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COMPLETE INTEGRABILITY OF ORDINARY DIFFERENTIAL 

EQUATIONS ON SUPERMANIFOLDS 

V. N. S h a n d e r  UDC 517.91 

We say that an ordinary  differential equation is completely integrable [2] if its solution can actually be 
constructed,  i.e., it can be obtained by a finite number of algebraic  operations,  changes of coordinates,  integra-  
tions, and computations of partial der ivat ives .  

1. Let ~ be a supermanifold,  J - - t i m e ,  I - t h e  ideal generated by all the uneven functions in c ~ (~g), and 

write Vectj ~g={D ~Vect Jg×~" [D ] c ~ (j-) -~ 0}. 

THEOREM 1. Suppose that D1,D2 ~ Vectg J~ sat isfy D 1 ~ D~ mod 12 Vectx~g , where P(Di) = 0 (1) if 
dim ~ = (i, 0) {respectively, if dim J = (l,i)), and let ~i be the solution of the differential  equation corresponding 
to D i. Then, f rom a given ¢I,  one can construct  ¢2, and conversely .  

COROLLARY. The integration of an even field D on ~ ,~  reduces to the integration of the corresponding 
(see [2]) field ~D on the underlying manifold M and to that of a sys tem of linear,  nonautonomous equations on R s. 
in part icular ,  the differential equations on ~0,~ and :~l,S are completely integrable.  The integration of the Hamil- 
tonian sys tem defined by the Hamiltonian H with respec t  to the even form ~dp~dg~ + Y eid~ ~, where ej = "1,  reduces 

to the integration of the sys tem defined by the Hamiltonian vH with respec t  to the fo rm E dp{dqi and to that of a 
0 

sys tem of l inear nonautonomous equations having the matr ix  (ai]), where D-= ~(D) + Zau~ i ~ mod 12, and ~ are the 
uneven coordinates on ~ .  

Recall  that the integration of an uneven equation having (1, 1)-dimensional time reduces to the integration 
of an even equation [2]. 

As examples of sys tems to which the theorem and its coro l la ry  apply, we may take dynamical  sys tems on 
the orbits of the coadjoint representat ions  of supergroups for which all invariant polynomials on their  Lie super-  
a lgebras  are even {such are the simple Lie supera lgebras  forming the se r ies  s l ,  osp, SH(0[ 2n), and the co r r e -  
sponding Kac-Moody supera lgebras ;  the corresponding dynamical sys tems  are  the super-Liouvi l le  system,  the 
(p, q)-dimensional  top, the heavy superbody, and their  generalizations [3, 4]. 

Let us note that the above mentioned linear sys tem of nonautonomous equations can be solved by apply[ng 
the T-exponent,  and in this way one can extend the range of applicability of our theorem to all sys tems having 
an integrable underlying sys tem.  

2. If ~duid} i is an uneven form, then the field ~D on the underlying manifold corresponding to an uneven 
Hamiltonian H ~ i f  i medI  3, has the absolutely general  fo rm ~fi(u)8/~u i, and the integration of the field D re -  
quires  special  methods. 
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L e t  JZ be a s u p e r m a n i f o l d  wi th  c a n o n i c a l  f o r m  w, and le t  {,} be the  c o r r e s p o n d i n g  b r a c k e t .  A func t ion  f is  
s a i d  to  be  a f i r s t  i n t e g r a l  of the s y s t e m  wi th  H a m i l t o n i a n  H if  {f, H} = 0. The func t ions  fl . . . . .  fn a r e  s a id  to  be 

in i nvo lu t ion  if  {fi ,  fj} = 0 for  a l l  i ,  j .  

THEOREM 2 (Analogue of L i o u v i l l e ' s  T h e o r e m  [1]). On the s u p e r m a n i f o l d  ./~,~, r + s  =2n,  a s s u m e  tha t  a 
H a m i l t o n i a n  s y s t e m  has  n f i r s t  i n t e g r a l s  fi . . . . .  fn which  a r e  in invo lu t ion  and such  tha t  df  i . . . . .  df n a r e  l i n e a r l y  in-  
dependen t  a t  the  po in t  m ~ ~ .  Then  t h e r e  e x i s t s  a n e i g h b o r h o o d  ~_= m with  c o o r d i n a t e s  fi . . . . .  fn '  gl . . . . .  gn, and,  

in add i t i on  c~ = Z df i dg i .  

P r o o f  of T h e o r e m  1. The  e q u a l i t i e s  D x ( ~  - ~*) --  0 raod 1 * Vect~-j/~ and 9~-- 9~ Iz = 0 (see [2] fo r  the  de f i n i -  

t ion  of the  f i e ld  D~) i m p l y  tha t  ~ ~ ~ m o d I  2. Se t  ~ = (1 + A) ~ ,  w h e r e  ~: c ~ ( ~ x ~ ) ~  c ~ ( ~ × ~ ) i s  an  o p e r a -  

t o r .  Then  the equa t ion  s a t i s f i e d  by  A has  the  f o r m  (l -~ A) 9~ (D~ --  D~) (~)-* = [Dx, A]. 

F o r  our  p u r p o s e  i t  is  enough to def ine  the a c t i o n  of the  o p e r a t o r  A on c~(./Z) i nduc t i ve ly ,  and c o n s t r u c t  

A i - A  mod I i ,  s t a r t i n g  wi th  A i = 0. Se t  AD = ~P~(D1-D2) (qp~)_l Then  hD (C ~ (~))  ~ I and (l ~-A) hD = D~A on 

c ~ (~) ,  whence  DzAi+i  ~--- (1 Jr A i + A i + l - A i )  × AD - (1 + A i) AD m o d I  i+ l  and Ai+  ~ i s  found b y  i n t e g r a t i o n ;  A =As+  ~. 

P r o o f  of T h e o r e m  2. Le t  ~ = ~ × ~  be a n e i g h b o r h o o d  of the poin t  m,  such  tha t  the g iven  f i r s t  i n t e g r a l s  
fl . . . . .  fn, f o r m  a s y s t e m  of c o o r d i n a t e s  on c/z, and  l e t  h i . . . . .  h n be  c o o r d i n a t e s  on ~ .  S ince  cJ is  n o n d e g e n e r a t e ,  
the o p e r a t o r  A~: Vect ~ ~ p ly ,  AcoD = $ ( D )  ~0 i s  an i s o m o r p h i s m .  The  c o l l e c t i o n s  {~/~fl . . . . .  a /~fn} and {D i = A~l(df i ) ,  

1 <- i <- n} c o n s i s t s  of w e a k l y  n o n d e g e n e r a t e  v e c t o r  f i e l d s  (the f i r s t  by  h y p o t h e s i s ,  and the s e c o n d  due to  the  in-  
v e r t i b i l i t y  of the  o p e r a t o r  A~ ). T h e s e  v e c t o r  f i e l d s  a r e  a c t u a l l y  a l l  l i n e a r l y  i ndependen t  (because  the e q u a l i t y  

~k i~ /~f  i = ~,k~D i = D i m p l i e s  D(fj) = Zk~{f  i,  f j}= 0 and D(hi) = ~kiSh i /~ f i )  and so  t hey  f o r m  a b a s i s  in Vec~ ~. By 

the P o i n c a r ~  L e m m a  for  s u p e r m a n i f o l d s ,  w = d l ,  w h e r e  l = ~ ( a i d f i +  b idh i ) .  Define d '  as  the  c°¢(~) - l i n e a r  e x -  

t e n s i o n  of the  d i f f e r e n t i a l  d f r o m  ~ (~) to  c ~ (~) ~ (~) c ~ (~); and the  s e t  l 1 = Z b i d h  i and w' = d ' l ' .  S ince  i(Dj) = 

c~ = dfj and i{~/~fj)~ '  = 0, we have c~' = 0; thus  l '  = d ' ~  = ZS@/ahidh i and 1 = d ~ +  Z (a i -O~/Of i )df  i .  We conc lude  tha t  

c~ = ~d f idg i ,  w h e r e  gi  = a i - ~ / a f i ,  and the fac t  t ha t  w i s  n o n d e g e n e r a t e  shows  tha t  fl . . . . .  fn, gl . . . . .  gn is  a s y s t e m  

of c o o r d i n a t e s .  

The C o r o l l a r y  fo l lows  b y  o b s e r v i n g  tha t  D = ~D + ~ a i j  ( u ) ~ i ~ / ~ j  m o d I  2 w h e n e v e r  p(D) = 0. 

T h e o r e m  2 a p p l i e s ,  for  e x a m p l e ,  to  d y n a m i c a l  s y s t e m s  on t h e  o r b i t s  of the c o a d j o i n t  r e p r e s e n t a t i o n  of the  

s u p e r g r o u p 6  (,~),that r e p r e s e n t  the func to r  C ~ Q ( n ;  C ) =  {XEMat(n ln ;  C)I [X,  ~n]= 0}, w h e r e  ~ =  ( ~  lo~ ) . The  

i n v a r i a n t  p o l y n o m i a l s  on ~ (n)* a r e  H k = o t r X  k,  w h e r e  otr (A B / = tr B The  cho ice  H 2 y i e l d s  an e x o t i c  ana logue  
A ! 

of the  Toda  l a t t i c e .  O the r  e x a m p l e s  a r e  c o n n e c t e d  to the  r e d u c t i o n  a (n) ~ Po (0 I 2n -}- ~), [5] and to  the  K a c -  Moody 
s u p e r a l g e b r a s  c o r r e s p o n d i n g  to the  s e r i e s  ~ and Po .  

I a m  g r a t e f u l  to  D. A .  L e i t e s  for  f o r m u l a t i n g  th i s  p r o b l e m  and fo r  h is  he lp .  
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