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~ 1 .  P o s i n g .  o f  t h e  P r o b l e m  

By harmonic  mappings  we m e a n  continuously d i f ferent iable  mappings  (xi, x2, x3) -~ u = (u 1, - u  2 / 2 ,  
- u ~ / 2 )  defined by the s y s t e m  of equations 

Out 1 / Ou2 Ou3 \ ,  Ou3 - -  Ou2 
..... v l - 4 ; + - a z ; )  = ~  

Ou, 10u~ Oul I Ou3 

o-U, = ~  =~ 

(1) 

where  the values  of ui and xj (i, j = 1, 2, 3) belong to the r e a l  field R [1]. It is known that u i = ui(xl, x2, x3) 
sa t i s fy  the th ree -d imens iona l  Laplace equation. It  is c u s t o m a r y  to cal l  the vec to r  (u~, - u 2 / 2 ,  - u  3 /2 )  h a r -  
monic .  

The s y s t e m  of equations (1) can be wr i t t en  in another  way: 

div u = O, rot u = O. 

In the t~vo-dimensional case  these equations a r e  the Cauchy - R i e m a n n  conditions for  an analyt ic  func-  
tion of a complex  va r i ab le .  In this connection,  the quest ion a r i s e s :  does  there  ex is t  an a lgebra  the d i f f e r -  
ent iable  functions on which have components  sa t i s fy ing  ~ ) ?  Such a question involves a ce r t a in  indef ini te-  
n e s s  s ince the concept  of d i f ferent iabIe  function on an a lgebra  can  be introduced in va r ious  ways.  F r o m  
these  va r ious  poss ib i l i t i es  it  is advisable  to choose  that in which the concepts  of the theory of analytic 
functions g e n e r a l i z e s  so as  to p r e s e r v e  the bas ic  p r o p e r t i e s  of such opera t ions  as  different ia t ion and in te -  
grat ion.  F ina l ly ,  f rom the a r i thmet i c  point of view,  an a lgebra  of min ima l  rank  is m o r e  convenient.  In the 
case  cons idered ,  the leas t  rank of the a lgebra  des i r ed  is equal to three.  

Such a p rob lem a l ready  appeared  in Hami l ton ' s  work.  It is t rue  that in cons ider ing  this p rob lem as  
wel l  as  many o the r s ,  Hamil ton r e s t r i c t e d  h imse l f  to the a lgebra  of quaternions and the question of con-  
s t ruc t ing  another  a lgeb ra  was not posed [2]. 

At the  p r e s en t  t ime 13ergrnan [3] has  sufficiently developed the theory of ha rmonic  vec to r s  based on 
the a lgebra  of complex  numbers .  However ,  the  methods of in tegra l  ope ra to r s  of Be rgman  for  the t h r e e -  
d imens iona l  Laplace equation have a na r row sphere  of application.  

w  A n a l y t i c  a n d  M o n o g e n i c  H y p e r c o m p l e x  F u n c t i o n s  

Let  A be a l inear  normed assoc ia t ive  a lgeb ra  with pr inc ipa l  unit of rank n o v e r  the field F (in this 
pape r  the case  of the r ea l  R and the complex  C fields will  be considered) .  

Le t  the law of mul t ip l ica t ion of bas i s  e l emen t s  have the fo rm 

t l  t ,  " 

e,e i = ~j:~ikek, ~k e F (i, ] = I, 2 . . . . .  n), 
- k = I  
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i 
whore  ~/jk a r e  the s t r u c t u r a l  cons tan t s  of  the a lgebra .  Along with the a lgebra  A one c o n s i d e r s  the images  

c~ and c~ of its r igh t  and left r e g u l a r  r ep re sen t a t i ons .  B a s e s  { El} and { s in o~ and ~ a r e  defined by the 
i s o m o r p h i s m s  

ei '-' [~?~,l = E,andly~sl = E ,  

w h e r e  [7]k] fo r  each  fixed i is a ma t r i x  of s ize  n x n. 

W e  now int roduce into cons ide ra t ion  funct ions f(~) on the a lgebra  A whose  va lues  a l so  lie in A. Each  
such function can be r e p r e se n t e d  in the f o r m  

rl n 

f ( ; )  = ZukG, ; = ~xke k, xk (R ,  u~EF. (2)  
k=l k=l  

The h y p e r c o m p l e x  function f(~) wil l  be ca l led  analyt ic  o r  a (hypercomplex)  potent ia l  in the domain  D ~ A, 
if i ts F r e c h e t  de r iva t ive  for  each  fixed ~ ( D lies in ~ o r  ~. We d is t inguish  be tween left and r igh t  po t en -  
t ia ls .  If the de r iva t ive  l ies in a ,  the potent ia l  wil l  be ca l led  r igh t  (if in a - left). 

In our  f f in i te -d imensionaI)  ca se  the F r e c h e t  de r iva t ive  is the J acob ian  m a t r i x  [Sum /8Xk]. Condi t ions  
under  which the Jacob ian  m a t r i x  l ies  in o, o r  o~, a r e  given,  r e s p e c t i v e l y ,  by:  

n 

I 
i~ l  

(3) 

tl 

I . O - s  j = ' " 

H e r e  ~0 i = q~i(~) is a function of the point .~ at  which the F r e c h e t  de r iva t ive  is computed .  

Equat ions  (3) and (3') wil l  be cal led the Cauchy - R i e m a n n  condi t ions ,  and the i r  r igh t  s ides  C a u c h y -  
R iemann  m a t r i c e s  ( respec t ive ly ,  fo r  r igh t  and left potent ia ls)  [4]. 

We shal l  a l so  in t roduce the concep t  of monogenic  funct ion on the a lgebra  A. F o r  conven ience  in 
defining the de r iva t ive  we shal l  r equ i r e  that  A be commuta t ive .  

By a monogenic  h y p e r c o m p l e x  function on a domain  D ~ A will  be m e a n t  a funct ion f(~) defined on D 
with values  in A, f o r  which a t  each  point  ~ E D there  ex i s t s  a function f '  (~) with values  in A, independent  of 
h, and such that  

hf' (~) = lira [] (~ -1- eh) m [ (~)1 8-1 vhEA, (4) 
r 

where  e > 0. 

The function f '  (.~)will be cal led the de r iva t ive  of the funct ion f (~)wi th  r e s p e c t  to the var iab le  ~. 

This  defini t ion of monogenic  h y p e r c o m p l e x  funct ion d i f fe rs  f rom the convent iona l  one in that  the d e r i -  
vat ive  is not  defined d i r e c t l y  by means  of the l imi t  

f'(~) = lim [f(~ q- eh) - -  f(~)] (he) -1, 
(he)--J,0 

but by an ind i r ec t  method,  us ing the de r iva t ive  of  Gato (4). Here  it is not n e c e s s a r y  to exclude f r o m  c o n -  
s ide ra t ion  values  of  the i n c r e m e n t  of the independent  va r i ab le  which  a r e  noninver t ib le  e l ements .  Hence the 
def ini t ion based on (4) is m o r e  g e n e r a l  than the usual  one:  when the funct ion is monogenic  in the usual  
s ense ,  it is monogenlc  in the sense  of  (4) [the values  of  f '  (~) co inc ide  he re ] ,  and bes ides  (4) m a k e s  sense  
when h is a noninver t ib le  e lement .  

In the spec ia l  c a s e  when h co inc ides  with one of  the bas i s  v e c t o r s ,  (4) a s s u m e s  the f o r m  

f (;) ei = O~,' (5) 

whe re  Of/Sx i is the usual  pa r t i a l  de r iva t ive ,  taken of f(~(x 1 . . . . .  Xn)) as  of a funct ion of s e v e r a l  r ea l  
va r i ab l e s .  
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F r o m  now on it wil l  be a s sumed  that et is a pr inc ipa l  unit of A (here there  is no loss  of general i ty) .  

Using (5), i t  is easy  to compute the der iva t ive  f~ (~). Taking ei = et in (5), we have 

f' (~) = o2~. (6) 

Now one can prove  the following [emma which will  be useful in what follows. 

LEMMA. A monogenic function on the a lgebra  A is a r ight  potential.  

Let  f(~) be a monogenic function. Then, accord ing  to (6), there  ex is t s  a der iva t ive  equal to 0f /0xl .  
We shal l  find the image of the der iva t ive  in the r ight  r egu la r  represen ta t ion .  This  will  be the m a t r i x  

[of] = _ _  

= [ , 2  . . . . .  , z ) ,  

in which the f i r s t  column coincides  with the f i r s t  column of the dacobian m a t r i x ,  since under the r ight  
r ep re sen ta t i on  ~ t  = 6ij, where  6ij is the Kronecker  symbol .  Thus,  in the case  cons idered ,  [0f/0xl] r egu l a r  

is the Cauchy - R i e m a n n  m a t r i x ,  obtained by decomposi t ion  of the Jacobi  m a t r i x  with r e s p e c t  to the s y s t e m  
of functions ~i  = 0ui /0xl .  This p roves  the l emma.  

w 3.  T h e  P r o b l e m  o f  C o n s t r u c t i o n  o f  H a r m o n i c  A l g e b r a  s 

A potent ial  is sought whose Cauchy - R i e m a n n  conditions a r e  the equations (1). 
s a ry  to find a commuta t ive ,  i .e . ,  such that 

~ k  = v}~ (~, i ,  k = 1 . . . . .  n ) ,  

and as soc ia t ive ,  i .e . ,  for  which one has  the re la t ions  

n n 
i m m / = ~7~7ki (k, s, m, ] = I . . . .  ~ Th~T/~ , n ) ,  

a lgebra  of the third rank  (if this is poss ible  to do in genera l ) ,  such that the potential  (2) has as Cauchy - 
Riemann conditions (1). 

F i r s t  we shall  cons ider  a b r o a d e r  p rob lem - we shal l  find what conditions an a lgebra  mus t  sa t i s fy  
in o rde r  to have at  l eas t  one hypercomplex  function, defined in the following way: 

1) at some point ~ 6 D there  ex is t s  a nonzero  second der iva t ive  f" (~) in the sense  of (4); 

2) at  the same  point U the components  of f([)  sa t i s fy  the th ree -d imens iona l  Laplace  equation. 

Under the conditions indicated we have 
a 2 f  ,, 

= f (~)ei (~ = [, 2, 3) 

and hence 

F o r  this it is n e c e s -  

(7) 

(8) 

a f - -  f (;) (e~ + d + d) = 0. (9) 

F r o m  (9) it follows that the components  of the twice different iab[e hype rcomplex  function f(D sat isfy  
the Laplace equation i f  

e~ --~ e~ -F e~ = O. (I0) 

Here one disregards the t r iv ia l  case f" (~)= O, which is realized on any algebra A by a l inear function 
f(~) = a ~ + b, where a and b are constant eiements of the algebra considered. 

In the matr ix  algebra ~, which is the left regular representation of the algebra sought, (10) has the 
f o r m  [1001 [010 ]+[o01 l 

0 1 0  + ~ , ~ 2 ~  v~,v~2v~3 = 0  
00  [ ~, ~,~2 ~3 ~1 v~2 ~3 

Here  as E1 a pr inc ipa l  unit is taken and (7) is taken into considera t ion.  

( i i )  
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The ma t r ix  equation (11) r e p r e s e n t s  a sy s t em of a lgebraic  equations for  the nine unknown s t ruc tu ra l  
constants .  Using the condition of associa t iv i ty  the number  of unknowns can be reduced to six. We have, 
f rom (10)and (8) 

b 3 3 
S S i s Z3,ik"hi = '~3,i,~ Z' l '~i ----- 0 (k, ] = 1, 2, 3). 

~ l  i ~ 1  i ~ l  ~ 1  

3 

Whence, for  j 1 taking account of (11), we get: Z s = "/si = 0 (i = 1, 2, 3) and then (11) a s s u m e s  the fo rm 

0] [0101 r 0 0 1 ]2 

Thus,  for  the s t ruc tu ra l  constants  ~]k one obtains a subdefinite s y s t e m  of equations [in the s y s t e m  

(12)] of five equations and six unknowns. It should be noted that in posing the p rob lem one is pursuing the 
goal of const ruct ing a lgebras ,  the different iable  functions on which have definite harmonic  components ,  
namely  those which sat is fy  (1). 
the s t ruc tu ra l  constants .  

(12) 

This gives the possibi l i ty  of obtaining supp lementa ry  conditions to (12) for  

w  H a r m o n i c  A l g e b r a s  

Suppose given a normed commuta t ive  and assoc ia t ive  a lgebra  A with pr incipal  units over  the field F 
with bas i s  {el} [ .  If the se t  ~ = {eis}ms=l consis t ing of m _< n e lements  sa t i s f i es  the equation 

2 2 2 ~---0, ell "F ei  2 -F  . . . "-F elm 

then let us agree  to denote the a lgebra  A by the symbol  Hm(F,  ~) and cal l  it harmonic .  When the se t  ~ is 
fixed and there  is no poss ibi l i ty  of ambiguity,  one will use the reduced notation Hm(F). The a lgebra  of 
complex numbers  then should be denoted by: H22(R). 

We shall  study the quest ion of the exis tence  of the a lgebra  H~(R). Such an a lgebra  would be the s i m -  
p les t  a lgebra  for  solving the p rob lem posed in w 1. 

We shall  find the t race  of the left  side of (12). We get: 

3 
i 2 2 3 2 ~ S p  [3,k~l ----- (3,22-- 3,23) + (V023 -F ?~2) -{- 1 ---- 0. (13) 

i = l  

Equation (13) has no solutions with values  in R. Whence follows the following theorem.  

THEOREM 1. The re  does not exis t  an a lgebra  u i in (1). We shall  s eek  s t ruc tu ra l  cons tants  of an 
a lgebra  H~(C). If (1) is cons idered  as the Cauchy - R i e m a n n  conditions for  a r ight  potential ,  then f rom (1) 

and (3) we get: 

3,1, - T (3,2~ + r ~, = 0, ~ (3 ,~--  vi~) ~, = 0, 

3,~, -t- T 3'12 ~i ----- 0, 3,~1 -t- ~ 3,1a ~i ---- 0. (14) 

Equation (14) should be sat isf ied for  any harmonic  mapping which is a r ight  po ten t i a l  Obviously the l inear  

mapping 
3 

u , - - - -  ' ~ a ~ x i ,  a } E R  (/-----1,2,3) 

sa t i s f i es  (1), i .e. ,  is ha rmonic .  It is easy  to show that for  any fixed a~, a~, a~, the remain ing  coeff icients  in 
the las t  formula  can be de te rmined  in such a way as to rea l i ze  (3). That i s ,  there  exis t  analytic l inear  
mappings  with a r b i t r a r i l y  given a~, a 2, a~. Whence it is easy  to conclude that 0~i in (14) can a s s u m e  a r b i -  
t r a r y  va lues ,  which is equivalent  to all  the coeff icients  of ~i  being equal to zero .  Refe r r ing  (14) he re  to a 
commuta t ive  a lgebra  with pr incipal  unit el ,  we will  have: 
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1 

(15) 

Since according to the lemma a monogenic function is a r ight  potential,  (15) should be considered 
along with (12), whence we get 

V22 3 1 
= - = + (v 2) = --T" 

Thus, the subdefinite system (12) along with (15) reduces to three equations v, .our unknowns. In 
the last  equation, set t ing ~3 = ( i / 2 )  sin w and ~/232 = ( i / 2 )  cos w, where  w ~ C, we get for  a basis of the image 
c~ of the algebra A, 

E , =  1 , 

0 

E 2 ---~ 

0 - k  o 
2 

i . i 
1 - - ~ s , n o  Tcos~ 

i i 
0 ~-coso ~-sino 

E 3 ~--- 

1 0 0 ~ m  
2 

i i . 
0 ~- cos a} --~- sln a 

i i 
1 ~ s i n  o - -~ -coso  

Thus,  the a lgebra  H~(C) exists .  Multiplying the ma t r i ce s  of (16) we get a Kelly table fo r  H~(C) 

e I e 2 e 3 

el I el e~ e a 

I i 
e2 e2 el2 2i (sin0~e2 _cosoea) y(cos.oe 2 + sin~ea ) 

i el i ea e s -~- (COS ~e~ + sin 0~ea) ----~- + -~- (sin oe2 ~ coscoes) 

(16) 

(17) 

Equation (17) is the Kelly table Of a one--parameter  family of algebras.  The p a r a m e t e r  w, which 
takes values in the complex field, will  be wr i t ten  as an index in the notation of the a lgebra  in the following 
way: Hm0y)w. F o r  example ,  the a lgebra  given in [5] would be denoted in the presen t  sys tem by l:I~(C)~/4. 

w 5. A n a l y t i c  F u n c t i o n s  on  t h e  A l g e b r a s  H ~ ( C )  w 

We shall  find conditions under which hypercomp[ex functions on such s t ruc tures  

a re  right potentials on Hss(C)co. 

F r o m  (3) and (16) we have 

3 3 

t ( ~ ) - - ] ~ u e .  ;-_ ~x~e,. x~ER, U,(x,,xvxOEC 
i ~ l  i ~ l  

[~ 
tox,, h 

" 1 
p, .-- -~ q~ 

i 
~u q~, ~ ~-  (sin to %--  cos o %) 

~s "~" (cos otP 2 -Fain o %) 

1 
- -  -~ % 

(cos ~ % + sin ~tps) 

i 
% + ~ (sin o % . -  cos 0)%) 

This ma t r ix  equation is equivalent  to the system of equa t ions  

OU, 1 OU 2 au, 1 ous 
Ox 2 2 Ox, ' ax~ =-- ~ Ox-----(' 

O.U~ OU~ i { OU2 
= = +am,,, -&7)' Ox 2 

OU~ OU, i [ oU~ _ r = sin to - ~ - -  OUs '~ 
Ox~ Ox, 2 ~ ox, " ~ 1 ) '  (is) 
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au3 nut i [ au2 aus 
Ox3 = "~1 + 7  ~ sin(o---~--- cos~o-~- . ,  

OX I OX 1 J 

which will a lso be called Cauehy - R i e m a n n  conditions for  a r ight  potential  on the harmonic  a lgebras  
H~(C)w. These  conditions a re  wri t ten  as in the theory of functions of a complex  va r i ab le  in the fo rm of a 
sy s t em of l inear  par t i a l  d i f ferent ia l  equations. 

Adding the last  two equations in (18), we get 

an, 1[ Ou~ on~ 
ox, +-o 2 " 

F r o m  this equation and f rom the f i r s t  three equations of (18) it follows that the imaginary  and rea l  par t s  of 
the vec to r s  

l l 1 . ,  1 U =(Ut.---~ Um-- '~Ua)=(u I + ivL---'~(u2 + tc2),--'-ff (ua + ivs) ). 

are  harmonic  vec to r s .  Thus,  (18) connects two conjugate harmonic  vec to r s  in a sense  analogous to that 
imbedded in the concept  of "conjugate" for  two harmonic  s c a l a r  functions connected by the usual C a u c h y -  
Riemann conditions. 

F o r  functions of a hypercomplex  var iab le  on the a lgebras  tl~(C)w one has the following theorem.  
3 

THEOREM 2. The function f(D = ~ Ukek, ~ = ~ ' X k e k  defined in some domain D ~_ I-I~(C)w is mono-  
~ 1  ~'=I 

genic in this domain if and only if it has different iable  components  U1 (xl, x2, x3), U2(xl, x2, x3), U3(x 1, x 2, x 3) 
at each point of this domain (as functions of three rea l  va r i ab les )  and if the C a u c h y - R i e m a n n  conditions 
(18) a r e  sat isf ied.  

This theorem is comple te ly  analogous to the theorem on different iabi l i ty  of functions of a complex 
var iab le .  

According to the i e m m a ,  a monogenic function is a r ight  potential.  It was shown at  the beginning of 
w 5, that if f(~) is a r ight  potential ,  then (18) holds. Whence follows the necess i ty  of the conditions of the 
theorem.  

We shall  prove  the sufficiency of the conditions of the theorem.  Suppose these conditions a r e  s a t i s -  
fied. Then for  finite inc rements  we will  have: 

AUt OU, OU l OU l 
= _O;T + + + L,, 

OU 2 OU~ OU 2 

OUs OUs Ax OUs 
AUs = T 1  Axl + Ox 2 2 + ~ Axs+ Ls' 

where  L 1, L 2, L 3 a r e  quanti t ies  which a r e  inf ini tes imal  compared  with the inc rement  of the a rgument  
(xl, x2, xa). The finite inc rement  Af(~), using (18) will  be: 

/OU I 1 Og2 . 1 aUs Axs) 
AI (;) = AU, e, + AU2e 2 + aUses + e,(-3~ ' Ax, + -~ - ~ t  ax2 + "-ff 

I ~ a~ ,---- , ---- ~ / .  OU~ OU~1 
+ e2 lax, ' +[Ox, - - 2 \ s ' n ~  --e~176 oxi]] Ax' + 

/ au, au~\ I (au~ +-.g(cos~ au2 sin o) . ~ t  ) Ax3 / i + Ax, _ 

�9 T )  I - ~ ' a u "  r 

(e OV, e Ouz OU3 t 
+ L(A;) ---- (e, Ax, + e~Ax, + esaxs) \ , ax, + 2-O-~+es'-~t]+ L(A~), 
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where  L(A~) is a hype rcomplex  quantity of h igher  o rde r  of sma l lnes s  than A~ [with r e spec t  to the norms  
in H~ (C)co]. 

Fixing h, set t ing A~ = ah with r ea l  e and dividing the last  equation by a, passage  to the l imit  as e - -  0 
shows the monogenic i ty  of f([). 

It is e a sy  to prove  that the sum and product  of a finite number  of monogenic functions on the a lgebras  
H](C)cc a re  monogenic functions. Whence it follows that the c l a s s  of monogenic functions on H~(C)~ contains 
at  l ea s t  al l  polynomials .  

The author  thanks Yu. M. Berezansk i i  and P. M. T a m r a z o v  for  valuable r e m a r k s .  
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