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In [1-4]  in the case of an external  source the author inves t iga ted  
sal ient  features of the refract ion and focusing of spherical  waves in ~deg) 
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Fig. 1. The quanti t ies  O0,e, Ool , 2, 
and Oei,z as functions of r for rays 
passing through singular points of 

the caust ic .  

inhomogeneous media ,  namely  the failure of the loca l - f i e ld  pr inc ip le  
and the occurrence at the caust ic  of nodes, cuspidal  points, knots, or 
isolated "caust ic  fool ."  
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Fig. 2. The quant i ty  ~ = ?'/z0, the coordinates 
wz, 2 = h , J z 0  and vlz = zz2/z 0 of singular points 
of the caust ic ,  and the shape of the caust ic  as 
fnnctiom of r (of the va lue  a of the s -grad ien t  

for z0 = const).  

The present communica t ion  considers a s e m i - i n f i n k e  plasma 
l inear  layer 

�9 "z(% z) = ' l - -a (~  ( z ~0 '  a=4~e~ dN ~ dz 2>0 (1) 

in the case of an in ternal  source (z = z0 > O and r = 0 are the dipole 
cy l indr ica l  coordinates). 

As is wel l  known, the refract ion of spherical  waves in an un- 
bounded inhomogeneous med ium with s(z)  = 1 - az(-=o < z < =o) is 
accompanied  by " idea l"  focusing of the field and the formation of a 
nonsingutar caust ic .  It can  be shown that  a p lane  boundary of separa-  
t ion at z = 0 imposes on the field an addi t ional  focusing effect,  as a 
result  of which singular points can  arise at the caust ic  in free space 
as analyzed below. 
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Fig. 8. The quant i ty  ~ =  ar and the coordinates 
g~,~ = art,2 and gl,~ = azl,2 of the singular points 
of the caust ic  as functions of r (of the source 

coordinate z0 for a = const).  

In the l inear  layer  (1) the ray paths are parabolas [1,5]  

et 
z = z t - - ~ ( r - - r t ) " ,  (2) 

wherea=sinO e=(l - r)i/2sinSo, z t =(I- a2)/a, r t= [(i - r)/a] ~ 

�9 sin (200), r = az0, O0 is the angle  between the di rect ion of the wave 

Fig. 4. Locus of the cuspidal  points of the caust ic  
for a ~,ariation of the parameter  T (the dashed 

curve represents the caust ic  for z0 = 0). 

normal  and the posi t ive di rect ion of the z axis (the ray ' s  angle of 
emergence  from the source), e e is the ray 's  angle  of emergence  from 
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the inhomogeneous medium,  and zt and rt are the coordinates of the 

ray 's  turning point. 
The equat ion of the refract ion caust ic  of the fami ly  of rays (2) 

has the form 

t 7 

c' w ~ (3) 
4(1 --  :) 

where v = z/z0 and w = r/z0. According to (3), the refract ion caust ic  
is the surface of a paraboloid of revolut ion intersectin~ the  plasma 
boundary z = 0 along a c i r c l e  of radius Y = 2(1 - r/a) / .  The refrac-  
t ion caust ic  (3) is nonsingular and has thephys ica l  meaning  of a smooth 

refract ion-shadow boundary. From (2) and (3) we can obtain O0 for 
rays passing through the points of in tersect ion of the caust ic  (3) with 

the boundary z = 0 

0 , =  arcsin [ (2--  ~)-12].  (4) 

A considerably more compl ica ted  ray pic ture  and a more com- 
p l ica ted  caust ic  shape are obtained in the free ha l f - space  z < 0. The 
caustic equations for z < 0 have the form [4] 

ttre 
~. ~ C O S  2 0 e d ~  e ' 

/" = / ' e - -  coS Oe sin Oe d~'-: , (5) 

whence, for the l inear  law (1), we obtain 

v = 2z -1 cosZ 0 e {cos (20e) + 

+ cos 0 e [cos (20e) - -  : l  (c os'~ Oe--- .:)-1,:~ }, 

w = : - i  sin (2%) [I -- cos (20e) ] 4- 

+ 2 : - l s i n  0e[COS~0e[l + ;  --  

--  cos (20e) ] - -  ~} (cos -~ Oe -- : ) - I ,2 .  (6) 

As can be seen from (6), the caust ic  in free space is formed only by 
rays with ~t 0 < 00 < rr/2, since only for them is dre/dO e < 0. As 00 

~/2, we have  dre/dO e "-~ ,o and the caust ic  (6) recedes asympto-  
t i ca l ly  to inf ini ty.  The asymptote  equat ion has the form 

w = (2 -- v) : - I / 2  (1 --  ~ / 2 .  

It is important  that  the external  caust ic  (6) can  have  cuspidal  
points at which the caust ic  reverses its d i rect ion and can form a knot. 

Rays passing through euspidal  points of the caust ic  g ive  d r / d 0  e = 0 
(ds/dO e = 0), whence 

"~ 3q-  14z--9 :~  
0% 2 = arccos [ 8 (3 - -  2:) 5: 

The coordinates r and z of cuspidal  points are determined by Eqs. (6) 
and (7). Ca lcu la t ion  results shown in Figs. 1 - 8  enable  us to follow 

the evolut ion of the ray pic ture  and the caust ic  for a var ia t ion of the 

gradient  a (Fig. 2) and of the source coordinate z0 (Fig. 3). 
As can  be seen from Figs. 1 - 3 ,  the mer id iona l  cross sect ion of 

the caust ic  (6) wi l l  have two cuspidal  points of the first kind only i f  
r < 1 /9 ;  a knot occurs on the caust ic  lying ent i re ly  at z < 0. In this 
case the shadow-region boundary passes along distinct branches of the 
singular caust ic  emerging from the "caust ic  node." As r " -"(1/9)-0 ,  

the knot  on the mer id iona l  cross section of the caust ic  contracts to a 

"caust ic  focus" Fka (Figs. 2, 4) with coordinates gFk z ~- arFkt = 8/3 
and gFIa ~ aZFla = - 2 / 3 ,  which is more "luminous" than a l l  the re-  
main ing  points lying ei ther  on the caust ic  or outside it. If r > 1/9, 

the ex te rna l  caustic and hence  also the jo in t  caust ic  become nonsingu- 
lar.  We r eca l l  [1] tha t  in the case of an external  source a "caust ic  
focus" occurred at  t = - r  = 2 /3  at  a point Fk2 having coordinates 

gFk2 = gFM = 8 /3  and ~Fla= TFM = 1/9  (Fig. 4), 
Figure 4 shows the curves 0Fkb FklFka, and 0Fk2on which cus- 

p ida l  points of the caust ic  can be found for various values of the 
paramete r  "r ~ 0. Results of Figs. 3 and 4, and Fig. 5 of [1], show the 
possibil i ty of extending the ray reciproci ty theorem formulated by 

Babich in [6] to the case of singular caust ics  having nodes and cus- 
p ida l  points or isolated "caust ic  loci ."  For one and the same type of 
source the nature of the ray- f ie ld  singulari ty must  be retained at  re-  
c iproca l  points. The extended ray- rec iproc i ty  theorem enables us to 

ana lyze  easi ly  the case of an in ternal  source in the inhomogeneous 
media  considered in [1-4]  for an external  source. 

Summing up results of the present paper and of [1], we note that  
for t h e l i n e a r  semi-  infini te  l ayer  (1), the caust ic  of a spherical  wave 
wi l l  be nonsingular only for r > 1 /9  (an in ternal  source) and r < - 2 / 3  
(an external  source). A singular caust ic  is formed i f  - 2 / 3  -< r - 1/9.  

The author is indebted to G. T. Markov and E. N. Vasi l 'ev for 
their  interest  in the invest igat ion,  and to Yu. A. I<xavtsov for dis- 
cussing problems touched on in the present paper. 
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