
T H E  N O N C O M M U T A T I V E  M A R K O V I A N  P R O P E R T Y  

L.  A c c a r d i  

The notion of the (d)-Markovian p rope r ty  was introduced for  a d i s c r e t e  random field by R. L. Dobru-  
shin [1]. E. Nelson [2] gave the formula t ion  of the Markovian p r o p e r t i e s  for  the continuous case  and 
showed that  this concept  p lays  a s ignif icant  ro le  in the theory  of Bose f ields.  The a t tempt  at  expanding the 
Nelson method to the case  of F e r m i  f ie lds  na tura l ly  leads to the p rob l em of defining the noncommuta t ive  
Markovian p rope r ty .  

On the o ther  hand, in connection w i t h t h e  r e su l t s  obtained by H. Araki  [3] applying to quantum la t t ice  
s y s t e m s ,  Ya. G. Sinai noted ([4], appendix to the Russ ian  edition) that  an invest igat ion of such s y s t e m s  
leads to the p rob l em of defining the concept  of a "noncommuta t ive  Markov chain ~ (i.e., to the p r o b l e m  of 
defining the c lass  of s t a t e s  on the a lgeb ra  of quas i local  obse rvab les  on a one-d imens iona l  quantum s y s t e m  
which would f o r m  the analog of conventional  Markov chains).  

The p r e sen t  p a p e r  advances  a genera l  definit ion of the noncommuta t ive  Markovian p rope r ty  and 
shows that  the s t r u c t u r e  and p r o p e r t i e s  of the cor responding  s ta tes  in the un i formly  hyperf in i te  case  have 
noteworthy analogies  with conventional  Markov chains.  

A re la t ionship  is es tab l i shed  between noncommuta t ive  Markovian  s t a t e s  and Gibbsian s ta tes  con-  
s t ruc ted  by H. Araki  [3]. 

The author  thanks Ya. G. Sinai for  his fruitful  d i scuss ion  of the p r e s e n t  paper .  

§1 .  G e n e r a l  D e f i n i t i o n s  

Definition 1. Let  d(B) C_ B ~ A be C*-a lgeb ra s .  The quasicondit ional  expectat ion with r e s p e c t  to the 
t r ip l e t  d(B) _C B C A is cal led a l inear  mapping E : A --- B with the following p rope r t i e s :  

1) E(a) > 0 ,  i f a E A ,  a >-0; 2)E(c.a)  - c . E ( a )  V c ~ d ( B ) , V a ~ A ;  3) [I E (c') [[ ~ ]l c' [I V c ' ~ d ( B ) '  , 
where  ( . ) '  is the commutan t  of A. 

F o r  example ,  ff P:  A ~ B is the conditional expectat ion (see [5]) and H E d(B)' ,  [[H [] < 1, then E(a) = 
P(H*aH) de t e rmines  the quasicondit ional  expectat ion with r e s p e c t  to the t r i p l e t  d(B) ___ B ___ A. 

Definition 2. Let  d(B) C B ___ A be the s a m e  as they a re  above,  and let  E be the quasicondit ional  ex -  
pecta t ion with r e s p e c t  to this t r ip le t .  It is sa id  that E has  the (d)-Markovian p rope r ty  ff E(d(B)' (3 A) ___ 
d(B)' N B. 

The quasicondit ional  expecta t ion given in the example  of Definition 1 has the (d)-Markovian p r o p e r t y . t  

Let  {A~}~:_~ be a f i l t e r ing  fami ly  of C * - a l g e b r a s ,  and let  d : ~ --~ ~ be a mapping such that  d (a) -< 
a ,  ~ -~ ~ ~ d (a) -< d i~). It is sa id  that the family  { E ~ , ~ } ~  of quasicondit ional  expecta t ions  re la t ive  to the 
t r ip le t s  Ad(~ ~ A~ C_ As has the (d)-Markovian p r o p e r t y  if each E~,~ has  this p rope r ty  (i.e.,  ff E~,~ 
(A~(~) A A~) ~- A~)  fl A~, a -~ [~ (the commutan t  is unders tood in re la t ion  to A = C*-lim A~ which is the 

C*-induct ive  l imi t  of  the fami ly  {A~ }~_~)). 

f i t  may  be p roved  that each quasicondit ional  expecta t ion has  the (d)-Markovian p roper ty .  
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Definition 3. Let  {A~}~e~ and d be the same as they a re  above. The state ~ on A = C*-lim A~ is 

called {d)-Markovian if there  exis ts  a fami ly  {E~,~} of quasiconditional expectations re la t ive  to the t r ip le ts  
Ad(~) ~_ A~ ~_ A s which is such that ~ (as) = ~ (E~,~ (aB)) Va~ E AB, a -~ ~. 

Remark  1. If ~ is a (d)-Markovian s ta te  and {E~,~} is the corresponding family of quasiconditional 
expectat ions,  then 

E ~  (a~) = a~ (mod ~) Ya~ ~ A~, a -~  ~ .  

The l a t t e r  equation should be understood in the sense  that 

We shall continue to hold to this agreement  fu r the r  on. Specifically,  if {E'~.~} is another  family of quasi-  
conditional expectat ions sat isfying the conditions of Definition 3, then Ea, ~ = E ~  (rood ~). The re fo r e ,  the 
(d)-Markovian s ta te  defines the cor responding  family of quasiconditional expectations uniquely. Moreover ,  
E~ .~=E~ ,~  oE~. p(mod~), a - ~ - ~ ¥ .  

Remark  2. The p rope r ty  of being a (d)-Markovian state  depends essent ia l ly  on the family of local 
algebras { A ~ } ~ .  Fu r the r  on the dependence will be assumed in the general  case.  

Let  S be a topological space and ~ a fami ly  of c losed subsets  of S such that 

D the union of all  se ts  in ~ i s  equal to S; 

I]} ff F ~ ~,  then S--F and OF (the boundary of F) belong to ~ .  

The family  of local  a lgebras  on S is the fami ly  of C*-a lgebras  { A F } ~  which is such that ~ sa t i s -  
f ies I), II), and 

H D F  ~_ G ~  A~ ~- A~ (isotonicity), 

IV) A~ = AS-F (duality). 

(For  the open subset  U ~ S, A U is defined as a C*-a lgebra  genera ted  by all AF, F ~ ~, contained in 
U, while the commutant  is unders tood in re la t ion  to A = C * - lira A~ .) The context of the local algebras is 

natural  for  •formulation of the noncommutat ive Markovian proper ty .  

Definition 4. The Markovian s ta te  ~0 on A = C*-lim Ay is a (d)-Markovian state in which the mapping 

of d is defined as d(F) = ~ (the in te r io r  of F), F ~ ~. 

If ~ is a Markovian s ta te  and {E~,~}~_~ is the corresponding family of quasiconditional expectations 
re la t ive  to the t r ip le t  AI~ ~_ Ay ~ A,  , then the Markovian s~ate can be expressed  by the relat ionship 

Ea,~(As_ p ~ A~)~As_ ~ ~ At, F~G,  F, G ~  ~. 

In the general  case  the re la t ionship As..p ~ A~ = AoF does not hold. There fore ,  the relat ionship E~,F (As_ ~ 
A~) ~_ A0~, F ~_ G, F, G ~ ~, will be cal led ~the s t rong Markovian proper ty . "  Assume now that {Ar}Fe~ is 
such that if F C G, then AG is genera ted  by AF and AG-F. In this case we shall write AG = AF ~/ AG-F 
and say that the fami ly  ~AF} is faetor izable .  Moreover ,  let  EG, F be a conditional expectation; then it can 
easi ly be seen  that f o r  G = S, ES, F = EF is a s t rong Markovian proper ty  equivalent to the relat ionship 
EF(AS_F) C A~F. In the commutat ive  case  the family of local algebras is fac tor izable  (see [6]) and the r e -  
lationship given, as can easi ly  be shown, coincides with the Markovian p roper ty  in the Nelson formulation,  
it being t rue  that the (d)-Markovian p roper ty  genera l izes  the analogous concept formula ted  by Dobrushin [1]. 

§2 .  T h e  U n i f o r m l y  H y p e r f i n i t e  C a s e  

Let  A = C*-lim Mien], where M[0,n ] is a fac tor  of the type Ipn, Pn E N, while all M[0,n ] a re  assumed 

to have one and the same unity. Fo r  m -<- n we place M[m,r~] = M[o,m-1] N MIami. If ~p is a s tate  on A, then 
we use ¢P[0,n] to denote the const r ic t ion of ~a on M[0,n ] and ¢Pn the const r ic t ion of ~o on M[n,n] = Mn (which is 
Iqn-factor).  The Markovian state  will be a (d)-Markovian state,  where  the function d is defined as d: [0, 
n] ~ [0, n - l ] .  The Markovian p rope r ty  fo r  the quasiconditional expectat ion E,÷I,, : M[0,,.lj --* M[o,,] is ex- 
p r e s s e d  thus: E~÷I,~ (M[n,~÷~]) ~_ M~ . The family  {M[0,n]~ is factor izable ,  and the Markovian proper ty  coin- 
cides with the s t rong Markovian proper ty .  



T H E O R E M  1. Le t  ~ be  a M a r k o v i a n  s t a t e  on A. Then  ~o def ines  the  p a i r  {(~n); ~o0} such  tha t  the f o l -  
lowing hold: (i) ~o 0 is a s t a t e  on M0; (ii) an : M~ --- .~ (M~+~, M~) is  a l i n e a r  o p e r a t o r  such  tha t  the  m a p p i n g  
a~. a~+~ ~ Mrs, ~+~j ~ a~ (a.) [a,÷~] ~ M ,  is  p n _ l - p o s i t i v e  in the  s e n s e  of [7] with a n o r m  not  e x c e e d i n g  1. 
(:~ (M~÷~, M~) is  the  s p a c e  of l i n e a r  o p e r a t o r s  f r o m  Mn+ 1 into Mn.) (iii) Le t  b i  EMi,  a i (bi )*  be  con juga te  

with r e s p e c t  to ¢i(bi),  0 --< i --<- n, f o r  each  n E N. Then  the equa t ion  

q~to, n] (bo . . . . .  bn) = [zn ( b , ) , . . . . .  ao (bo)* %] (1) 

c o m p l e t e l y  de f ines  the  p r o j e c t i v e  f a m i l y  (~0[0,n]). C o n v e r s e l y ,  each  such  p a i r  de f ines  a unique M a r k o v i a n  
s t a t e  on A. 

P roof .  Le t  ~o be  a M a r k o v i a n  s ta te .  Then  t h e r e  e x i s t s  a f a m i l y  {En, n- t} of  quas i cond i t i ona l  e x p e c t a -  
t ions  r e l a t i v e  to the  t r i p l e t s  Mto,,,-zi G Mto,~-~l ~ Mto,n], which h a s  the M a r k o v i a n  p r o p e r t y ,  and ~0 is  c o m -  
p l e t e ly  def ined  by the induct ive  r e l a t i o n s h i p s  

g~[o,.] (a[0,.]) = q~[o, n-~] (E,,, ..-a(a[o,~l)) Vat0,.] ~ Mto.n). (2) 

Since {IvI[0,n ]} is  f a c t o r i z a b l e ,  the quas icond i t iona l  e x p e c t a t i o n  En, n_ 1 is de f ined  by  i ts  v a l u e s  on M[n-l ,n] .  
Le t  (r n be  def ined  by the equa t ion  

zn (bn) [b,,.l] = E,,+L n (bn" bn+x), b,~ E M. ,  bn+l ~ Mn+l- (3) 

Then  the f i r s t  s t a t e m e n t  in (ii) and (iii) d e r i v e ,  r e s p e c t i v e l y ,  f r o m  the M a r k o v i a n  p r o p e r t y  and f r o m  Eq. (2). 
F r o m  f a e t o r i z a b i l i t y  it fo l lows tha t  Mto, ~+x] ~ ~ n - 1  (Mr . . . .  +~])~ and M[0, n] ~ ~ , , - t  (M~); t h e r e f o r e ,  p o s i t i v e -  
n e s s  of  En+l, n is  equ iva l en t  to p n _ l - p o s i t i v e n e s s  of the m a p p i n g  a~.a~+x @ M[~, ~÷~] ~ ~ (a.) [a~+ x] ~ M . ,  
and th is  p r o v e s  (ii). 

A s s u m e  c o n v e r s e l y  tha t  {(an); ~0} is a p a i r  s a t i s f y i n g  (i), (ii), (iii). The f a m i l y  (~[0,n]) i s  p r o j e c t e d  
and def ines  a unique s t a t e  ~ on A. Let  E~+~,. : M[o, .+i] --~ M[0, ,q be a l i n e a r  m a p p i n g  tha t  is  def ined  by  
m e a n s  of (3) and the  equa t ion  

E.+L ,~ (b[o. ,,-q. b t ..... x]) ----- b[o, .-~]. E.+~, n (bt~, ~+~]), b[o, .-x] ~- Mto, n-q. 

The concep t s  p r e s e n t e d  above p r o v e  tha t  En+~, n is a quas i cond i t iona l  expec t a t i on  and tha t  the Mffrkovian  
p r o p e r t y  d e r i v e s  f r o m  (ii). The  quas icond i t iona l  expec t a t i on  Era,n+ l, is def ined  by  a c o m p o s i t i o n  f o r  m -< 
n; the s t a t e  ~p s a t i s f i e s  the  r e l a t i o n s h i p  (2) and is  consequen t ly  Markov ian .  The  t h e o r e m  has  been  p roved .  

R e m a r k  1. The fac t  tha t  Eq. (1) def ines  a p r o j e c t i v e  f a m i l y  of s t a t e s  m a y  be e x p r e s s e d  by  the  e q u a -  
Lion 

on (bn) [i] = bn (rood q~). (4) 

R e m a r k  2. In the c o m m u t a t i v e  c a s e ,  (1) t akes  the  f o r m  

~t0.,q (b0. • • • .bn) = [tP,~b,~otP,~-,b,,_l..i ~. tPob,,.wo ], (1') 

w h e r e  t P k  is a t r a n s p o s e d  s t o c h a s t i c  m a t r i x ;  w 0 is a s t o c h a s t i c  v e c t o r ;  bk is a d iagona l  m a t r i x ,  and Wo(U)--- 

:~m~u~, wo = (wt), u = (ui). If bk a r e  p r o j e c t o r s ,  then  the r igh t  s ide  of (1') y i e ld s  the  e x p r e s s i o n  f o r  jo int  
i 

p r o b a b i l i t i e s  in a conven t iona l  nonun i fo rm M a r k o v i a n  chain.  

A s s u m e  now tha t  Zn = an (1) f o r  each  n E N. The  s e q u e n c e  (Z n) is  ca l l ed  a s equence  of t r a n s i t i o n a l  
m a t r i c e s  fo r  the M a r k o v i a n  s t a t e  ~. The  fol lowing concep t  jus t i f i e s  th is  n a m e .  

COROLLARY 1. The  o p e r a t o r  Zn E ~ (M,+I M~) is def ined  by  the m a t r i x  (") (~ ,~ ) ,  i ~< i, ] ~< q . ,  
i ~ a, ~ ~ q~÷1, whose  coe f f i c i en t s  s a t i s f y  the r e l a t i o n s h i p s  

~ ~ , (5) 

.qn+l ~!,.,) ~,, ~ = 5ij (mod qJ). (6) 

P roof .  F r o m  the p r o p e r t y  (ii) in T h e o r e m  1 it fo l lows tha t  Zn is  pos i t i ve  and t h e r e f o r e  t r a n s f o r m s  
H e r m i t e  o p e r a t o r s  into H e r m i t e  o p e r a t o r s ,  which  p r o v e s  (5). The  r e l a t i o n s h i p  (6) is  a p a r t i c u l a r  c a s e  of  
Eq. (4). 

$ ~n  (.4) is a m a t r i x  a l g e b r a  of o r d e r  n × n having  coe f f i c i en t s  in A. 



Using Wn to denote  the dens i ty  m a t r i x  of ~n,  we de r ive  the re la t ionsh ip  Wn+ l = WnZn, f r o m  (1); this 
r e la t ionsh ip  r e p r e s e n t s  the analog of  the we l l -known  re la t ionsh ip  Vn+ 1 = VnPn (Pn is a s tochas t i c  ma t r ix ;  
Vn is a s t ochas t i c  vec to r )  f o r  a convent iona l  Markov  chain.  One may  wr i t e  the  equat ion 

W~ = W~Z (s; t), s -~  t (7) 

in a m o r e  g e n e r a l  way,  w h e r e  Z(s; s) = 1, Z (s; s + 1) = Zs,  and Z(s; t) s a t i s fy  the noncommuta t ive  Chap-  
m a n - K o l m o g o r o v  equat ion Z(r ;  t) = Z(r ;  s) • Z(s;  t), r -< s ~ t. It may  be p roved  that  T h e o r e m  1 a l so  
holds f o r  cont inuous p a r a m e t e r s  of t he se  equat ions;  then app ly ing  r ea son ing  which is analogous  to the r e a -  
soning used in the c o m m u t a t i v e  case ,  we de r ive  the noncommuta t ive  d i r ec t  Ko lmogorov  equat ion (d/dt)W(t)= 
W(t)S(t), where  the o p e r a t o r  B - -  BS(t) t r a n s f o r m s  Hermi t e  o p e r a t o r s  into Hermi t e  o p e r a t o r s  with a z e r o  
t r a c e  fo r  each  t. A s i m p l e  example  of an o p e r a t o r  of  this  f o r m  is B ~ i [B, H(t)] = i (BH(t ) -H( t )B) ,  whe re  
H(t) = H(t) L Subst i tut ing this  o p e r a t o r  into the noncommuta t i ve  d i r e c t  Ko lmogorov  equation,  we obtain  
(d/dt) W(t) = i[W(t); H(t)] (i .e. ,  we obtain  the Schr i id inger  equat ion fo r  the dens i ty  mat r ix) .  Conve r se ly ,  
s t a r t i n g  f r o m  the Schr i id inger  equation,  we obta in  the s e m i g r o u p  K(s, t) of m a t r i c e s  whose  coef f ic ien ts  
sa t i s fy  the r e l a t ionsh ips  (5) and (6) which define a noncommuta t ive  s tochas t i c  mat r ix .  

§ 3 .  T h e  U n i f o r m  C a s e  

Unlike the c o m m u t a t i v e  case ,  the M a r k ° v i a n  s ta te  is not defined by jus t  the init ial  d i s t r ibu t ion  ~0 and 
the sequence  (Z n) of  t r a n s i t i o n  m a t r i c e s ;  it is n e c e s s a r y  to know the sequence  (~n). In this sec t ion  it is  
p r o v e d  that  n e v e r t h e l e s s ,  the  e rgodie  behav io r  of  ~ depends  so le ly  on the t r ans i t i on  m a t r i c e s .  P r e s e r v i n g  
the  nota t ion in the  p r e c e d i n g  sec t ion ,  let us c o n s i d e r  the c a s e  when Mn ~ M does not  depend on n. In this  
c a s e  A ~ ®  M ,  w h e r e  M 'is a f ixed lq - f ac to r .  We use  Jn  to denote  the inse r t ion  of M into the n - th  f a c to r s  

N 
and p roduc t s .  The shif t  o p e r a t o r  T in A is an a l g e b r a  e n d o m o r p h i s m ,  which is defined by the p r o p e r t y  
ToJk ~ Jh.~ (l: ~ O). It is sa id  that  ~ is s t a t i o n a r y  if ~ o T = ~.  Let  ~ -= {(qn); ~0) be a Markov ian  s ta te .  
We sha l l  c o n s i d e r  l i nea r  o p e r a t o r s  a,  : M -~ ~ (M) which a r e  such that  E,,~, ,, (J~ (a,).J,,.~(a,+~)) ---- 

= J,  Ion (a,~)/a,,+III. 

LEMMA 1. Let  ~0 - ~(qn); go0} be  a Markov ian  s ta te  on A, and let  Zn = ~n(1) fo r  each n. Then  ~o is 
s t a t i o n a r y  if and only if  1) Z~cpo =- q~o, 2) o~ ~ Do (rood q~), Vn ~ N. 

P roof .  The su f f i c i ency  is obvious .  If  ~o is s t a t i ona ry ,  then f o r  each  b E M the equat ion 

(J~ (b)) = [o~ (b)* Zo(PoI (t) = 1oo (b)* ~Po] (1) = ~o (b) 

holds ,  whence  Z o ¢  0 = ~o 0, ql = u0 (rood q).  The p r o p e r t i e s  1) and 2) de r ive  f r o m  this  by induction.  

Thus ,  the s t a t i o n a r y  Markov ian  s ta te  is def ined by the p a i r  {q; ~o0}, whe re  a(1)* ¢0 = ¢0- Since we 
shal l  c o n s i d e r  Markov ian  s t a tes  f o r  d i f f e ren t  ini t ial  da ta  ¢0, i t  is a s s u m e d  in this  sec t ion  (in a c c o r d a n c e  
with the a g r e e m e n t  adopted in the c o m m u t a t i v e  case)  tha t  Eqs .  (1) and (2) in I_emma 1 hold absolu te ly  and 
not  only  fo r  modulo  ~. 

F o r  a s t ipula ted  ~ = {~; ~0} let  the l i nea r  t r a n s f o r m  ~ t ~  ~1 : M[ . . . .  ] --, .~ (M), m ~ ~, , be defined as 

f o l l o w s :  

J,,,(b,~)......ln(b,~),-,.z(b,~)[~(b,~+~)l...o(b,~)['l...l], b ~ M ,  m ~ i . ~ n .  

Let  us  p l ace  p~ = e[o. hj (M[o. ~])* ~o ~-- M* fo r  k E N. 

THEOREM 2. Le t  ~ = ~q; ~00) be a s t a t i o n a r y  Markov ian  s ta te  with the t r ans i t i on  m a t r i x  a(1) = Z. 
Then if I is  the so le  un i t a ry  e igenvalue  of  Z and a t  the  s a m e  t ime  is  p r i m e ,  it fol lows that  ~0 is a f a c t o r -  

s ta te .  Conve r se ly ,  if ~o is a f a c t o r - s t a t e  and ~ S~ = M*,  then i is the so le  un i t a ry  e igenvalue  of Z and is 
£ ~ 1  

p r i m e .  

P roof .  Necess i ty .  F i r s t  of al l  note  tha t  if k -< m -< n, a r e  s t ipula ted,  then f o r  each  b ~ M[0,k ], c 
M Ira,n] we have ~ (b. c) ----- {~[*o, ~1 (b) %] (Z~-~t~,  ~] (c) [1 ]) .  M o r e o v e r ,  f r o m  the p r o p e r t i e s  of  quas icondi t iona l  
expec ta t ions  it fol lows that  11Z U -< 1 and II ~[~, ~1 (c) Ill ]l ~ II c Jl. F r o m  the fac t  tha t  V - -  VZ c o n s e r v e s  its 
t r a c e  it fol lows that  Z(1) = 1. T h e r e f o r e ,  f r o m  s t a t i ona r i t y  in the r e s u l t s  obta ined by S. Kakutani and K. 
Yoshida  [8] it fol lows that  lira Z ~ = i ® ~o, where  (i ~ ~o) (o) -- t .¢(a),  a ~ M .  M o r e o v e r ,  f r o m  s t a t i ona r i t y  

it fol lows that  ~o($[~, ~] (c) [ i ] )=  ~0 ( Z ~ t ~ ,  ~] (c) [i]) = (~ (c). T h e r e f o r e ,  if  k ~ N and b ~ M[0,k ] a r e  s t ipula ted,  
t h e r e  ex is t s  a m 0 ~ N such  that  f o r  n -> m -> m 0 and Vc ~ Mt~, .] we have  

4 



[ q~ (b.c) - -  ~ (b) ep (c) 

F r o m  the a r b i t r a r i n e s s  of  n, it fo l lows tha t  the inequal i ty  (8) 
R. T. P o w e r s  [9], and t h e r e f o r e  ~0 is a f a c t o r - s t a t e .  

A s s u m e  c o n v e r s e l y  that  ¢ is a f a c t o r - s t a t e .  Then  Eq. 
uni t  s p h e r e  in M[0,k ], one m a y  w r i t e  i t  in equ iva len t  f o r m  

I~" ([ z~-~ - i ® ~ol (~)) [ < II 

f o r  e a c h ~  - ~o ,  k~ (b) ~o c II b II ~< t .  But f r o m  the inequal i ty  
the t h e o r e m  it  d e r i v e s  tha t  lim Z" = I ® % with r e s p e c t  to 

v--*¢~ 

1 is a p r i m e  e igenva lue  of  Z, be ing  unique modulo  1. 

- § 4 .  G i b b s i a n  S t a t e s  

In this  s ec t i on  we p rove  the fol lowing t h e o r e m .  

I < n ~ U. (8) 
is  equivalent  to the f a c to r i z ab i l i t y  de r i v e d  by 

(8) holds ,  and us ing  the c o m p a c t n e s s  of  the 

cll V c ~ . M ,  

p r e s e n t e d  above and f r o m  the s t a t e m e n t  of 
the n o r m .  F r o m  this  it fol lows (see [8]) tha t  

THEOREM 3. Each  o n e - d i m e n s i o n a l  Gibbsian  s ta te  is a l imi t  of  the i n v e r s e  (d ) -Markov ian  s t a t e s  , 
f o r  d ~ ~ in the H. Arak i  s e n s e  [3]. Under  these  condi t ions  c o n v e r g e n c e  is exponent ia l ly  fas t .  

The p roof  of T h e o r e m  3 wil l  be spl i t  into t h r e e  s t eps :  

(1) the s t r u c t u r e  of the i n v e r s e  (d ) -Markov ian  s p a c e  is de sc r ibed ;  

(2) the c l a s s  of  s t a t e s  which a r e  e x a m p l e s  of  i n v e r s e  (d ) -Markovian  s t a tes  is fo rmula t ed ;  

(3) it is p r o v e d  that  by  means  of s t a t e s  c o n s t r u c t e d  in (2) one m a y  a p p r o x i m a t e  the a r b i t r a r y  Gibb-  
s i an  s ta te  c o n s t r u c t e d  by H. Arak i  [3]. 

Defini t ion 5. Let  M be a m a t r i x  a l g e b r a  of the type  lq, A = ® M ; let  ~ be a s ta te  on A. It is sa id  

that  ~ is an i n v e r s e  (d ) -Markovian  s ta te  if a f ami ly  {El0, ~], [1, . ]}.  e N ex is t s  which is such  tha t  

1) El0, .], ~:~, . ]  : Mr0, .1 ~ Mr1, . !  is a quas icond i t iona l  expec ta t ion  having  the (d ) -Markov ian  p r o p e r t y ,  
whe re  d is def ined on the se t  of all  s e g m e n t s  of the type  [1, n] (n E N) by the f o r m u l a  d: [1, n] --* [d+2,  n]. 

2) F o r  each  n >- d + 1 and a[0, .1 ~ Mr0, .] the equa t ion  

cP (ato.~l) = q~ (T~Eto, ,q. t~,-] (at0. -1)) (9) 

holds ,  whe re  Tc : M[1, ~] --~ A is an a l g e b r a  h o m o m o r p h i s m  that  is def ined by the equat ion Tc  ° Jk  = Jk - i  
(k -> 1). 

A c c o r d i n g  to the g e n e r a l  def ini t ion 2 (see § 1) the (d ) -Markovian  p r o p e r t y  can  be e x p r e s s e d  in this  
c a s e  by the r e l a t i onsh ips  E[0, -l, ix, ,~1 (M~0, d.~l) :-- Mr1, d+~l f o r  each  n E N. 

The fol lowing t h e o r e m  d e t e r m i n e s  the s t r u c t u r e  of  i n v e r s e  (d ) -Markovian  s ta tes .  

THEOREM 4. Le t  ¢ be an  i n v e r s e  (d ) -Markovian  s ta te  on A = ~ M .  Then  a p a i r  "{~; ¢[0, a] } ex i s t s  
N 

which is such  that:  1) ¢[0, d] is the s ta te  on M[0,d]; 2) a : M --~ Z ( M t 0  , dl) is the l i n e a r  o p e r a t o r  such  tha t  
the mapp ing  a ® ato, al ~ M ® M[0, al --~ a (a) [at0, ~1] ~" M[0, ,q is  qa+ l -pos i t ive  (in the s e n s e  of  [7]) with a 
n o r m  not  exceed ing  1; 3) fo r  each  a i E Mi, 0 --< i -< n, the equat ion 

~P[O, rq (J 'o  ( a o ) "  * . .  " r n  ( a n ) )  = [ a  ( a d + l ) *  • . . .  • ~ (an)'¢to, al] (Jo (ao)- . . . .  J'a (aa)) 

def ines  a p r o j e c t e d  f ami ly  (¢P[0,n])- Conve r se ly ,  each  such  p a i r  def ines  a unique i n v e r s e  (d ) -Markovian  
s t a te .  

R e m a r k .  If one c o m p a r e s  Eq. (3) in Lhe theorena  c i ted  above to Eq. (1) which d e s c r i b e s  the g e n e r a l  
s t r u c t u r e  of  Markov ian  s t a t e s ,  i t  is  i m m e d i a t e l y  evident  that  fo r  d = 0 the l a t t e r  is de r i ved  f o r m a l l y  f r o m  
the f o r m e r  by inver t ing  the sequence  of the indices  {d + 1, . . :, n}. It  is this which jus t i f ies  the n a m e  
" i n v e r s e  Markov ian  s ta te . "  

P r o o f  of T h e o r e m  4. Le t  q9 be an i n v e r s e  (d ) -Markovian  s ta te  on A, and let  {Eto, ,], tl, ,q}~ ~ N be the 
c o r r e s p o n d i n g  f ami ly  of quas icondi t iona l  expec ta t ions .  Then if a i E M, 0 -< i - d + 1, i t  fo l lows that  f o r  
each  n >- d + 1 



q~ (/'c~[o. n], L1. n] (.To (ao) . . . . .  .Td+~ (ad+l))) = (~ (.To (ao)" . . . "  Jd+l Cad+x)) - 

Le t  us define the mapping o~, ~) : M -~ 5~ (M[~ d]) : 

0(1 n' Cad+l) [a[o, d]] : TeE[o, hi, [1, n] (a[0,d] ".Td+l Cad+l)) • 

Then by v i r tue  of the (d)-Markovian p r o p e r t y  

E[O, el, If, n] (a[0,d] "]d+l  (ad+l)) ~ M[L d+x] Vn ~ N 

fo r  each  a[~ ~] ~ M[~ ~1, ad+ 1 ~ M .  There fo re ,  the mappings al n) a r e  c o r r e c t l y  defined. 
i t  follows that  

O(d+l) (n) q)[o,d] ( I (ad+l) [a[o,d]]) = (Pie, all (01 (ad+l) [ale. 111) 

f o r  each  ad+x ~_ M and a[~ ~1 ~ M[~ dl • In this case  we wr i te ,  as usual ,  a~) = o(1 d+l) = (~ (rood ~) Vn ~ N. 
Final ly,  the equation in the s t a t ement  3) of the t heo rem der ives  f r o m  the p rope r t i e s  of quasicondit ional  
expecta t ions  for  repet i t ion  of the p r o c e d u r e  desc r ibed  above. 

Converse ly ,  le t  the p a i r  {~; ¢[0, d] }, sa t i s fy ing the conditions 1), 2), 3) be st ipulated.  Then the p r o -  
jec t ive  fami ly  (~o[0,n ]) defines a unique s ta te  on A. Let  us define the fami ly  {El0, ~1, [1, ,,] }, e ~ by means  
of the fo rmula  

(10) 

But then f r o m  (10), 

E(O, ~,], [1, ~.] Ca[0, d+l]" O,[d÷~. hi)  = O~[d+~,n] "E[O, rt], [1, n] (a[O, d+l]), 

To (a~+~) late, all] = E[o.,,], [1. ,~1 (ate, d]" Ya÷~ (ae+~)), 

where  T denotes  the endomorph i sm of a r igh tward  shif t  and are , ~] ~ M[,, ~1, ad+l ~ M .  Then, by v i r tue  
of the fac tor izab i l i ty  of the f ami ly  (M[0,n]), each E[~ hi, [1, ,~; is a quasicondit ional expectat ion sat is fying 
the (d)-Markovian p rope r ty ,  where  the function d is defined above. Moreover ,  Eq. (9) de r ives  f r o m  the 
condition of the theo rem.  The re fo re ,  ¢ is an inve r se  (d)-Markovian s ta te .  The t heo rem has  been proved.  

Note that  the congruence condition for  the fami ly  C¢[0,n]) is equivalent  to the equation o (t)* ~[~ al = 
~ ( ~  d]" 

In o r d e r  to fo rmula t e  speci f ic  examples  of inve r se  (d)-Markovian s t a t e s  the following l e m m a  is 
useful. 

LEMMA 2. Let ¢ (a state on A) be defined by the equation ~(Q) = ~( I~*QI~)/~ (K0*K), Q E A, where 
is a state on A. Assume that the fol lowing conditions are satisfied: 1) K 0 E M[0,d ] (where d E N is f ixed). 
2) An operator K E M[0,d ] and a number ~ > 0 ex is t  which are such that ~o~ = ~ ,  where ~ denotes a l i n -  
ear  operator A -~ A, defined as ~ (Q) = r~ , ,  ( K ~ K ) ;  (TO :A - - M [ l ,  ~] is defined as ~o (Jo (aD) = b.~ (a); 
a ~ M; b ~ Mrx, ~1 ). Then ~ is an i nve r se  (d)-Markovian s ta te .  

Proof. Let  a(o, ~]~M[o, ~1, a~+l E M. We place 

(a~+x) la[o.,]l  = ~,-xr, {~o (K'a(o,.jl/O),r~ (Koae+xKo). 

T h e m  f o r  n > d 

~p (.re ( 'o) . . . . .  ~r  ( ' d )  = [~ (a~+~)" ~ (ad÷ , ) ' ' . . . "  o (a,~'~P[o. ~ l  (.re (~o) • • • .ra (a~)). 

Moreover ,  the mapping ]~+x (ad+~). ate, ~] ~ o (a~+~) [a(o. d)] iS comple te ly  posi t ive .  F r o m  T h e o r e m  4 it then 
follows that  ~p is an Inve r se  (d)-Markovian s ta te .  

F r o m  L e m m a  2 i t  is not difficult  to de r ive  the following. 

P roo f  of T h e o r e m  3. Let  ¢p be a Gibbsian s ta te  on A cor responding  to the finite potent ial  ~.  H. 
Araki  [3] p roved  that  such a s ta te  always ex is t s  and has  the f o r m  ¢(Q) = ¢P(K0*QK0)/~ (K0*K0), Q ~ A, where  
K 0 ~ A, and ~ sa t i s f i es  the re la t ionship  ~o 5~ = ~ ,  where  ~: A --* A is the l inear  o p e r a t o r  defined by the 
equation ~ (Q) = T~0 (K*QK), Q ~ A, fo r  a ce r t a in  K E A. The ope ra to r s  K, K 0 can be inver ted ,  and t h e r e -  
fore  they may  be approximated  in the no rm by the sequences  (Kd), (K0,d) and inve r se  o p e r a t o r s  which a r e  
such flint K d, K0,d ~ M[0,d ]. F r o m  the reason ing  p re sen ted  by H. Araki  ([3], § 7) it  then follows that  s ta tes  
~p(d) on A and a n u m b e r  Xcl > 0 ex i s t  which a r e  such that  ~o~)5~ = ~ ' , ~ ,  and . ~  ((2) =- T~o  (K'~QKd). Con- 
sequently,  by v i r tue  of I_emma 2 the s t a te  

~d ( Q) = qCd) ( IQ, dQ Ko,,t)/~(d) ( Ko, d Ko, a) 



is an inverse (d)-Markovian state for each d E N. But 5~, and consequently e also, depend continuously on 
K (see [3], § 5). Hence, it follows that lira ~d := ~ (in the norm). This proves the f irst  statement of the 

theorem. The second statement derives from the fact that the approximating sequences may be determined 
by truncating (starting with the d-th term) all series in the expression for K and K 0 by means of the Tomo- 
naga-Schwinger-Dyson formula (see [3], § 6). The theorem has been proved. 
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