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The goal of this p a p e r  is to give an effect ive descr ip t ion  of those per iodic  potent ials  q(x + T) = q(x), 
f o r  which the number  of gaps  in the s p e c t • m  of Hi l l ' s  ope r a to r  H = - I ~  x + q(x), x E R 1 is finite. Here  and 
below Dt denotes different ia t ion with r e s p e c t  to t. Our in te res t  in this p rob lem was s t imula ted  by an a r t i -  
cle  of S. P. Novikov [1], who showed that  such potent ia ls ,  when taken as initial  data in the Cauchy p rob lem 
for  the K u r t e w e g - d e  Vr ies  (KV) equation, could be  in t e rp re t ed  as per iodic  analogs of N-sol i ton  solut ions,  
and that  f u r t h e r m o r e ,  s t a t ionary  per iodic  and a l m o s t - p e r i o d i c  solutions offthe genera l ized  KV-equations 
turned  out to be potent ia ls  with a f inite number  of gaps.  

We cons ide r  the d i f ferent ia l  equation 

L~ = 4~LDx~, L = -- DSx + 2 (qD~: + Dxq). (1) 

THEOREM 1. In o r d e r  that  the ope ra to r  H have p r e c i s e l y  n nondegenerate  gaps ,  it is n e c e s s a r y  and 
suff icient  that  Eq. (1) have a solution of the f o r m  

~,, (x, ~) = (~ - -  ~i (x)) (~ - -  ~ @)).  (~ - -  M (x)), (2)  

where  al l  Xi(x) a r e  non-constant ,  and Xi(x + T) = ki(x). The l a rge s t  value of the function Xi(x) coincides 
with the r ight  endpoint of the i - th  gap, its s m a l l e s t  value with the left  endpoint. The se t  of solutions of 
Eq. (1) coincides with the se t  of products  f l (x) f2(x) ,  where  f l  a n d f 2  a r e  a r b i t r a r y  solutions of the equa-  
t ion H f  = Xf.  

We r e m a r k  that  the functions ki(x) a r e  e igenvalues  of the following S t u r m - L i o u v i l l e  problem:  
D2Ty + q(x + ~)y = ~,y, y(0) = y(T) = 0. 

Let  ilk(X) be  the coeff icient  of xn-k  in the polynomial  ~bn. By subst i tut ing this polynomial  into (1) and 
col lect ing coeff icients  of powers  of k, one eas i ly  gets  the following re la t ions:  

k It 

I. I .! 
L ~  J 

where  the Ii a r e  in tegrat ion o p e r a t o r s  on the in te rva l  (ci, x), and the ci a r e  constants .  The second equa-  
t ion in (3) can be thought of as  a d i f ferent ia l  equation fo r  q(x). 

Suppose the gaps  in the s p e c t r u m  of H a r e  g iven by  (~i, ~i), ~i-, < ~t < ~l, ~ = l, 2 . . . . .  n; ~0 denotes the 
lower  bound of the s p e c t r u m  of H. We define solutions of Hi l l ' s  equation by the conditions ~0(x, M, 0(x, )Q. 
The notations ~P(0, M = 0, qx(0, M = 1, J(0, k) = 1, Jx(0, ~) = 0 will be used fo r  the values  of the functions 
~p(~), ~(~), ~'(~), J ' (~)  and the i r  de r iva t ives  with r e s p e c t  to x, evaluated at  x = T. We se t  ~f (~) = (O(~)+~'(t)) 
/2, m~ (~)=~-'.(~) [(~'{t)'O ( t ) ) / 2 + ¢ ~ ] .  The solutions ~L~ (x, ~)= 0 (z, t) + m~,2~ tx, ~,) a r e  l inear ly  independent, 
ff FZ(~) - 1  # 0, and can be r e p r e s e n t e d  in the f o r m  [2] ~,~ (~) = exp [+ z In (F (k) + ~ r ~  O ~  i) ] Z~.~ (z k), where  
XI,2 a r e  per iodic  functions of x: zL~ (~ + r, ~) = ~.~ (x, ~). 

F r o m  T h e o r e m  1 and the uniqueness (up to a cons tant  factor)  of the per iodic  solution of Eq. (1), we 
obtain the following r ep re sen ta t i on  for  ~bl(x , D~b2(x, M: 

~ (~' ~) ~' (~' ~) = H (~ - ~ (~))/(~ - ~ (0)). (4) 

It can f u r t h e r m o r e  be shown that  fo r  the potential  q(x) under  considera t ion,  one has  
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m~,: (k) = [Q (k) ~ ~I/P 0 . i l / H ( k  - -  ~.~ (0)), 

w h e r e  Q (~) = Dx~,z(x, ~) [xffi0/2, PC )') = ( ~ -  ~0) (~ - ~O ( ~ -  ~ ) .  • • (~ - (~)- Denote by ~ the hypere l l ip t i c  s u r -  
f a c e  of  the funct ion V~P-(~, thought  of as  a t w o - s h e e t e d  c o v e r i n g  s u r f a c e  of  the  t - p l a n e .  Then  ~l,2(x, )0 
c an  be r e a l i z e d  as  d i f fe ren t  b r a n c h e s  of a funct ion which is aaa ly t i c  and s i n g l e - v a l u e d  on a, n a m e l y  ~ (~, ~.) = 

(z, ~) + 9 (z, ~)[0 (~) Jr : t f ~ ) I / l - I  (~ - ~ (0)). By (4), ~(x, ),) a s  funct ion on ~ has  n s imp le  z e r o s  a t  )q(x) and n 
s i m p l e  poles  at  ki(0). F o r  ), - -  =, we have  ¢(x, ),) ~ exp(ix v ~ .  

A c c o r d i n g  to s t a n d a r d  p r o c e d u r e ,  we choose  canon ica l  cuts  (a i, bi) on u. By adopting a r g u m e n t s  due 
to N. L A k h i e s e r  [3], one can  now show tha t  f o r  the d e t e r m i n a t i o n  of  the funct ions ),i(x) i t  suf f ices  to solve  
a Jacob i  i n v e r s i o n  p r o b l e m :  

k ~ l  ~l " ~  ov ~ i  

w h e r e  dU~(k) is a b a s i s  f o r  the n o r m e d  Abe l i an  d i f f e ren t i a l s  of the f i r s t  kind,  dc~(t) is an  Abel ian  d i f f e r en -  
t ia l  of the second  kind with z e r o A - p e r i o d s  a n d a  s e c o n d - o r d e r  pole  a t  infinity.  The in t eg ra l s  in (5) a r e  
t aken  a long the  s h e e t  conta in ing  the c o r r e s p o n d i n g  )~i(x) and Xi(0). Define v e c t o r s  e, l, g ~ C n by the f o r -  
m u l a s  

Gi L t 
;t 

.-:r-" g~ := - ~ aui (~) -~ T- T ~, B~,, (6) 

w h e r e  B = ][Bikl[ is the m a t r i x  of B - p e r i o d s  of  the d i f fe ren t ia l s  dUi(~). With the m a t r i x  B one a s s o c i a t e s  
the we l l -known R iem ann  e- funct ion ,  0(v) -- s u m  e~p {zi (Bk, k) + 2~i(k, v)}, where  the s u m  is extended 
o v e r  all  i n t ege r  n - tup le s  k - {1<1 , . . . ,  kn}, v ~ c-, a (k, v) = k,~', - k, ~., . . . .  + k : . .  

s 
By us ing  E. L Z v e r o v i c h ' s  a l g o r i t h m  [4] f o r  the  so lu t ion  of  the Jacob i  i nve r s ion  p r o b l e m ,  one eas i ly  

f inds a r e p r e s e n t a t i o n  fo r  the s u m  of the funct ions  Xi(x): 

Z, (.~') = ~ I ~.dU. 0,) - re~ {~. d0 (e. ,I - ~,)}. (7) 

The left side of (7) differs only by a constant from -q(x)/2. * This follows from formula (3) for k = I. 
Calcu la t ion  of  the r e s i d u e s  on the  r i gh t  s ide  of (7) leads  one to the r e m a r k a b l e  f o r m u l a  

q (z) = - ~ In 0 (xt + g) + c, (8) 

w h e r e  C is a cons tan t  e x p r e s s i b l e  th rough  ~i  and ~i. 

The au thor s  wish  to thank V. S. Bus laev  and L. D. Faddeev  fu r  t he i r  i n t e r e s t  and helpful  d i s cus s ions .  

Af t e r  f in ishing this  work ,  we b e c a m e  aware  of a p a p e r  by B. A. Dubrovin,  the bas i c  r e s u l t  of  which 
is the s t a t e m e n t  tha t  the so lu t ion  of  KV s t a r t i n g  f r o m  an n - g a p  ini t ial  va lue  has  the f o r m  q(x, t) = R(x/ + 
tv + r),  whe re  R is a r a t i ona l  funct ion  of 0- funct ions ,  and the  v e c t o r s  l ,  v, r E C n a r e  independent  of  x and 
t. If this  r e s u l t  is combined  with f o r m u l a  (8), one ge t s  the fol lowing r e p r e s e n t a t i o n  of  the solut ion q(x, t) 
of  KV with init ial  condi t ion  (8): 

q(~r, t) = - -  2 D  z ln O (x l  4 -  tv  -h  g) 4 -  C. 
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*This  p a r t i c u l a r  f ac t  is  not  new,  hav ing  f i r s t  been  noted by Hochs tad t  [6]; a s i m p l e r  p roo f  can  be based  on 
the G e l t f a n d - L e v i t a n  t r a c e  f o r m u l a s  [5]. 
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