
is valid for  all t E (0, 1]. 

Let F~ denote the smallest possible constant C in (4). 

T h e o r e m  3. Let ~b ~ g2. The following properties are equivalent: 

(i) /f ~ ~ q~ and ~ <_ ¢ ,  then F~, < ~ ;  

(5) sup P~ < ~ ;  
~ , ~  

(iii) there e~ist constants a, e > 0 such that ¢(t) ~ at ~ for all t e [0, 1]. 

In p~ticular,  if ~ ~ • and ~(t) ~ at e , then P~ ~ 5ale .  

T h e o r e m  4. Let E be an r.i. space and E D L~ for some p < ~ .  Then the equivalence (3) hol&. 

Theorem 4 improves the mMn result of [3]. It shows that a criterion for the ~ l id i ty  of (3) c ~ n o t  be 
stated in terms of the Boyd indices of E.  Note that the condition 

sup < ~ ~ 

where = llli[o,,lli , is necessary for validi*y of 
We use probabilistic estimates in ~he coincidence problem ([~, 4.9.B]) in ~he proof of Theorem 2. 
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Yangians of Lie Superalgebras of Type A(m, n) 
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1. Yangians of Lie superalgebras are related to rational solutions of the graded quantum Yang-Baxter 
equation [3] in just the same way as Yangians of Lie algebras are related to solutions of the quantum Yang- 
Baxter equation. In this note we consider Yangians of simple Lie superalgebras of type A (m, n). Unlike [4], 
we use the definition of Yangians from [1, 8]. Starting from a system of zero-order generators, for which 
the relations and the comultiplication law are similar to those of the universal enveloping superalgebra, we 
introduce first-order generators, for which the comultiplication law is more complicated (see Subset. 3). 
The remaining relations follow from the compatibility conditions for the algebra and coalgebra structures. 
From the finite system of generators and relations thus obtained we derive (quite naturally, in our opinion) 
a new system of generators and relations (Subset. 4), which is used in the statement of the PBW theorem 
(Subsec. 5) and in proving the existence of the universal R-matrix (Subsec. 6). The author is grateful to 
S. Z. Levendorskii for useful discussions. 
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2. In what follows we are interested in classical superalgebras of type A (m, n) ,  m # n [5]. Let us 
recall their definition. Any classical Lie superalgebra G is contragredient and hence is characterized by 

• F - -  o o  , its Cartan matrix A = (ao)i,j= 1 mad by the set r C I = {1,. r} of indices of odd generators. If 
G = A ( m , n ) ,  then r = r n + n - 1  and r = {rn}. The Lie superalgebra G = A ( m , n )  is generated 
by the elements z/+, z~-, and hi, i E I ,  which satisfy the relations Ix/+,z~-] = ~ijhi, [hi,hi] = 0, 
[ h i , z ~ ] = + a i j x ~ ,  and a d 2 ( z ~ ) ( z f ) =  0, i S j ,  where p (zp)  = 0 for i ~ r ,  p(Z~m) = 1 , a n d  p ( h i ) = 0  
are the degrees of the generators and (ada)(b) := [a, b] = a b -  (--1)P(a)P(b)ba. Moreover, yet maother 
relation has been noted recently [6]: [ a d z ~ _ l ( z ~ ) ,  ad + + Zm+l(Xm) ] = 0. Note that for A ( m , n )  the 

{a  ] r n + n - 1  1 for nonzero elements of the Cartan matrix A = ~ i,jli,j=l are al,i = 2 and ai,i+a = ai+a,i = - 
i < rn, and ai-l , i  = al,i-a = 1 and ai,i = - 2  for i > m. 

3. In what follows we denote the superalgebra A ( m ,  n) by G. 

Def in i t ion  1. The Yangian ~(G)  is the Hopf superalgebra over C determined by the generators 
x ± hl,o, x + and h~,~ i E  I =  {1 r e + n - l }  and by the relations [hi,o,hj,o]=[hi,o h~ , l ]=  

i ,0~  i , l '  ' ' " ' "  ' ' ' 

Ih,,~, h~,l l  = 0 ,  Ihi,o, C o l  = ± ~ i ; C 0 ,  ' ~ ~ + - ~+  - , ' [h~,~, ~ , 0 ]  = ± ~ , ~ ,  [ ~ i , o , ~ , 0 ]  = ~i~hl,0, [ ~,a, z~,0] = 
4- 4- 4- 4- 4- ± 

~ i j ( h i , 1  q- ~ h i , o ) ,  t i , 1 ,  j , oJ  - t i , o ,  j , l J  6~h~,1 := ' 1 ~ rz4- z4- ~ - ~z4- z4- ~ ± (ai~/9~)(Z~,oZ~, o + %.,0zi,0), [z , , ,~ ,  z , , ,o]  = 0, 

• ± ~± ± ~±  ± ± ~ , 0 1 1  0,  h' ~/+,11 + I C 1  I~,,~,' - = , [ ~ + ~ , 0  = [[ i,1, ,~7,~] 1]] = • ~,o]] 0 # j ,  [[ ~_~,1 ,  , , [ i , 0 ,  [ i , 0 ,  i Zm,O], z~, 
h ~ + + h ~ , ~m,~]' + [ ~ , ~ ,  [ ~_~,~, ~ , ~ ] ]  0. 0, i ~ ~ an~ [[ ~_~,~, ~ , ~ ]  = 

The comulfiplicafion ~ is defined on ~(G)  by the formulas ~(hi,o) = h~,o ~ 1 + 1 ~ hi,o, ~(Z~o) = 

• ~,,o* ~ + ~* ~,0, i ~ ~ ,  an~ ~ ( ~ , o )  = ~m,0~ * ~ -- ~ * ~m,0~ , ~ ( h ~ , l )  = h~,, * t + ~ * h~,~ + 

[h,,0* ~, ~ ]  ~Ca~  - '  h' " , = ~,~[~( ~,~)' ~ ( C 0 ) ] '  i ~ ~ an~ ~ , ~  = ~-~ , m - ~ , m [ ~ ( h ~ - ~ , ~ ) ,  ~ ( ~ , 0 ) ]  

n e ~  ~ = E ~ + ( - ~ ) " ~ Z  . ~ ,  ~(~) := ~ ( ~ ) .  

T h e o r e m  1. The superalgebra structure is compatible with the cosuperalgebva structure on Y(G) .  

4. Let us introduce a new system of generators for ~he Y ~ g i a n  Y(G) ,  where G = A ( m ,  n). This 
system is similar go the one introduced by W. G. Drinfel'd for Yangians of simple Lie algebras [1, 7]. This 
system of generators is especially useful in the proof of ~he PBW ~heorem and i~s corollaries. 

Let us introduce generators ~ and ~i,~(~ ~(G))  i ~ I k ~ Z+ by the formulas ~ = z ~ i , k  ~ ~ ~ i,O i,O ~ 

~ --1 ~ ~ = ~ a ~ l  1 , m [ h ~ _ 1 , 1  ~ = ~ , ~ ]  an~ ~ , ,~  = [ ~  ~0] i , k + l  ~ i , i [ ~ i , l ' ~ k ] '  ~ ~ m ,  X m , k +  1 _ , , , • 

Definigion 2. Le~ Y(G) denote ~he Hopf superalgebra over C determined by ghe generators z ~  ~ d  
+ - ~ 

hi,~, i ~ I and k fi Z+,  and by ~he relations [hi,~,hj,~] = O, ~i,jhi,~+t = [zi ,~,zj , t ] ,  [hi,o,Zj,t] = 
~ , ~ C , ,  [h , ,~+ , ,  ~ , ~  = [h',~,~,+~]~'~/z~h',~,+C,h',~ fo~ ~ ~ m o~ ~ ~ ~,  [h~,~+a, ~, , ]  = 

0 ,  = 0 ,  = • + m 

~C~, [~L, C,]] + [C., [C~, ~,~] = 0, ~ ~ ~, an~ [ ~ _ , , ~ , ~ , ~ ,  ~ + , , , ,  ~,,1] = 0 fo~ ~ y  
integer m,  r ,  l ,  and t.  No~e ~h~ the parity function assumes ~he following v~ues on ~he generators: 
~(~,~) = 0 fo~ i ~ ~ ~ ~ (i ¢ ~ )  an~ ~ ~ ~ + ,  p(h~,~) = 0 for i ~ Z ~ ~ ~ ~+, ~ ~ (~ ,~ )  = ~. 

T h e o r e m  2. The correspondence ~ ( ~  ~(G))  ~ z ~ ( ~  Y(G)),  ~i,~(~ ~(G))  ~ hi,~(~ Y(G)) 

defines a superalgebra isomowhism ~(G)  ~ Y(G) .  

5. Following [9], le~ us s~ t e  ~he PBW ~heorem for Y ( A ( m ;  n)). The second index of ~he generators 
z ~ and hi,~ will be called ~he degree of ~hese generators, The degree of ~ m o n o ~ a l  is, by definition, ~he 

i , k  
sum of ~he degrees of i~s factors. For a polynomial, ~he maxim~ degree of i~s monora i l s  will be called 
~he degree of ~he polynomi~. Le~ Y(G)~ denote ~he sp~ce of elements in Y(G)  whose degree does no~ 
exceed k. We obgain ~he following filtration on Y(G): 

0 = ~ ( ~ ) _ a  c ~ ( ~ ) o  = ~ ( ~ )  c ~(~)~ c . . .  c r (~)~ c ~(~)~+~ c . . . .  

Le~ us construc~ the root vectors for Y(G) .  Le~ ~ = ai~ + "-" + ~i~ be a decomposition of a positive 
~ ~1 ..1] i~ ~ o . ~ o  ~oo~ v . ~ o ~  f ~ o ~  ~ .  ~oot i .~o  ~ ~um of  ~ o o ~  ~ n  t ~  ~ = [ ~ ,  ~ , ~ , . . .  t~, ._~,  • ~ • 

218 



Let k = kl + ' - "  + kp and -~ = ( k l , . . . ,  kp) ~ Z+ x .-. x Z+ = Z~. Let us define the root vectors by the 
formulas 

... [..~ =~ • = ]l, 
~ } ~ ~ p - - i  ~ * " " 

X ~ , ~  = X ~ - . , ~ ,  ~ . , ~ =  [ ~ , 0 , % , ~ ] ,  h ~ , ~ =  h . , ~ .  

It is easy to check that if k = k~ +- . .+k~  is another decomposition of the n ~ b e r  k ~ d  k '  = ( k ~ , . . . ,  k~), 
then x ~ - -  x ~ - ~ Y(G)~_~ and ~ Y(G)k-~  , ,k ~,k' ha,~ - ha, p . 

For each number k let us fix some vector ~ determining a decomposition of this number. Let us 
X +  - introduce a l ine~  order < on the set ( ~ ,~ ,x~ ,? ,h~ ,~} ,  ~ , ~  ~ ~ ,  j ~ I ,  ~ d  k , l , m  ~ Z+. To this 

end, denote the set of ordered monomiMs in x+~,k'- x~,~,- ~ d  hi ,~  by ~ (<) .  We choose the said l ine~ 

order ~s follows. Let ~(1) < .-. < ~(N) be a linear order on ~ + .  We require that x+-,,k < h~,~ < x~,~- 

for every ~, ~,  j ,  k, l, and s ; if i < j , then x~(i)~ ,~ < xz(j)~ ,~ ~ d  h i,~ < h i s  for any k and l; if k < l, 

then ~ < ~ ' and < forM1 i j ~ I .  x #(i) ,~ x z(i),~ hj,~ hj,~ , 

T h e o r e m  3. ~(<)  is a PBW basis of the Yangian Y ( G ) .  

6. We now prove the existence of a pseudotriangle structure on Y ( G ) .  
~ ~ 

Let T~: Y(G)  ~ Y(G), ~ ~ C,  be the automorphism defined by the formulas Tx(x) = x ,  z ~ U(g), 
T (x I) = ' ' • ~,~ + T~(hi ,~)  = hi,~ + ,0 

T h e o r e m  4. There ezists a unique formal series R($) = l + ~ k ~ l  R~A -~ ,  where R i  ~ Y ( a ) ~ F ( v ) ,  
such that 

(Tx ® id) A'(a) = R(A)(TA ® id) (A(a) )R(A)  -1 , / ~ 2 1 ( , ~ ) . / ~ 1 2  ( _ / ~ )  = 1, 

R12(a1 - a2)R13(A 1 - ~3)R2~(~= - ~ )  = R2~(A~ - ~3)R13(~ 1 - ~3)~12(~  1 - ~2), 

where A' = ~ r o / k ,  cr (x®y)  = (-1)P(X)P(Y)y®x, a 6 ~ ( G ) .  
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