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PROBLEM OF SEARCH OF THE MINIMUM OF ENTROPY IN
INDETERMINATE EXTENSION PROBLE MS

D. Z. Arov and M. G. Krein UDC 517.4

1, There are a large number of problems connected with spectral analysis: a) the Hamburger and the
Stieltjes moments problems; b) the Caratheodory and the Nevanlinna— Pik problems; c) extension from the
segment of a positive-definite function and of a correlation function of arc of a helix in a Hilbert space; d)
search of the spectral functions of a canonical system of differential equations, etc., in which, in the matrix-
valued case, the problem reduces to the determination of the special matrix-valued functions f(z) of the class
P, (or Cp) that are holomorphic in Tl = {z:Rez >0} (inK = {z: 1zl <1}) of n~th order with Ref(z) = 0. In
addition, in the so-called completely indeterminate case, the discription of all the desired f(z) is given by the
linear transformation

g (&) = Lon () 6 () + sz ()] Lagg (2) € (2) + agy (2))-1, W

where & (z) is an arbitrary maftrix-valued function of the class Bp, i.e., ¢ (z is a holomorphic matrix-valued
function of n-th order in Iy (K) such that [ ¢ (s | < 1, and A(z) = [aj(@)}} is a (j, J)-inner matrix-valued function,
i.e., A(z) is a meromorphic (j, J)-contractive matrix-valued function in liy(K):

0 —I, 1, 0
4% (5) JA () <, J:[#n O}, /'=[0 _1]’

n,

which, in addition, has (j, J)-unitary boundary values a,e.
By a well-known integral formula, to each f(z) from P, (Cp) there corresponds a matrix-valued spectral
measure o¢ such that

I

§amanas mi<e [ 1ds;m1<teo);

—at
for the boundary values of f(z) a.e.
aBRef(iM) =o0;() (2aRef(M = o} (M)
The following functional has a definite entropy sense [1-3]:
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it is considered usually for ¢ =1 (¢ = 0) and is denoted here in this case by h(f). It is also considered for the
solution of the problem of extrapolation of stationary processes [4].

For an arbitrary (j, J)-inner matrix-valued function A (z) = [aj)(z)]3, the corresponding matrix-valued
function y(z) = —-a2‘21 (z)ay1 (z) is inner and there exists an inner matrix-valued function S(z) such that B(z)ay, (z) is
an oufer matrix-valued function [5]. Let us set

A1 (5) = B (2) lagy(z) 2, (2) — 2y () afy (3)] B* (2)-

THEOREM 1, Let A@z) = [aik(z)]% be an arbitrary (j, J)-inner matrix-valued function such that the cor-
responding matrix-valued function x(z) is "pure," i.e., l x(z)Il <1 in I(K). Then for each fixed ¢ from li,(K)
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where the minimum is attained for % (z) = y* (; and only for this case.

2. The family of the matrix-valued functions f (z} is obviously compact, i.e., each sequence of matrix-
valued functions of this family contains a subsequence that converges in Uy (K), It turns out that for each com-
pact family 9 of the matrix-valued functions f(z) from Pn(Cyp) (finite or infinite) min {» (5): ; = %), denoted in the
sequel by h @), is.always attained,

In the investigation of the singular problems, i.e., of the problems a) and b) with infinite number of data,
the problems c), d), ete., it is usual, as a preliminary, to consider the one-parameter family of the corre-
sponding "truncated" problems, to which correspond the families %. of matrix-valued functions from Pp(Cp)
that depend monotonically on the parameter x, In Theorem 2, formulated below, it is assumed that x runs over
a certain ordered right-filtering set X,

THEOREM 2. Let 9% (z = X) be compact families of matrix-valued functions from Py (C,) such that %, =

A€, ifxy <xy. Then

X1

QW= IR0 (=l )

3. -By the Zasukhin—Krein theorem [4], the condition h(f) < = is necessary and sufficient for the existence
of an outer matrix-valued function ¢f(z) such that (p;(Z)(ﬂf(Z) =Re f(z) a. e, for the boundary values. Here ¢f(z) is
determined by f(z) upto 2 left constant unitary factor and h{f; ¢) =—1nldet @p(2}I.

THECREM 3. Let the matrix~valued function A (z) = [aji(z)]; satisfy the conditions of Theorem 1 such
that the corresponding function 3(z) is scalar. Then for each fixed ¢ € 1l (K)

o7, (9 @1 (O < 8 (D)

where the sign of complete equality is attained here for the constant matrix-valued function %(z) = 4* (y) and
only for this case,

4. We illustrate application of the above-formulated theorems to two examples.

1) The matrix Caratheodory problem (the matrix trigonometric problem of moments), In this problem, it
is required to describe the set %, of the matrix-valued functions £(z) of the class C, such that f(z) = q; +
MZ + oot Azl + O(zm+1), where g4 i =0, 1,,.., m) are preassigned matrices, Letus set a_; =0 ( =
0,1,...,m), A= [aj_klgn, and T = 2ReA, We know that %,,+ @ if and only if T = 0. In the completely in-
determinate case, where 7 >0, %m is described by Eq. (1). We indicate explicit expressions for aji(z). Let
X and Yk (k=0, 1, ..., m) be blocks that form the last n columns of the matrices T~' and A*T~!, respec-
tively, and Xy and Yk be the blocks that form the first n columns of the matrices T~! and AT~!, respectively,
and set

Q, (Z)z(éx‘ )x;;/z, P, (s) = (% )x;,;/, Q. (2) = (go X,z ) £,

P (z) = <Z ))?;’/2.

The polynomial Q(z; ay, a1y . « 4 4y) = Q@) of degree m is normalized and is orthogonal on the unit cirele to
all the polynomials Xy, (z) of degree at most m — 1 in the space of the matrix-valued polynomials X(z) with the
matrix-valued metric defined by the formula

i
(X, Y) = %ﬁ_ 5 Y* (Y ds, (1) X (),
~x

where f(z) is an arbitrary solution ofthe problem; and Q;, (z) = 2™Q (}Z_ a¥, ..., at)y is the polynomial symmetric to

it; it is orthogonal to all zXy,_4(z). The "conjugate" polynomials Py, (z) and Py, (z) have exactly the same sense
if £1(z) is considered in place of f(z). It turns out that

4y (&) =2 P (2)y ag () = P (), g () =2 Qm (), a5 (5= — Qpp (3)-

These formulas are naturally simplified in the scalar case and were established in this case-by A, P, Art&menko
and, independently, by Geronimus (see [6]). In the matrix (and even in the operator) case, various descriptions

124



of the set ¥,., however different from the one given here, were earlier obtained in [7, 8], Since @m is an outer
matrix-valued function, Theorem 3 is applicable, where

A(D = A = Q (D [Q, (D) — L] Qu (D) Q) (D

When ¢ =0, for f= %, we have
B> Indet Koy of ©9,0< 51

the equalities here are attained for f(z) = —Pﬁl(z)[Qﬁl(z)]‘1 and only for this case., The first inequality was
established in [9] by using a flow of "entropy" investigations in spectral analysis [10], and the second inequality
was established in [11]. Let us observe that a narrower class has been considered in these two works in place
of U, .

Applying Theorem 3 to the Caratheodory problem, we get a generalization of the Szegd asymptotic for-
mula [12] to the matrix case,

2) The problem of extension from a segment of the Hermitian-positive functions, In this problem, for a
preassigned Hermitian-positive continuous function r {t) on [-271, 27], it is required to describe the set of the
Hermitian-positive functions r(t) on (=, =) such that r(t) = r;(t) for —27 = t = 27. We know [13, 14] that this
set is always nonempty and, in the case where it contains more than one function r(t), the family %, of the cor-
responding functions

flay=\etriydt  (Bez>0) @)

Py 3

coincides with the image of Py under its mapping into itself by the linear transformation

f (@) = (wy (i2) @ (5) — iwyg (i2)) (iwgy (iz) © (2) + wyy ()} (0 & Py), 3

where det [wic (W]} = 1, wik() (i, k=1, 2) are entire real-valued functions of finite degree 7 of the Cartwright
class such that [wik_(O)ﬁ =1,

The substitution o z) = [1 — % (5)] 1 + ¢ (»))* transforms the transformation (3) into (1), so that

03 (D) = 1 [ (i) — iy ()], e (@) = e [0 (12) + 0y ()]
V2

vz
It turns out that here B(z) = e~7Z. Therefore,
AT (Q) = AN (D) = 267 Im [wyy (i8) wg D) (L= )
Let us observe that in [3] merely the existence of minhx) is proved under additional restrictions on r;(t).

Now if r(t) is a continuous Hermitian-positive function on (—, =) such that for its restriction r,(t) to
[-27, 27], where 7 is an arbitrary positive number, there is no unique Hermitian-positive extension, then by
Theorem 3 for f(z), obtained by Eq. (2), we get

B ) = % In Lim (277 R L Iy [ (i) w® (i2)]}-

The matrix-valued function W(A) = [wik(A)]% is the monodromy matrix of a certain Hamiltonian canonical
system that admits an exact characterization, Analogous results are obtained in the consideration of the spec-
tral functions of arbitrary Hamiltonian canonical systems of arbitrary phase dimension. From them, in par-
ticular, we obtain results about the entropy for strings, established in the fundamental monograph [15], and
also a series of results from the interesting investigation [16] together with certain additions.

5. Formulas, analogous to those indicated here for the Caratheodory problem, were obtained earlier for
the matrix Nehari problem [17]. Results, analogous to Theorems 1-3 with the replacement of Re f(z) by Ig—
f*(z)f(z) are valid for the class Sy g of the matrix-valued functions f(z) of order p x q that are measurable for
Rez =0 (lz| = 1) and for which Il f(z)ll = 1. This enables us to apply the considered method to the Nehari prob-
lem and to a whole series of other problems that reduce to it.

LITERATURE CITED

1. I. M. Gel'fand and A. M. Yaglom, "Computation of the amount of information about a stochastic function
contained in another such function," Usp. Mat. Nauk, 12, No. 1, 3-52 (1957).



2. M. S, Pinsker, "The extrapolation of random vector process and the quantity of information contained
in a stationary random vector process relative to another one stationarily connected with it," Dokl. Akad.
Nauk SSSR, 121, No. 1, 49-51 (1958).
3. J. Chover, "On normalized entropy and the extensions of a positive-definite function," J, Math, Mech.,
10, No. 6, 927-945 (1961).
4.  Yu. A, Rozanov, "Spectral theory of n-dimensional stationary stochastic processes with discrete time,
Usp. Mat. Nauk, 13, No. 2, 93-142 (1958).
5., D. Z. Arov, "Realization of a canonical system with a dissipative boundary condition at one end of the
segment in terms of the coefficient of dynamical compliance," Sib, Mat, Zh., 16, No. 3, 440-463 (1975).
6. M. G. Krein and A. A, Nudel'man, The Markov Problem of Moments and Extremal Problems [in Rus-
sian], Nauka, Moscow (1973).
7. L V. Kovalishina, "J-Expansive matrix-valued functions in the Caratheodory problem," Dokl. Akad.
Nauk Arm. SSR, 9, No. 3, 129-135 (1974),
8. G. M. Il'mushkin, Candidate's Dissertation, Ul'yanovsk (1974).
9. J. P. Burg, Ph. D, Thesis, Department of Geophysics, Stanford Univ., (1975).
10. S. Haykin (editor), Nonlinear Methods of Spectral Analysis, Springer-Verlag, Berlin (1979).
11. H. Dym and I, Gokhberg, "Integral equations and operator theory," 2, No. 4, 503-528 (1979).
12, G. Szegd, Orthogonal Polynomials, Revised Edition, Amer. Math. Soc., Providence, Rhode Island (1958).
13, M. G. Krein, Dokl. Akad, Nauk SSSR, 26, No. 1, 17-22 (1940).
14, M. G. Krein, Dokl. Akad. Nauk SSSR, 44, No. 5, 191-195 (1944).
15, H. Dym and H. P. McKean, Gaussian Processes, Function Theory, and the Inverse Spectral Problem,
Academic Press, New York (1976).
l6. H. Dym and I. Gokhberg, "Integral Equations and Operator Theory," 3, No. 2, 142-215 (1980),
17, V. M. Adamyan, D, Z. Arov, and M. G. Krein, "Infinite Hankel block matrices and related problems
of extensions," Izv, Akad. Nauk Arm. SSR, 6, Nos. 2-3, 87-112 (1971),

A CHARACTERISTIC OF SYMMETRICAL SPACES

M. Sh., Braverman and A, A, Sedaev UDC 513.88

Poritskaya introduced in [1] for a symmetrical space E (all the functions and spaces considered below are
given, unless otherwise stated, on [0, 1]; for definitions and terminology, see [1, 2]) the following numerical

characteristic:
- t— 1
oM
Yoo (= e
1.=1 T -1 7 ‘5

where ne is the characteristic function of ec [0, 1], and the infimum is taken with respect to « = £, j z; |5 = 1,
Tis 0=7¢<7{<...<1y=1,andn=1, 2,,., . It was shown there that the set {p =0, 1]: lim | f (p + ht) —
h~0

I (E) = inf , 1

f(p) |g = 0} of so-called Lebesgue—Banach E points of the function f has measure 1 for any f< £ if, and only if,
E is separable and IL(E) > 0, The purpose of this nofe is to clarify the independence of these conditions as well
as the connection with other characteristics of E, and also to compute LI(E) for the basic classes of symme-
trical spaces.

Let an N-function M(u) (1 > 0; see [3]) and a nondecreasing concave function ¢(t) with ¢(0) = 0 be given,
We consider the space

Ly y= {f S L1, [l  —lint {x, §M (7% () dop () < 1} < w} ,
‘0

where, as usual, f* is a decreasing permutation of || (see [2]).

Khabarovsk Polytechnic Institute., Voronezh Engineering— Construction Institute, Translated from Funkt-
sional'nyi Analiz { Ego Prilozheniya, Vol. 15, No, 2, pp. 65-66, April-June, 1981, Original article submitted
November 20, 1978,

126 0016-2663/81/1502~ 0126 $07.50. ® 1981 Plenum Publishing Corporation



