W¥(x) and its conjugate equation, we reduce

(2.5.8) to the following form

%M:‘(AF} Lt by g Ay i =i Tk (8 Wi - 20 ¥y W) ¥ear )+
. |

(2.5.9)
. . + + x,
+iae (-0 (x,)+ 2 ¥ () W) ¥(a) Tp* (A
Before moving further, we formulate the following lemma,
LEMMA 2.5.1. One has the equation:
X 2 .
e [Tt ch, ey J= 5 [ ¥em), Tivon T = 0. (2.5.10)

We shall not give the proof of Lemma 2.5.1, since it is carried out with the help of the
same method of "extension" which was used in Proof 1 of Lemma 2.2.1 in Sec. 2.2. Here by
virtue of the equations &%= Vz 0 the result, as also in Sec. 2.2, is independent of the

sign.

Using Lemma 2,5.1, we transform (2.5.9), moving 1¥+(15) to the right, and TF(xh) to the
left. We get:

W%M;’(AFE ﬂ.u(xL,A)M;”(A)E +S:T:*(M‘Pm(ac,;)—zaeal’?x,)'ﬂ’:’xa_)‘.l’(ag)‘if(xw)af

+26;W;x(x,,)'ﬂ':"(A)—sz&‘i’+(x,,)1ﬂ'2x,,)']l':”(a)11’(xz ) =
. Xy 4 . (2.5.11)
= L(“*’A’Mw,"‘/"i + (Mg oy, )+ [ M (%J),M%A)])T;" -

On the other hand, the right side of (2.5.7), which we denote by ﬂng(ﬁ) , satisfies
exactly the same differential equation. In fact, differentiating the right side of (2.5.7)

with respect to ¥, and using (1.5.28), we get

M h= 6x .M(%,A)'ﬂ'm‘ T, M@ b=
(2.5.12)

Mg, AT -T2 oy Meay, b = = : L B+ (M, (%,A)+[M<x2,i) LiaN]) T h:

ax,,
Since the quantities_.ﬂ@h (hy and JM;'b(A) satisfy the same differential equation and the

same initial condition

M:;'M) = M;f‘m= 0, (2.5.13)

we conclude that they in fact coincide, which is what had to be proved.

Analogously, one can prove the quantum analogs of (1.5.25-27).
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CONCLUSIONS

We summarize. In the present paper, for the example of the nonlinear Schrddinger equa-
tion we developed a new method of exact quantization of completely integrable field-theoret-
ic models. This method allowed not only the reproduction of known results for the quantum
nonlinear Schr¥dinger equation, obtained earlier with the help of the Bethe substitution,
but also getting a series of new results, namely, constructing a generating function for
the quantum integrals of motion and operators of'birth~annihilation of elementary excita-
tions. In comparison with the method of Bethe substitution our method has the advantage
that it allows one to construct and study eigenvectors of the Hamiltonian by a purely alge-
braic method, without writing down the explicitly corresponding wave functions in a coordi-
nate representation,

A central role in the method we propose is played, as we saw, by the R-matrix, which

gives its name to the method. The use of the R-matrix allows us compactly and effectively
to calculate the commutation relations between the matrix elements of the quantum transi-
tion matrix, without resorting to infinite series, as was done, e.g., in [22, 26], which
appeared after the author's paper [14].

We list some problems concerning the quantum nonlinear Schrddinger equation, which still
remain unsolved:

1) It would be desirable to find an effective method of construction of quantum inte-
grals of motion analogous to the Riccati equation in the classical case. This would allow
one to definitively free oneself in studying quantum integrals of motion from references to
results obtained with the help of Bethe substitution.

2) To construct in the realms of the method of the R-matrix operators of birth and an-

nihilation of connected states of Jf particles q;(k) and q%y(k).

3) To comstruct the generating function of the quantum bm-operators analogous to the

way this was done for the classical case in Sec. 1.5.

After the publication of [13, 14], problems connected with the quantum generalization
of the method of the inverse problem attracted the attention of a large number of investi-
gators, both in the USSR and abroad. In the Soviet Union work on the quantum method of the
inverse problem was conducted at the Leningrad Branch of the Mathematics Institute (LOMI)
under the direction of Faddeev [13-21]. Of the foreign authors one should single out Thack-
er (USA, Batavia) [22-25] and Honerkamp (GFR, Freiburg) [26, 27].

We list the basic directions in which the quantum method of the inverse problem is de-

veloping at the present time:

1) Quantum relativistically invariant completely integrable models [17], in which the
method of the R-matrix was successfully applied to-the quantization of the sin~Gordon equa-

tion.

2) The study of completely integrable lattice spin models, such as the Heisenberg ferro-

magnet [18] and the XYZ-model [19].

3) The investigation of models with several kinds of particles, having isotopic sym-

metry [20, 21].

4) And, finally, the very long-range direction, intensively developed recently — the at-
tempt to solve the inverse scattering problem for the auxiliary linear equation, i.e., to

express the field operators, for example, W(x) and Hﬁkm), for the n.S.e. in terms of the
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scattering data Ad) and B'(A). The solution of this problem is of great interest for quan-
tum field theory, since it would allow the effective study of Green's functions of complete-
ly integrable quantum field systems. Some results in this direction are obtained in [23-

25, 28] for the nonlinear Schrddinger equation.

In conclusion, it is necessary to mention the classical version of the R-matrix method
developed in Chap. I of the present paper. This method allowed one not only to simplify the
calculations connected with the computation of the Poisson brackets, but also to get a new
result such as the expression for the generating function of the N1—operators. Thus, in the
theory of classical completely integrable equations there arises a new object, the V¥ -matrix.
The place which the Y-matrix occupies in the method of the inverse problem is still not en-
tirely clear. One does not know, e.g., the precise class of L —operators, which have a V-
matrix. In connection with this there is great interest in the problem of generalizing the
method of the ¥-matrix to nonultralocal L—operators in the terminology of Faddeev [16],

i.e., L—operators, the Poisson brackets between whose matrix elements contain derivatives

of the § -function.

SUPPLEMENT
In the Supplement we gather together the Poisson brackets (in the classical case) and
commutation relations (in the quantum case) between the matrix elements of the tramnsition
matrices for finite, semi-infinite, and infinite intervals. All the formulas are written for

real values of A and M.

1. Summary of Poisson brackets between matrix elements of the classical transition

matrix 1;:”(1) for the finite interval [ %,,%,].

We recall that the matrix T:*(ﬁ) has the form (1.1.11):

T . azrch 2 dih) A'__A_
b by, grch) )0 '

The desired Poisson brackets are given by (1.2.11):
{ Ty ch, Txf(fu} = [r(A-ﬂ),T;*(A)Th"(Ju)].

Below are written six independent matrix elements of (1.2.11) of the 16 possible omes.

{aghh), "Wn}io | (s
Loz h, wff"w)}*—-ﬁ (&, cA)6“*<J4L>-6““<A>E“*( (W) (s2)
{a (b, 6“‘*(/»}-——7,;(0,%(A)%”w/u)-é”*mw L), (53)
{a:(k), 5%<ﬂ>}-7( OIS “:f(ﬁ)é,ﬁ"(ﬂ)), (54)
{og h, b ui=0, ’ (S5)
{ogh, b (Ju)}—-——(a"”(ha,;f(ﬂ)-w::dm;*w)). (s6)

The remaining 10 relations are obtained from the ones listed by complex conjugation,

interchange of A and M , and the use of the antisymmetry of the Poisson brackets.
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2. Summary of Poisson brackets between matrix elements of the classical transition
matrix 'T'_(:x:,A) for the semi-infinite interval (00,7,
The matrix T-(x,A) has the form
. a(x,4), 2b (x4 .
Bl AP S

We recall that the matrix elements a._(%,4) and 4&_(x,A) admit analytic continuation with

respect to A to the upper half-plane, and E_(x,)\) and @-(%,A) to the lower (see Sec. 1.1).
Original formula for Poisson brackets (1.3.11):

(T (), T (o = - T @ AT @m-Ta, AT (ac,/l«)f' (A-p).

Independent matrix elements:

fo (5, ac(@m}=0, (s7)
{ou(z, ), E-wvw)}%- %_(x,A)Z_(x, oy | ($8)
fa.(xd), & (w,p)}—7(a @ N (x, w-Emh o (nm), (59)
{a. (x,A),%.(x,/u)} J“ —E o (“,g_w,ﬂ;, (S10)
fep,bep}=0, (511)
Loy, bewt=-10m wo e ACYLACENR | (s12)

In formula (S89) regularization of the denominator is not necessary, since the numerator
vanishes for A = M . Here the Poisson bracket admits analytic continuation to the same half-

plane with respect to A and M.

3. Summary of Poisson brackets between matrix elements of the classical transition

matrix r]l(x,ﬂ)' for the semi~infinite interval [fx,-roo) .
The matrix ql(x,k)has the form:

ay (2, 0), xb, (2,1 _
T.'.(I',A): + H ~ + b =A
bo (2, 4), Bu(m 4y /7

The matrix elements aw(x,ﬁ) and %+(x,1) admit analytic continuation with respect to

A to the upper half-plane, and 4, (x,A) and ®4(%,4) to the lower (see Sec. 1.1).
Original formula for Poisson brackets (1.3.12):
~r ~ .o~ ‘_ il ~
{To@h, T, w}=n<1—/u’ﬂ(x,b’ll(x,ij-TnxA)ﬁ (xm rU-p) .

Independent matrix elements:

fa, (2.0, ay (2,0} = o (813)
{a.(x, 4, w+(ac,/»)} ﬁ % (2,4) 8, (2, ), (514)
fo,(2,4), 4 +(“’ﬁ)}=—r— 0 (2 ) by (3,0, (515)
{ou M), b (r )} = (% (@A) 2, (@00, (57 (5y0), (516)
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{4, (x4), b(mul=0, (517)
{4, (x,4), Z+(x:ﬂ)}=m E+(OC,A)CL¢.(£X$,JM) . (s18)

In connection with (§16) one can make a remark analogous to that made in Paragraph 2

about (89).

4, Summary of Poisson brackets between matrix elements of the classical transition

matrix T(})) on the infinite interval ¢ 00,00).

The matrix T(A) has the form

Th= | , A=T7.
hy, @A) :

The matrix element @(A) admits analytic continuation with respect to A to the upper
half-plane, ®(A) to the lower. The matrix elements 4(A)and %(A) , generally speaking, do

not admit analytic continuation (see Sec. 1.1).

Original formula for Poisson brackets (1.3.14):
{Tcy, Tow}= 1. A-ﬂ)T’(Aﬁ(ﬂ)_ﬁd)’T’w) T (A-p) -

Independent matrix elements:

{ah, em}=0, (519)
{ach, agm}=0, (S20)
{w(l),%(ﬂ)}=-—39——~ ach (), (s21)
{a,d),ﬁ(,u)}—f Jw MA)%(M, (822)
{&h, bewi= 0, (523)
{6k, Bt =2mwi | ah*dA-p) . (524)

5. Summary of commutation relations between matrix elements of the quantum transition

matrix rW:f(ﬁ) for the finite interval.[ah,xz].
The matrix ﬂnz”(ﬂ)has the form (2.1.18)
P, X
Ax:'(A) ’ xB; *(4)

T A=
“ Brrthy, Aph

Original formula (2.2.1):
R(A-ﬁ)’iﬁ’“(}\)rﬁ:"(ﬂ) = %ﬁ*(ﬂﬁ:”dmu-ﬂ).
Independent commutation relations:
A%(A)A%(ﬁ)-— iy (ﬂ)/—\xf(m, (825)

Aa,(A)A =k (;»)Ax’"(h - (B By b B B ), (526)
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WA:”(A) A)B“"'(,u)— A ( ,u)Bx‘(A) , (827)

A d)B (ju)—( ) Ju)Ax‘d) +1<A)Ax1(,u), (528)
B:?(Q)B:‘”( M ==.B:"(MBZ"(A) R . (529)
B, By =B B e Af o Wl or Kyl (830)

All other commutation relations are obtained by Hermitian conjugation and interchange

of A and M .

Here and later all commutation relations are given in one form: on the left side is
the product of two matrix elements, on the right side is a linear combination of matrix ele-

ments with coefficients having @V}Q in the denominator.

6. Summary of commutation relations between matrix elements of the quantum transition

matrix TRJx,A) for the semi-infinite segment(—w,x]‘-
The matrix 0-(%,A) has the form:

A @;h), #BI(x, %)

T (x,h= , A
‘ B, b 5 AT (2,7

I
=

The analytic properties of the matrix elements of 1ﬁ1x,ﬁ) are the same as in Paragraph

Original formula (2.3.4):

RA-w e, b (4- A_j‘fﬂo E8)= 'T’.(x,ﬂ)‘]l‘_(x,b(h ~E&)Rih-p)
Independent commutation relations:
Ao, A @, m= A-(w,,wA_(av, b, » (831)
A (mp= A (m,/L)A_(xAH B_( xu) Bz b, ‘ (832)
R (wﬁ)—(i* )A (x,ﬁ)R(oc P 22 (xR @4, (833)
Ao VR mp={t+ 1 - 2 )R (a mA (x,A) (834)
B-(x,MPL(x,,u)=B.(x,,u)B_<x,A) . (s35)
R hR @, =B apB @hr—— - o R apha). (536)

7. Summary of commutation relations between matrix elements of the quantum transition

matrix Tl(x,ﬂ) for the semi-infinite interval [®,+eo) .

The matrix T,(%,4) has the form:

,[[]1- (1,1) =

Acxh, 2Bi(zh) _
y h=14

Rinh), A
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The analytic properties of the matrix elements are the same as in Paragraph 3.

Original formula (2.3.5):

RiA-pute ﬂwm T, T, (oc,,u) =(L-5 wwﬁi )T, (ac,f:.)'ﬂ',g(x,A)R(A-Ju)
Independent commutation relations:
Az b =A@ A by ($37)
Ao p= A:(x,,u)Af(x,ﬁ)—T_—;fe%akf(x,h&(x, ) (538)
By p A (mh=(t U I (x,A)B,(x, mE (539)
A(x,A)B+(x,,u) (L5 %R (x,ﬁ&(x,h— g HCY ) RCYT (840)
Bi(xhB,(x,p B (x,/u)B+(x b, | (s41)
B 0B, 5 )= +(%/UB+($;A)— w XK (x,ﬂ)A+(w,/4) (542)

8. Summary of commutation relations between matrix elements of the quantum transition

matrix T_(M for the infinite interval (-0, ) .

The matrix T(}) has the form:

Ach, =B'h _
Tm:(B(A), A"y >’ A=1.

The analytic properties of the matrix elements are the same as in Paragraph 4.

Original formula (2.3.6)

Rd/»)(b 5 & 6‘1-)1['(/\)']]1(/&)(1— & 8)=[t A-ﬂ* ﬁﬁ)’ﬂ‘(u)’ﬁ'd)( 5 & &) RA-) -
Independent commutation relations:
AbvAg = AgwAdh, (543)
Ach A"(p:AYpA(M p (844)
BywAdy= S )AmB(Ju), (845)
AhBgw= (1+W)B*wAd)‘, | (S46)
B(MB(/A)=B(,u)B(A>, (847)
BhB'p= (iq R »o)( ™ Ju 0 )BW)B(A)«»MA(A)A(A)&(A ). (548)
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SOLUTIONS OF THE YANG—BAXTER EQUATION

P. P. Kulish and E. K. Sklyanin UDC 517.43+530.145

We give the basic definitions connected with the Yang—Baxter equation (factoriza-
tion condition for a multiparticle S-matrix) and formulate the problem of classi-
fying its solutions. We list the known methods of solution of the Y-—B equation,
and also various applications of this equation to the theory of completely inte-
grable quantum and classical systems. A generalization of the Y-B equation to the
case of Zzhgraduation is obtained, a possible connection with the theory of repre-

sentations is noted. The supplement contains about 20 explicit solutions,

0. By the YangBaxter equation [1, 2] is meant the following functional equationm:
“’RW’(“"”rd’Rpx’(“’ﬂﬂRpﬁ”m = “Q‘"Rr’ ’(v)dx”er”(“)rr’ p7 (W) (1)

for a collection of functions d&RXJFW) of a complex parameter W, depending on four indices

“aﬁ;r,f'.running through values from 1 to some natural number N. 1In (1) and later we under-—

stand summation over repeated indices.

Equation (1), which first appeared in [1, 2], has many applications to the theory of
completely integrable quantum and classical systems and exactly solvable models of statis—
tical physics. In recent years it has undergone intensive study. Here the profound connec-
tion of (1) with such areas of mathematics as group theory and algebraic geometry has be-
come more and more apparent,

The present paper is an (apparently the first) attempt to give a systematic survey of
the facts accumulated at the time it is written relating to the solutions of (1). The ac~-
count is structured in the following way. In Sec. 1 we give the basic definitions and we

Translated from Zapiski Nauchnykh Seminarov Leningradskogo Otdeleniya Matematicheskogo
Instituta im. V. A. Steklova AN SSSR, Vol. 95, pp. 129-160, 1980. -
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