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I ~ E L A T I V I S T I C A L L Y  INVARIANT QUASICLASSICAL LIMITS 

O F  [ N T E G R A B L E  T W O - D I M E N S I O N A L  Q U A N T U M  M O D E L S  

I . V .  C h e r e d n i k  

T w o - d i m e n s i o n a l  quan tum i n t e g r a b l e  m o d e l s  whose  q u a s i c l a s s i c a l  l i m i t s  a r e  p r i n c i p a l  
e h i r a l  f i e l d s  wi th  s y m m e t r i c  and n o n s y m m e t r i c  L a g r a n g i a n s  a r e  p r o p o s e d .  

1. In th i s  p a p e r ,  we p r o p o s e  the  ana log  of the H a m i l t o n i a n  s t r u c t u r e  c o n s i d e r e d  in [1] fo r  the p r i n c i -  

pa l  c h i r a l  f i e ld  equa t ion  
2g~, =g~ g- lg~§ lg~, (1) 

w h e r e  g is  a funct ion of  the cone  v a r i a b l e s  ~ and V with  v a l u e s  in i n v e r t i b l e  m a t r i c e s .  It is  shown that  with 
r e s p e c t  to th is  s t r u c t u r e  (which is  not canon ica l )  Eq.  (1) i s  the q u a s i c l a s s i e a l  l i m i t  of an i n t e g r a b l e  quan tum 
m o d e l ,  which i s  c o n s t r u c t e d  on the b a s i s  of the  Yang iden t i t y  [2]. Th i s  p r o v i d e s  one f u r t h e r  way of p rov ing  
the i n t e g r a b i l i t y  of  (1), which was  e s t a b l i s h e d  by  Z a k h a r o v  and Mikha i lov  [3], and,  in p a r t i c u l a r ,  to c a l c u l a t e  
in a v e r y  s i m p l e  m a n n e r  the P o i s s o n  b r a c k e t s  (in the i n t roduc e d  s t r u c t u r e )  of the  c o e f f i c i e n t s  of the S m a t r i x  

a s s o c i a t e d  with (1) (cf. [1]). 

The  s a m e  dev i ce  can  be app l i ed  to B a x t e r ' s  i den t i t y  [4] (found in the i n t e g r a t i o n  of the  XYZ model )  
i n s t e a d  of  the Yang i den t i t y .  In a l i m i t i n g  c a s e ,  we ob ta in  a s p e c i a l  c a s e  of the equa t ion  of the  n o n s y m m e t r i c  

p r i n c i p a l  c h i r a l  f i e ld ,  

corresponding to the Lagrangian 

Jg~g-l§ (2) 

i ~ -1 -t 
2 Sp(g~g Jg,~g ), 

for  g with v a l u e s  in 0 ( 3 )  (J is  a c o n s t a n t  d i agona l  m a t r i x ) .  In th i s  s p e c i a l  c a s e ,  (2) has  a r e p r e s e n t a t i o n  
of z e r o  c u r v a t u r e  of e l l i p t i c  type  and can  in p r i n c i p l e  be  i n t e g r a t e d  by the i n v e r s e  s c a t t e r i n g  method  for  

a r b i t r a r y  J .  

The  p r e s e n t  p a p e r  has  been  w r i t t e n  u n d e r  the  in f luence  of the quan tum i n v e r s e  method  c r e a t e d  by  
F a d d e e v  and o t h e r s  (see [5-7]) and a l so  the  p a p e r  [1], in which  Sklyanin  ob ta ined  the L a n d a u - L i f s h i t z  equa t ion  
of the t h e o r y  of  f e r r o m a g n e t i s m  a s  the c l a s s i c a l  l i m i t  of the XYZ m o d e l .  We d r a w  a t t en t ion  to two f e a t u r e s  
of the m o d e l s  we c o n s i d e r ,  n a m e l y ,  the  u se  of non loca l  H a m i l t o n i a n s  and cone  v a r i a b l e s .  Note tha t  the 
c o n s t r u c t i o n  of a s y s t e m a t i c  quan tum t h e o r y  of c h i r a l  f i e l d s  with v a l u e s  on the t w o - d i m e n s i o n a l  s p h e r e  is  
r e a l i z e d  in the p a p e r  of T a k h t a d z h y a n  and F a d d e e v  on the qua n tum i n v e r s e  s c a t t e r i n g  method  and the 0 ( 3 )  
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nonlinear a model. 

I a m  g r a t e f u l  to L.  D. F a d d e e v  for  a f ru i t fu l  d i s c u s s i o n  of the o r i g i n a l  d ra f t  of th i s  p a p e r  and to 
P .  P .  Ku l i sh ,  who poin ted  out  [8], which  i n v e s t i g a t e s  the equa t ion  ob ta ined  by  ( t r i g o n o m e t r i c )  d e g e n e r a t i o n  
of the c o n s t r u c t i o n  of  the n o •  0 ( 3 )  f i e ld  d e s c r i b e d  be low.  

2. We g ive  b r i e f l y  s o m e  r e s u l t s  f r o m  the t h e o r y  of the s c a t t e r i n g  equa t ion  

E~a-~UE,  (3) 

w h e r e  U and E a r e  m a t r i x - v a l u e d  func t ions  of Z, and ~ is  a p a r a m e t e r .  F o r  p u r p o s e s  of  s i m p l i f i c a t i o n ,  
we s h a l l  a s s u m e  tha t  the  c o e f f i c i e n t s  ui~ of the m a t r i x  U = (Uij) d e c r e a s e  f a i r l y  r a p i d l y  a s  ~ --) : ~ ,  for  
e x a m p l e ,  tha t  they  have  c o m p a c t  s u p p o r t .  We denote  by E~: the  s o l u t i o n s  of  (3) n o r m a l i z e d  by the c o n d i t i o n s  
E:t: -~ I a s  ~-~• (1=(6~)) .  We se t  T(a)=(t~)=E+-~E_. Then (cf. fo r  e x a m p l e ,  [9]) 

6t~/6 U' = a-'E_ 1 ~E +- ~, (4) 

w h e r e  1~'=(6~6;~), and t deno t e s  the  t r a n s p o s e .  

We p o s t u l a t e  the P o i s s o n  b r a c k e t s  be tw e e n  u~: {u~(~), u.,(~')}=i(6~.ur.(~)-5~u.~(~))5(~-~r We c a I -  
eu l a t e  { t~(a) ,  t.~(~)} for  c~ r /~. Since  ( a - ~ ) - ( a B ) - '  Sp(UV; 'VC~-UVC~V~~ ~C~=a- 'E-  
lqvE+ -', and Sp is  the t r a c e ,  

r %  I ~ + ~  {t,. (a) ,  t. ,(~)} = i ~ Sp(UV S" VCq-UVC ~ V(Od~ = ia~ (a-~)  -~ Sp(VC ~ V~ "~ ,~_~ = 

i(a-~)-~(t,~(u)tv,(~) - t , .(a)t.~(~)). 

3 o  

i n f i n i t e s i m a l  s t e p  ~ .  
We se t  

We denote by [~) the matrix 1 i) concentrated at site n of a one-dimensional lattice with 

[ n , z ~ , ,  J -  \ ' o j k  n - -  il n ] " ~ n m .  We r e g a r d  I~J a s  o p e r a t o r s  wi th  the c o m m u t a t i o n  r e l a t i o n s  I ~ r ~ - - ~  I ~ 5 I ~'~ 

~ , ( a )  = a (a-t-n)-* I f l § 2 1 5  (a+•  -~ ~ I ~= I zm n 

l ,m  

where [~ = ZIT,~ (~ is a matrix with coefficients in the algebra generated by I~)), 
i 

~(a) =a(a-•174215 (a-• Z I"~| I m~, 
l,m 

where | is the tensor product of matrices, and ~=Zr174 ~=I|162 The factorization relation for the S 
matrix of [21 can be rewritten (cf. [1]) in the form of the identity 

~. (~)-~n (~) ~ (~-~) =~ (~-~) ~. (~) ~.~ (a), (5) 

w h e r e  a, ~EC, a, ~, a - ~ = / : - •  F o r  i n t e g r a l  M - <  N, we def ine  the m a t r i x  ~ = Y ~ ( a ) = . , ~ N - ~ . . . ~ + ~ ' ~ ( a )  ' ) .* 
Then 5-  s a t i s f i e s  the s a m e  r e l a t i o n  (5) a s  :~e~. 

We c o n s i d e r  a quan tum m o d e l  dependen t  on s o m e  f ixed a ~ C  with H a m i l t o n i a n  Y d , = S p Y ( a )  and 
equa t ions  of  mo t ion  ~ = i •  ~ ] .  To r e p r e s e n t  the equa t i ons  of mot ion  in the f o r m  of a c l o s e d  s y s t e m  of  
r e l a t i o n s ,  we i n t r o d u c e  the o p e r a t o r s  

~ = E I ~ i  liJ , ~ ( a ) - -  ~ N - o %  (a)3-~+~ (a) (M<~<N), ~ ._~=~ ,=5- .  

F o r  i n t e g r a l  m,  n (M -< m < n -< N) ,  we ob ta in  f r o m  (5) the  iden t i t y  

2-~(~)= i (~-~)  (~.(a) ,. (~)-  ~ (~)~_~(a)) .  (~) 

F o r  m = n, fi = 0 we a r r i v e  at  the equa t ion  

~/ /~:  ~a -~ ( ~  (a) ~ / ~ - ~ W ~ _ ~  (a ) ) ,  (7a) 

which  t o g e t h e r  wi th  the  t r i v i a l l y  v e r i f i e d  r e l a t i o n  

* The coefficients of ~ can be expressed in terms of the operators I/J for all n (M -< n -< N). 
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f o r m s  a c losed  s y s t e m  of equat ions  of mot ion for  the p roposed  model .  

Some q u a s i c l a s s i c a l  va r i an t s  of the ident i ty  (6) can be found in [10]. 

The s y s t e m  (7) can be t r a n s f o r m e d  by set t ing 

N 

k = M  

for  some  (c~-dependent) o p e r a t o r - m a t r i x  funct ion g~, of n. As a r e su l t ,  we obtain the quantum analog of 
Eq. (1) (cf. [11]): 

9.~7: ( ~  + ~._~) = (~. + ~._~) -~ 

Substi tut ing m = M in (6), we r e a d i l y  find a z e r o - c u r v a t u r e  r e p r e s e n t a t i o n  for  (8) and (7). If in the l imi t  
h~ we se t  [I~ '~, I~ ]=0,  then (8) goes  ove r  into an in tegrab le  d i s c r e t e  s y s t e m  (a chain) of equat ions  for  the 

m a t r i x - v a l u e d  funct ions  {g~(t)} of the cont inuous  p a r a m e t e r  t ( '~dg~(t) /dt) .  

The cons ide red  model  can be in tegra ted  by the quan tum inve r se  s ca t t e r i ng  technique.  In pa r t i c u l a r ,  
f r o m  (5) for  :V- the re  fol lows the equat ion [9~:, ~ ] = 0 ,  and, expanding l n g ~  in a s e r i e s  in fl in the ne igh-  
borhood  of B = 0, we obtain  an infinite s e r i e s  of  local  quan tum conse rva t i on  laws.  Models  with Hami l ton ians ,  
the coef f i c ien t s  of the expans ion  ln/Td~, have been inves t iga ted  in a number  of  pape r s  (see [12, 13]). In [13], 
one can a lso  find the ca lcu la t ion  of the s p e c t r u m  of 5~d~. 

4.  We ca lcu la te  the q u a s i e l a s s i c a l  l imi t  of the cons t ruc t ed  model  as  z-+O ( h = i ) ,  •  • 
We in t roduce  the cont inuous  v a r i a b l e s  } and V and make the subst i tu t ion I~-6z~I~a~(~) ,  ~OX/a,1,  i• -~ 
[ , ] ~ {  , }, 15~, ~+• Ignor ing  the t e r m s  of o r d e r  ~42, we a r r i v e  at the equat ion of mot ion U,={/T~, U}, 
where  U=(u~j), H ~ S p  T(~), and the l%isson  b r a c k e t s  between u~) a r e  the s a m e  as  in See .2 .  Using (4), we 
find that  U,=ia-'[V, U], where  V=E_E+-'. Since V~=cz-'[U, V], set t ing ia-'V='/2g,g -', u-~U=']~gr -', we a r r i v e  
at Eq.  (1). 

In the s a m e  l imit ,  the identi ty (5) for  2 r~ can be r e w r i t t e n  as  the r e l a t ion  

(~(~), T(~)} =~[~(~-~),  ~(~)~r(~)], 

where  ~ = T |  ~=I |  R=O~/O• Making ca lcu la t ions ,  we obtain the f o r m u l a s  of Sec .2  (cf. [1]). 

(9) 

5. We now a rgue  s i m i l a r l y  on the b a s i s  of B a x t e r ' s  identi ty [4] in the f o r m  of [1] (see a lso  [6]). We 
denote by S i the o p e r a t o r  r e p r e s e n t i n g  the Paul i  m a t r i x  ~ri concen t r a t ed  at s i te  n. We r eca l l  that  
o~ o ' ~ l ' ~ + l  ~, (f~il~2-iV ~, ( f = l ~ - V  ~. We in t roduce  the funct ions W0=l,  W~(a)=sn(•215 -~, W~(a)~dn 
s n - ' ( a + u )  sndn- ' ( •  W~(a)=cnsn-'(a+•215 where  sn, cn, dn a r e  el l ipt ic  funct ions of modulus  k.  
We se t  

.~,~(a) = ~ ,  W , ( ~ ) S j o  ~, ~ ( ~ )  = W~(~)(# | (~. 
i ~ 0  f~o 

Then the ident i ty  (5) holds for  ~ and 9~ . As in Sec .3 ,  we in t roduce  27-(~), /Talc=SpiT(a) and c o n s i d e r  the 
model  with the Hami l ton ian  Yd,. We have S:=i• -~[/~., S : ] ,  where  

1 

r 

This model can also be integrated (see [4, 6]). For it, there is an analog of the identity (6). 

6. We calculate the limit of the considered model as ~ ~ 0. We replace S i by si(~). Then ~d: 
goes over into H a = Sp T(~), where T(~) is determined (see Sec.2) for the equation 

$ 

E~ = Z  w~(ct)s~(~)~ w,(c~)=sn-'(cr w 2 ( a ) = d n s n - ' ( a ) ,  w~(a)=cnsn- i (a )  

(see [1]). The equat ion of mot ion can be r e w r i t t e n  in the f o r m  s~ = 2 ( 6 H ~ / S s )  • s, where  s = (sl ,  s2, s3)t  , 
and • is the v e c t o r  p roduc t .  It fol lows f r o m  f o r m u l a  (4) that  .T-'(6HU6s)~=2iIsX]-ff)ttU6s, where  l=diag(w~(a),  
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w~(~), w3(a)). Making the substitution 2is=u, 2]-'SH~/Ss=v, we arr ive at the system of equations 

which is the required limit. Using the analog of the identity (6), we can write down the quantum variant of 
the system (I0). Note that for T from this section (9) is also satisfied (see [1]). 

(10) 

7. We transform (10) to the form (2). It can be verified that there exists a function g(~, V) that 
takes values in the orthogonal (complex) 3 • 3 matrices and for which g~g-~=U, g~g-1=V, where 

U =  ~ ' :hc ,u~  i j~', F =  2s'~c,~,is",u=(u,,u~, u,)', v=(v,, v~, v~)', c,~=Lj~, c===)=~/=,, c / =  

Then g satisfies Eq. (2). 
patible with Eq. (2). 

j3,]32, j~,=wh(os)q-w,(rx). 
The converse is also true. Note that the condition of orthogonality of g is corn- 
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