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1. There  a r e  a l a rge  n u m b e r  of p rob l ems  connec ted  with s p e c t r a l  a n a l y s i s :  a) the H a m b u r g e r  and the 
St ie l t jes  momen t s  p r o b l e m s ;  b) the C a r a t h e o d o r y  and the N e v a n l i n n a - P i k  p r o b l e m s ;  c) extens ion f r o m  the 
s e g m e n t  of a pos i t ive -def in i t e  funct ion and of a c o r r e l a t i o n  funct ion of a r c  of  a helix in a Hi lbe r t  space ;  d) 
s e a r c h  of the s p e c t r a l  funct ions of a canon ica l  s y s t e m  of d i f fe ren t ia l  equat ions ,  e tc . ,  in which,  in the m a t r i x -  
valued c a s e ,  the p r o b l e m  r e d u c e s  to the de t e rmina t i on  of the spec ia l  m a t r i x - v a l u e d  funct ions f(z) of the c l a s s  
Pn (or Cn) that  a r e  ho lomorph ic  in II r = {z:  Re z > 0} ( inK = {z :  I zl < 1}) of n - t h  o r d e r  with Ref (z )  -> 0. In 
addi t ion,  in the s o - c a l l e d  comple te ly  i nde t e rmina t e  c a s e ,  the d i sc r ip t ion  of all the de s i r e d  f(z) is given by the 
l inea r  t r a n s f o r m a t i o n  

i~ (z) = [a~ (z) ~ (~) ÷ a~2 (~)l [a2~ (~) ~ (~) ÷ ~ (z)]-~, (1) 

whe re  ~ (z) is an a r b i t r a r y  m a t r i x - v a l u e d  function of the c l a s s  Bn, i .e . ,  ~ (z) is a ho lomorph ic  m a t r i x - v a l u e d  
funct ion of n - t h  o r d e r  in IIr(K) such  that  II ~ (z) II ~ 1, and A(z) = [aik(Z)]~ is a {j, J ) - i n n e r  m a t r i x - v a l u e d  funct ion,  
i . e . ,  A (z) is a m e r o m o r  phic (j, J ) - c o n t r a c t i v e  m a t r i x - v a l u e d  function in l l r  (K) : 

[0:1 [: 1 = , ] = __1  n ' 
A* (z) JA  (z) ~ /, J --In 

which ,  in addi t ion,  has (j, J ) - u n i t a r y  boundary  values  a . e .  

By a we l l -known in t eg ra l  f o r m u l a ,  to each  f(z) f r o m  Pn(Cn) t he re  c o r r e s p o n d s  a m a t r i x - v a l u e d  s p e c t r a l  
m e a s u r e  a f  such  that  

(ii ) (1 - ~  )~2)-1 [] d z ?  (~.) [] < oo IId:] (~ )  il <~ov ; 
--co - - ~  

f o r  the boundary  va lues  of  f(z) a . e .  

.~ Re ] (i k) = .} (~) (2n Re ! (~x) = a~ (k)). 

The following functional has a definite entropy sense [1-3]: 

i I )~ ~- i~ ]-2 Re 4 In det ~} ()0 d~ (4 ~ Hr) i h( / ;0  : -  ~ 
--co 

i e O~ -- In det vii ()0 d)~ i 
(h (/; 0 = - -  U ~  I 4 I -=) ( i  - -  ] 4 r 2) (4 ~ K)) ,  

it is c o n s i d e r e d  usua l ly  fo r  ~ = 1 (~ = 0) and is denoted he re  in this case  by h(f). It is a l so  c o n s i d e r e d  for  the 
solut ion of  the p r o b l e m  of ex t rapo la t ion  of s t a t i o n a r y  p r o c e s s e s  [4]. 

F o r  an a r b i t r a r y  (j, J ) - i n n e r  m a t r i x - v a l u e d  funct ion A(z) = [aik(Z)]], the c o r r e s p o n d i n g  m a t r i x - v a l u e d  
function )/(z) =-a~-21 (z)a21 (z) is inner  and the re  exis ts  an inner  m a t r i x - v a l u e d  funct ion p(z) such  that  fl(z)a22 (z) is 
an ou te r  m a t r i x - v a l u e d  funct ion [5]. Let  us se t  

a -1 (=) = ~ (=) I~,(~) ~2~ (=) -- ~*, (=) %, (=)] ~* (=) 

THEOREM 1. Let  A (z) = [aik(Z)]~ be an a r b i t r a r y  (j, J ) - i n n e r  m a t r i x - v a l u e d  function such  that the c o r -  
r e spond ing  m a t r i x - v a l u e d  function X(z) is "pure , "  i .e . ,  [1X(z)[[ < 1 in IIr(K).  Then fo r  each  fixed ~ f r o m  llr(IO 
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rain h(/e; ~) = -- i l n  det h (~), 
~EB n 2 

where the minimum is attained for ~ (z) =__ z* (~) and only for this case.  

2. The family of the matr ix-valued functions 1~ (~) is obviously compact ,  i.e.,  each sequence of mat r ix-  
valued functions of this family contains a subsequence that converges in tit(K). It turns out that for each com-  
pact family 9~ of the matr ix-valued functions f(z) f rom Pn(Cn) (finite or infinite) rain {h (]): ] ~ 91}, denoted in the 
sequel by h (~), is a lways  attained. 

In the investigation of the singular problems,  i .e. ,  of the problems a) and b) with infinite number of data, 
the problems c), d), etc. ,  it is usual, as a pre l iminary ,  to consider  the one-paramete r  family of the c o r r e -  
sponding "truncated" problems,  to which correspond the families ~l~ of matr ix-valued functions f rom I~n(Cn) 
that depend monotonically on the parameter  x. In Theorem 2, formulated below, it is assumed that x runs over 
a cer tain ordered r ight-f i l ter ing set  X. 

THEOREM 2. Let ~{~ (z ~ x) be compact  families of matr ix-valued functions f rom Pn(Cn) such that ~t~ 
~1~, i f x  1 <x  2. Then 

h ( x~X  9"Ix) = inf h (~[x) ( =  lira h (~x))" 
xc==X x~X 

3. By the Zasukh in -Kre in  theorem [4], the condition h(f) < ~ is necessa ry  and sufficient for the existence 
of an outer matr ix-valued function ~f(z) such that cp~(z)~0f(z) = Re f(z) a. e. for the boundary values. Here ¢f(z) is 
determined by f(z) upto  a left constant unitary factor and h{f; ~) = - I n  I detef(D ]. 

THEOREM 3. Let the matr ix-valued function A (z) = [aik(Z)] 2 sat isfy the conditions of Theorem 1 such 
that the corresponding function/3(z) is sca lar .  Then for each fixed ~ ~ llr (ICO 

'~* (;) ~I~ C~) ,< a (;), 

where the sign of complete equality is attained here for the constant matr ix-valued function ~(z) = z* (;) and 
only for this ease.  

4. We i l lustrate application of the above-formulated theorems to two examples.  

1) The matrix Caratheodory problem (the matrix t r igonometr ic  problem of moments).  In this problem, it 
is required to descr ibe the set  ~,, 0f the matr ix-valued functions f(z) of the class  Cn such that f(z) = a 0 + 
alz + . . . + a m z m +  o(zm+~), where a i ( i = 0 ,  1 , . . . , m )  are  preassigned matr ices .  Let us s e t a _  i = 0  (i = 
0, 1 , . . . ,  m), A = [aj_k] m, and T = 2ReA.  We know that ~l,~ ~ ~ if and only if T -> 0. In the completely in- 
determinate case,  where T > 0, 9~,~ is descr ibed by Eq, (1). We indicate explicit expressions for aik(Z). Let 
X k and Yk (k = 0, 1, . . . ,  m) be blocks that fo rm the last  n columns of the matr ices  T -~ and A*T -~, r e spec -  
tively, and Xk and Yk be the blocks that fo rm the f i rs t  n columns of the matr ices  T -~ and AT -~, respect ively ,  
and set  

~.n rn 7~ 
Xm/ Pm (z) ~ Y k z  k -'/° ~ Xkzk  I X m -, Q:(z )  XoV2, 

rn 

The polynomial Q(z; ao, al, . . ., a m) = Qm(z) of degree m is normalized and is orthogonal on the unit circle to 

all the polynomials Xm_1(z) of degree at most m- 1 in the space of the matrix-valued polynomials X(z) with the 

matrix-valued metric defined by the formula 

(~ * a*) is the polynomial symmet r i c  to where f(z) is an a rb i t r a ry  solution of the problem; and q~ (z)= zmq ; a 0 . . . . .  

it; it is orthogonal to all zXm-l(z).  The "conjugate" polynomials Pm(Z) and P~(z)  have exactly the same sense 
if f-1 (z) is considered in place of f(z). It turns out that 

an (z) = z ~ (~), a~, (~) = P~ (~), a~l (~) = z q~, (~), a2~ (~) = -- q~ (~). 

These formulas are  naturally simplified in the sca la r  case andwere  established inthis  c a s e b y A .  P. Art~menko 
and, independently, by Geronimus (see [6]). In the matr ix  (and even in the operator) case,  various descriptions 
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of the s e t  .~t.~, howeve r  d i f f e r e n t  f r o m  the one g iven  h e r e ,  w e r e  e a r l i e r  ob ta ined  in [7, 8]. S ince  Qrn is  an o u t e r  
m a t r i x - v a l u e d  func t ion ,  T h e o r e m  3 is  a p p l i c a b l e ,  w h e r e  

When ~ = 0, fo r  ] ~ %, we have 

A-l( ; )  = h ~ l ( ; ) =  Q~(~) [Q~ ( ~ ) ] * i l  ; I  ~ Qrn(;) Q:(~). 

h(O~-~lndetXo,  ff~ (f) q~s (f)< Xol, 

the  e q u a l i t i e s  h e r e  a r e  a t t a i n e d  fo r  f(z) = - P m ( z ) [ Q ~ ( z ) ]  -1 and only for  th is  c a s e .  The f i r s t  i n e q u a l i t y  was  
e s t a b l i s h e d  in [9] by u s i n g  a flow of " e n t r o p y "  i n v e s t i g a t i o n s  in s p e c t r a l  a n a l y s i s  [10], and the s e c o n d  i nequa l i t y  
was  e s t a b l i s h e d  in [11]. Le t  us o b s e r v e  tha t  a n a r r o w e r  c l a s s  has been  c o n s i d e r e d  in t h e s e  two w o r k s  in p l a c e  
of ~1,~. 

A p p l y i n g  T h e o r e m  3 to the  C a r a t h e o d o r y  p r o b l e m ,  we ge t  a g e n e r a l i z a t i o n  of the Szeg6  a s y m p t o t i c  f o r -  
m u l a  [12] to the m a t r i x  c a s e .  

2) The p r o b l e m  of e x t e n s i o n  f r o m  a s e g m e n t  of the H e r m i t i a n - p o s i t i v e  func t ions .  In th is  p r o b l e m ,  for  a 
p r e a s s i g n e d  H e r m i t i a n - p o s i t i v e  con t inuous  funct ion  rT(t) on [--2T, 2~-], i t  is  r e q u i r e d  to d e s c r i b e  the s e t  of the  
H e r m i t i a n - p o s i t i v e  funct ions  r ( t )  on ( - ~ ,  ~) such  tha t  r( t)  = rT(t) fo r  --2T --< t --< 2T. We know [13, 14] tha t  th is  
s e t  is  a lways  nonempty  and ,  in the c a s e  w h e r e  i t  con ta ins  m o r e  than one funct ion  r ( t ) ,  the f a m i l y  ~ of the c o r -  
r e s p o n d i n g  func t ions  

/ (z )=ie- tZr( t )dt  (Rez>C) (2) 
0 

coincides with the image of Pi under its mapping into itself by the linear transformation 

] (~) = (wll  (i~) o~ (z) - -  iw12 (iz)) (iw~, (iz) o~ (z) + u'2~ (iz)) -1 (co ~ e l )  , (3 )  

w h e r e  de t  [Wik(X)]} = 1, Wik(X) (i, k = 1, 2) a r e  e n t i r e  r e a l - v a l u e d  func t ions  of f in i te  d e g r e e  ~- of the  C a r t w r i g h t  
c l a s s  s u c h  tha t  [Wik(0)] ~ = I 2. 

The s u b s t i t u t i o n  (0 (z) = [~ - ~ (z)] [t + ~ (z)]-~ t r a n s f o r m s  the t r a n s f o r m a t i o n  (3) into (1), so  that  

a2a (z) ---- -~i [w22 (iz) -- iwo (iz)], ae2 (z) = ~ [we2 (iz) + iw.,_l (iz)]. 

I t  t u rns  out tha t  h e r e  fl(z) = e -Tz .  T h e r e f o r e ,  

A -1 (~) = A~ 1 (~) = 2e -2~Re~ Im [w21 (it) w2~ (i~)] (~ ~ Ilr). 

Le t  us o b s e r v e  that  in [3] m e r e l y  the e x i s t e n c e  of minh(x)  is  p roved  u n d e r  add i t i ona l  r e s t r i c t i o n s  on rT(t) .  

Now if  r ( t )  is  a cont inuous  H e r m i t i a n - p o s i t i v e  funct ion  on ( - ~ ,  ~) such  tha t  fo r  i t s  r e s t r i c t i o n  rT(t) to 
[-2~-, 2~-], w h e r e  ~- is  an a r b i t r a r y  p o s i t i v e  n u m b e r ,  t h e r e  is  no unique H e r m i t i a n - p o s i t i v e  e x t e n s i o n ,  then by 
T h e o r e m  3 for  f (z) ,  ob ta ined  by Eq.  (2), we ge t  

h (/; ~) = -~i lnxlira~ q-~{2e -~  Re ;Im [w (x)el (it) w~) (iz)]}. 

The m a t r i x - v a l u e d  funct ion  W(X) = [Wik(X)] ~ i s  the m o n o d r o m y  m a t r i x  of a c e r t a i n  H a m i l t o n i a n  c a n o n i c a l  
s y s t e m  that  a d m i t s  an e x a c t  c h a r a c t e r i z a t i o n .  Ana logous  r e s u l t s  a r e  ob ta ined  in the  c o n s i d e r a t i o n  of the s p e c -  
t r a l  func t ions  of a r b i t r a r y  H a m i l t o a i a n  c a n o n i c a l  s y s t e m s  of a r b i t r a r y  phase  d i m e n s i o n .  F r o m  t h e m ,  in p a r -  
t i c u l a r ,  we ob ta in  r e s u l t s  abou t  the e n t r o p y  for  s t r i n g s ,  e s t a b l i s h e d  in the f u n d a m e n t a l  m o n o g r a p h  [15], and 
a l s o  a s e r i e s  of r e s u l t s  f r o m  the i n t e r e s t i n g  i n v e s t i g a t i o n  [16] t o g e t h e r  wi th  c e r t a i n  add i t i ons .  

5. F o r m u l a s ,  ana logous  to those  i n d i c a t e d  h e r e  for  the C a r a t h e o d o r y  p r o b l e m ,  w e r e  ob ta ined  e a r l i e r  for  
the  m a t r i x  N e h a r i  p r o b l e m  [17]. R e s u l t s ,  ana logous  to T h e o r e m s  1-3 wi th  the r e p l a c e m e n t  of Re  f(z) by I q -  
f*(z)f(z) a r e  va l id  fo r  the c l a s s  Sp,q of the m a t r i x - v a l u e d  func t ions  f(z) of o r d e r  p × q tha t  a r e  m e a s u r a b l e  fo r  
Re  z = 0 (r z l = 1) and for  which  iF f(z) tl -< 1. This  e n a b l e s  us to app ly  the c o n s i d e r e d  method  to the N e h a r i  p r o b -  
l e m  and to a whole  s e r i e s  of o t h e r  p r o b l e m s  tha t  r e d u c e  to i t .  

I. 
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A CHARACTERISTIC OF SYMMETRICAL SPACES 

M. Sh. Braverman and A. A. Sedaev UDC 513.88 

Poritskaya introduced in [I] for a symmetrical space E (all the functions and spaces considered below are 
given, unless otherwise stated, on [0, i]; for definitions and terminology, see [i, 2]) the following numerical 
characteristic: 

n 

I I  ( E )  ~ i n [  x i ~-~ ~4[~i_1, Ti ] , 
\ T  i - -  T i _  1 / 

where Re is the charac ter i s t ic  function of e c [0, i], and the infimum is taken with respec t  to xl ~ E, I[ x~ lIE = t, 
Ti, 0 = T O < T I < . . .  < T n = 1, and n = 1, 2, . . . .  It was shown there that the set {p ~ [0, q: lira II ] (p • ht) - -  

h ~ 0  

] (P) lb :~ 0} of so-cal led Lebesgue -  Banach E points of the function f has measure  1 for any ! ~ E if, and only if, 
E is separable and II,(E) > 0. The purpose of this note is to clarify the independence of these conditions as well 
as the connection with other charac te r i s t i cs  of E, and also to compute It(E) for the basic c lasses  of symme-  
t r ical  spaces.  

Let  an N-function M(u) (u > 0; see [3]) and a nondecreasing concave function ~(t) with q~(0) = 0 be given. 
We consider  the space 

1 

where, as usual, f* is a decreasing permutation of ]fl (see [2]). 
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