
NORMAL FORMS FOR FUNCTIONS NEAR DEGENERATE 

CRITICAL POINTS, THE WEYL GROUPS OF A k, Dk, Ek 

AND LAGRANGIAN SINGULARITIES 

V• I. Arnol'd 

There  exist in terest ing connections between the s implest  degenerate cr i t ical  points of functions and 
the simple Lie a lgebras  A k, Dk, Ek (or at least the i r  Weyl groups).  In the present  paper  it is shown that 
c r i t ica l  points which a re  s imple (without moduli) a re  classif ied by the ser ies  Ak, Dk, Ek. All degeneracies  
of codimension not g rea t e r  than 5 turn  out to be simple.  Hence this paper  also contains the classif icat ion 
of all degenerate  c r i t ica l  points of codimension not gTeater than 5. 

Cri t ical  points of functions are  c losely  connected with singulari t ies  of project ions of lagrangian man- 
ifolds. At the end of the paper ,  the classif icat ion of simple singulari t ies of lagrangian maps is given. In 
par t i cu la r ,  a table is computed of normal  forms of project ions of lagrangian manifolds in general  position 
up to dimension 6, where moduli f i rs t  appear .  

~1• I n t r o d u c t i o n  

The behavior  of a function near  a nondegenerate cr i t ical  point is determined by Morse ' s  lemma: an 
appropriate  choice of coordinate functions will lead to the mors ian  normal  form - x 2 - .  • . - x 2 + x2~+1 + 
• • • + X2n + C. It is also known that near  an isolated c r i t i ca l  point, even if it is degenerate ,  an analytic 
function is t r ans fo rmed  into its Taylor  polynomial by an appropria te  analytic change of var iables  (see, e.g. ,  
[11, [21). 

In this sense,  a function near  an isolated cr i t ica l  point can always be reduced to polynomial normal  
form.  However,  there  is an essent ia l  difference between this polynomial normal  form and the mors ian  one: 
the coefficier~s of the Taylor  polynomial a re  continuous pa ramete r s  for the polynomial normal  forms,  while 
the mors lan  normal  forms a re  determined by a d iscre te  pa r ame te r  (the index of inert ia v). 

It turns out, that for  the s implest  degeneracies  one can give normal  forms s imi la r  to the mors ian  
ones, i . e . ,  which do not involve continuous pa rame te r s •  In the present  paper  the classif icat ion of degenera-  
cies of codimension less than 6 is given. We shall give a finite list of normal  forms such that in typical  
l < 6 -pa r ame te r  families of functions no singulari t ies occur  other than those ennmerated.  

Carry ing  out an analogous classif icat ion of all c r i t ica l  points of codimension 6 is impossible ,  since 
here  the normal  forms must inevitably contain pa rame te r s  ("moduli"). However, there  a re  some special  
degeneracies  (we shall  call them simple) of any codimension, near  which there  are  no moduli (for p rec i se  
definitions see .~ 2). The bas ic  result  of this paper  is the classif icat ion of all s imple c r i t ica l  points.  

A complete list of normal  forms of a function in the neighborhood of a simple cr i t ical  point appears  
as follows (we assume that the cr i t ica l  value is equal to zero) : 

A~ : ] = ± x~ ÷~ ± zl  + Q, 

Ee: ] =  x~ !-_x~ + Q, 
~,: f = ~ + x,x~ + Q, 

k > t ,  eodimAk = k - -  t, 
k > 4 ,  codlin D~ = k - -  t, (1.1) 

codim E6 ----- ]5, 
codim E7 -= 6, 
cod im Es -= 'j7, 
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where Q denotes the standard quadratic form 

Q = - x ~  - . . .  - ~ + x~+, + .. .  + z',,. 

The connection between these se r ies  and the se r ies  of s imple Lie groups Ak (linear), Dk (orthogonal) 
and Ek is discussed in ~9. 

All s ingulari t ies  of codimension l < 6 are  s imple.  They are  indicated exhaustively in the following 
table: 

11121 3 I 4 [ 
Singularity IA, IA. ]A,, D, IA~, D:,IA6, D,,E~; (1.2) 

In codimension I -> 6 with n ~ 3 var iables ,  along with the singulari t ies  Ak, Dk, Ek one meets s ingulari-  
t ies of other types : the i r  normal  forms inevitably contain p a r a m e t e r s .  For  n = 2, the pa ramete r s  show up 
beginning with codimension 7. 

g2 .  F o r m u l a t i o n  o f  R e s u l t s  

We shall consider  smooth real  functions with cr i t ica l  point 0 ~ R n and cr i t ical  value 0 {the complex, 
R-analyt ic  and formal  cases  differ with slight simplif ications).  The group of ge rms  at 0 of  local diffeo- 
morphisms of the space R n which leave 0 fixed, acts on the space of germs of our  functions at 0. We are  
interested in the orbits  of this action. Orbits "in general  posit ion" have codimension 0: they consist  of func- 
tions with nondegenerate cr i t ical  points. The remaining orbits  have positive codimension.  

Orbits of positive codimension can form d iscre te  "s t ra t i f icat ions"  o r  continuous families.  In the f i rs t  
case we shall  call  the orbi ts  s imple.  In o r d e r  to give the exact definition, we shall f i rs t  cons ider  the ac-  
tion G × M ~ M of a f ini te-dimensional  Lie group G on a f ini te-dimensional  manifold M. 

Definition 2.1. An orbit  W of the action of G on M abuts an orbi t  V at some (and then any} point v E V, 
if any neighborhood of the point v in M meets W. 

Definition 2.2. An orbit V is called simple,  if a sufficiently small  neighborhood of one (and then any) 
of  its points v meets only a finite number of orbi ts .  

Remark  2.3. If the action of G on M is a lgebraic ,  then a neighborhood of a point v meets  e i ther  a fi- 
nite number of orbi ts ,  o r  a continuous family.  

Remark  2.4. If in definitions 2.1 and 2.2 one replaces  neighborhoods by local t r ansve r sa l s ,  then these 
definitions will apply to orbits of finite codimension even in the infinite-dimensional  case .  

We consider  as M the manifold of r - j e t s  at the point 0 of functions with c r i t ica l  point 0 E R n and c r i t i -  
cal value 0. On this manifold the group of r - j e t s  of diffeomorphisms R n ~ R n which leave 0 fixed, acts 
a lgebraical ly .  

Definition 2.5. A g e r m  of a func t ion f  with cr i t ica l  point 0 E R n and cr i t ica l  value 0 will be called 
s imple if for sufficiently large r,  1) its orbit in the space of r - j e t s  is s imple and 2) the number  of abutting 
orbits in the space of r - j e t s  remains  bounded as r --* ~ .  

Example 2.6. The ge rm of the function of one va r i ab le  v(x) = x k is s imple,  since its orbi t  in the space 
of r - j e t s  for r -> k abuts only the orbits of the ge rms  ~:x m, wlmre m < k. 

Example 2.7. The ge rm of the function v(xl, x 2) = xlx2{x ] - x~) is not simple,  s ince among the nearuy 
functions xl(x ] - x~) (x 2 + tx i) (where t is small)  an infinite number  belong to different orbi ts .  Thus the 
c r o s s - r a t i o  of the four tangents to the branches of the zero  level lines is an invariant dif feomorphism.  

Example 2.8. The ge rm of the function of one var iable  v(x) = 0 is not s imple,  although its r - je t  for  
any r is s imple.  

The cr i t ica l  point 0 in this example is not isolated. A phenomenon, s imi l a r  to what has been observed 
in this example is possible only for cr i t ica l  points of infinite multiplicity (in the analytic case not isolated). 
In fact,  if a c r i t ica l  point is of finite multiplicity (in the analytic case isolated), sufficiently long r - j e t s  de-  
fine the ge rm up to d i f feomorphisms,  hence under  passage to longer jets the number  of abutting orbits is un- 
changed. 
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Definition 2.9. An r - je t  of a function at 0 is called sufficient, if any 2 g e r m s f l ,  f 2 with this r - j e t  a re  
ca r r i ed  into one another  by a local d i f feomorphism g which leaves 0 fixed: f l(x) = f2(g(x)). 

The set  of ge rms  which do not have a sufficient jet (i.e., the set of ge rms  with singulari t ies  of infinite 
multiplicity), has  infinite codimension in the space of all ge rms .  

Disregarding these completely unusual cases allows us to reduce the analytic problem of the c lass i f i -  
cation of simple g e r m s  to an algebraic one (on orbits in the space of jets) and has no influence on the de-  
cisive resul ts  which a re  the following. 

THEOREM 2.10. Each simple ge rm can be descr ibed in an appropriate  coordinate sys t em as one of 
the normal  forms Ak(k ~ 1), Dk(k ~ i),  Ek(6 -- k --- 8) of the list (1.1). 

THEOREM 2.11. The set  of all nonsimple germs  has codimension 6 in the space of germs of func- 
tions of n > 2 var iables  with cr i t ica l  point 0 and cr i t ical  value 0 (if it is desired,  in the space of r - j e t s  where 
r >- 3). For  n = 2 the codimension of the set of all nonsimple germs (or r - j e t s ,  where r >- 4) is equal to 7, 
and for n = 1 it is infinite. 

COROLLARY 2.12. The classif ication of degeneracies  of codimension l < 6 is given by table (1.2). 
For  example,  in a typical  f ive -pa ramete r  family of functions with separated values of the pa rame te r s ,  
c r i t ica l  points of types A 6, D6, E6 occur ,  on some union of the i r  curves  types A s, D s, on some union of these 
curved sur faces  types A 4 and D4; the s ingulari ty A~ occurs  on a three-d imensional  and A~ on a four -d imen-  
sional submanifold of the p a r a m e t e r  space.  For  the remaining values of the p a r a m e t e r s ,  cr i t ical  points are  
mors tan  (nondegenerate). 

Remark  2.13. The resul ts  formulated a re  equally valid in C ~° and I t -  or  C-analyt ic  situations and also 
in the f ramework of formal  power se r i e s .  In the complex case the number  of normal  forms is naturally 
lower, replacing all minus signs in (1.1) by plus signs.  For  even k the singulari t ies  A k with x k+ i a re  equiv- 
alent even in the rea l  domain {i.e., they belong to the same orbit).  With this exception the remaining singu- 
lari t ies in the list (1.1) are  pairwise nonequivalent. 

Remark  2.14. Fur ther  consequences of theorems  2.10 and 2.11 a re  mentioned in .~.~ 8-11. Among 
other  things, f rom the resul ts  cited there  it follows that in a typical  family of functions of the special  form 
F(x, y) = S(x) - (x, y) (x E R n, y ~ Rn), depending on n var iables  x and n pa rame te r s  y, there  occur  exactly 
the same degenerate cr i t ica l  points as in a typical  family F of general  fo rm which depends a rb i t r a r i ly  on n 
pa rame te r s .  

Tne proof  of Theorems 2.10 and 2.11 is givenin .~ 3-7.  

§ 3 .  S u f f i c i e n t  J e t s  

The use of the s imple lemmas given below great ly  shortens the calculations in the proof  of the c l a s s -  
ification theorem.  

We consider  the r ing of germs of  smooth functions at the point 0 E R n. We denote by m the maximal 
ideal of this ring, i .e. ,  the collection of  germs of functions equal to zero  at the point 0. Thus, the notation 

f Ems denotes t h a t f  has a ze ro  of o rde r  s at 0. 

LEMMA 3.1. L e t f  be a ge rm of a function at the point 0 ER n. We fix a natural  number  r and assume 
that f sat isfies the following condition: 

V~m ~+I ~/l~m~: a ~ ~hi modm r+s. (3.1) r 

Then any functionf' for whicn f' = f rood ra r+~ also satisfies (3.1)r. 

' 

Proof.  hi ~ m r*z , hence it suffices to take h i = h i. 
4=1 t 

Remark.  Thus, (3.1)r is a res t r ic t ion  on r - j e t s ,  not on ge rms .  

LEMMA 3.2. Let the r - je t  of the f u n c t i o n / a t  0 satisfy (3.1)r. Then the r - j ~  of the func t ion /  at 0 is 

sufficient (see definition 2.9). 
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P r o o f .  1 °. Le t  j s  be the  s p a c e  of  s - j e t s  o f  funct ions  at  the  poin t  0 in t he  s p a c e  R n. Le t  m --> 1. We 
c o n s i d e r  in the  j e t  s p a c e  J r + m  the  s u b m a n i f o l d  c o n s i s t i n g  of  a l l  r + m - j e t s ,  w h o s e  r - j e t  c o i n c i d e s  wi th  t he  
r - j e t  of  t he  f u n c t i o n ) ' .  We deno te  t h i s  sub man i fo ld  by  Fm; t h u s ,  F m  ~ J r + m ,  To p r o v e  L e m m a  3.2 ,  we 
s h a l l  show f i r s t  of  a l l  t h e  fo l lowing  

A s s e r t i o n  A m .  U n d e r  the  cond i t ion  (3 .1)r  the  o r b i t  of  the  j e t  o f  t he  f u n c t i o n f  in J r + m  c o n t a i n s  F m  
fo r  any  m >-- 1. 

2 °. We s h a l l  p r o v e  a s s e r t i o n  A i .  The  a c t i o n  G x J -~ J o f  the  L ie  g roup  o f  s - j e t s  of  d i f f e o m o r p h i s m s  
l e av ing  0 f ixed ,  on the  m a n i f o l d  of  j e t s  J = j s  g i v e s  a m a p  of  t a nge n t  s p a c e s  ( d e r i v e d  f r o m  the  a c t i o n  on the  
f i r s t  a r g u m e n t )  TeG -~ T j J  (e is  the  uni t  of  t he  g roup ,  j i s  the  j e t  o f  the  funct ion f ) .  In  c o o r d i n a t e  no ta t ion ,  

t h i s  map  a s s o c i a t e s  wi th  the  s - j e t  of  t h e  v e c t o r  f i e ld  h ----- ~h~O/Ox~ at  z e r o  the  s - j e t  o f  t h e  func t ion  ~jhc~//c~x~ 

at  z e r o .  H e n c e ,  f r o m  cond i t i on  (3 .1) r  i t  fo l lows  tha t  t he  t a n g e n t  s p a c e  to  t h e  o r b i t  of  t he  r + l - j e t  of  the  
f u n c t i o n /  c o n t a i n s  t h e  t angen t  s p a c e  to  F 1 at  the  po in t  which i s  the  r + 1 - j e t  of  t he  f u n c t i o n f .  

But by  L e m m a  3.1 ,  c o n d i t i o n  (3.1) r i s  a l s o  s a t i s f i e d  fo r  a l l f  E F 1. C o n s e q u e n t l y ,  t h e  t a n g e n t  s p a c e  
to  the  o r b i t  o f  e a c h  poin t  o f  F 1 con ta in s  t h e  e n t i r e  t angen t  s p a c e  to  F i a t  t h i s  po in t .  

Whence  i t  fo l lows  tha t  e a c h  c u r v e  in F 1 is  t angen t  to  t he  o r b i t  o f  e a c h  o f  i t s  p o i n t s ,  and  so  be longs  e n -  
t i r e l y  to  an  o r b i t .  S ince  the  s p a c e  F i i s  a r c w i s e  c o n n e c t e d  (it i s  d i f f e o m o r p h i c  to  e u c l i d e a n  s p a c e ) ,  F l  b e -  
longs  e n t i r e l y  to  a n  o r b i t .  A i i s  p r o v e d .  

3% We s h a l l  show tha t  (3. t )~(3.1)r+x.  Le t  q Em r+2. Then  f~ = ~ x ~ a ~  ( a i~mr+9  ( H a d a m a r d ' s  i e m m a ) .  

We r e p r e s e n t  ~ i  in t he  f o r m  ui = ~,h~,O//Ox~ modm ~+~, h~j ~ m  ~ , by  v i r t u e  of  (3.1) r .  We s e t  hj ---- ~x~h~j. 
j i 

Then  a = ~ hi. O//Oxj rood m ~÷3 (h~ ~ m s ~ m ~) , which  is  what  was  n e e d e d .  

A p p l y i n g  what  was  p r o v e d  s - r t i m e s ,  we ge t  (3.1) r ~ (3.1) s f o r  any  s -> r .  

4". L e t f  1 a n d f 2  be  two func t ions  w h o s e  r - j e t s  c o i n c i d e  wi th  t h e  r - j e t  of  t he  f u n c t i o n f .  We s h a l l  
show tha t  t h e i r  s - j e t s  b e l o n g  to one o r b i t  in j s  fo r  s -> r .  Th i s  was  a l r e a d y  p r o v e d  in P a r .  2 ° f o r  s = r + 1. 
Le t  the  k - j e t s  o f  the  func t ions  f ! and f 2  b e l o n g  to  one  o r b i t  in  j k  we s h a l l  show tha t  t h e i r  k + 1 - j e t s  b e l o n g  
to  one o r b i t  in  j k + i .  We m a k e  a d i f f e o m o r p h i s m  which  c a r r i e s  the  k - j e t  o f  the  f u n c t i o n f  z into the  k - j e t  o f  
the  f u n c t i o n f l .  The  func t ion  f 2  is  c a r r i e d  into a f u n c t i o n f s ,  w h o s e  k + 1 - j e t  l i e s  in the  s a m e  o r b i t  in j k + l  
a s  t he  k + 1 - j e t  of  the  t U n c t i o n f 2 .  But the  k - j e t s  of  t he  func t ions  f l  a n d f 3  c o i n c i d e  and s a t i s f y  (3.1) k by  
v i r t u e  of 3 °. F r o m  A l ( p roved  in 2") i t  fo l lows  tha t  t he  k + 1 - j e t  o f  t he  func t ion . f  3 b e l o n g s  to the  o r b i t  of  
the  k + 1 - j e t  of  the  f u n c t i o n f l  in j k + l .  Th i s  m e a n s  tha t  the  k + 1 - j e t s  o f f l  a n d f  2 l ie  i n o n e  o r b i t  in j k + i  
and A m  is  p r o v e d  fo r  any  m --- 1. 

5 °. F o r  s u f f i c i e n t l y  l a r g e  s t he  s - j e t  of  the  f u n c t i o n f  i s  su f f i c i en t  ( see  [2] o r  [1] and [3]). Whence  
and f r o m  A m  which  was  p r o v e d  in 4 ° i t  fo l lows  tha t  the  r - j e t  i s  a l r e a d y  s u f f i c i e n t .  

In f ac t ,  l e t  f 4  be  a n o t h e r  funct ion wi th  the  s a m e  r - j e t  a s  f .  T h e r e  e x i s t s  a d i f f e o m o r p h i s m  which  c a r -  
r i e s f 4  in to  a f unc t i on /5  wi th  the  s a m e  s - j e t  a s f ( A s - r ) .  S ince  the  s - j e t  of the  f u n c t i o n f  i s  su f f i c i en t ,  t h e r e  
e x i s t s  a d i f f e o m o r p h i s m  c a r r y i n g  f 5  into f .  T h u s ,  t h e r e  e x i s t s  a d i f f e o m o r p h i s m  c a r r y i n g / 4  i n t o . f ,  and 
L e m m a  3.2 is  p r o v e d .  

E x a m p l e  3 .3 .  We c o n s i d e r  the  funct ion  x 3 + y4 of  t he  two v a r i a b l e s  x,  y .  I t s  4 - j e t  a t  0 i s  s u f f i c i e n t  
by  L e m m a  3.2 .  In t ac t ,  any  m o n o m i a l  of  d e g r e e  5 in x,  y c a n b e  r e p r e s e n t e d  e i t h e r  in t h e  f o r m  3x2hl o r  in  
t he  f o r m  4yah2, w h e r e  h i is  a m o n o m i a l  of d e g r e e  3 and h 2 is  a m o n o m i a l  o f  d e g r e e  2. 

R e m a r k  3 .4 .  To r e p l a c e  h Em 2 by h Em in l e m m a s  3.1 and 3.2 is  i m p o s s i b l e .  In f ac t ,  l e t f ( x )  = x 2, 
r = 1. Then  Va ~ m 2 ~Ih ~ ra: a = 2 xhmod  ms' , h o w e v e r ,  the  1 - j e t  o f  the  f u n c t i o n f  a t  z e r o  is  not s u f f i -  
c i e n t .  In the  s a m e  e x a m p l e  t he  f u n c t i o n f '  - 0 s a t i s f i e s  the  c o n d i t i o n f  = f '  mod 0 2, but  d o e s  not  a d m i t  a 
d e c o m p o s i t i o n  ~ = h0 f /Ox ,  a l though f a d m i t s  such  a d e c o m p o s  i t ion .  

R e m a r k  3 .5 .  The  a s s e r t i o n s  and p r o o f s  of  l e m m a s  3.1 and 3,2 a r e  s t i l l  v a l i d  in the  R -  o r  C - a n a l y t i c  
and R -  o r  C -  f o r m a l  c a s e s .  

~ 4 .  C l a s s i f i c a t i o n  o f  S i m p l e  G e r m s :  t h e  S e r i e s  A k 

L e t f  b e  a g e r m  of  a s m o o t h  func t ion  a t  the  po in t  0 E Rn; we s h a l l  a s s u m e  tha t  0 i s  a c r i t i c a l  poin t  
( d f  l0 = 0) and  tha t  f (0) = 0.  Le t  p be  the  r ank  o f  the  s e c o n d  d i f f e r e n t i a l  d~f 10, • the  m a x i m a l  i d e a l  of the  
r i n g  o f  g e r m s  so  tha t  g e r m s  in m k have  z e r o e s  of  o r d e r  k at  0. 
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LEMMA 4.1. In a neighborhood of the point 0 there  exists a smooth sy s t em of coordinates x, y in 
which f can be writ ten in the form 

[ = (p (z) -4- Q (y) (qD ~ raa), 

where Q is a nondegenerate quadrat ic  form (dim {y} = p, dim ~x~ = n - p). 

Proof.  F i r s t  we reduce 2-jets  to canonical f o r m .  By the theorem of Jacobi on quadratic fo rms ,  
the re  exists a sys tem of coordinates x, z(dim (z~ = p), in which the 2-jet  of the func t ionf  takes the form 

(]~ (x, z) = ~,e~z~ (i = 1 . . . . .  p, as = ~_~_t). (4.1) 

We consider  the r e s t r i c t i o n f t  of the func t ion f  to the plane x = t .  For  small  It{ the fune t ionf t  has a unique 
cr i t ica l  point nea r  z = 0; this cr i t ica l  point depends smoothly on t, and at it [zl = o( It I) all of this follows 
f rom the nondegeneracy of the cr i t ica l  point z = 0 of the function f0  and the implicit  function theorem.  

We denote by ~(t) the value of the func t ionf  at this cr i t ical  point; f rom formula (4.1), since Iz[ = 
o(Itl)  i t  fol lows that  p~(t) I = O( Itl 3). 

The difference g(x, z) = f ( x ,  z) - q(x) can be considered as a family of functions of z depending 
smoothly on the p a r a m e t e r  x, with nondegenerate cr i t ica l  point which depends smoothly on x and with c r i t i -  
cal value zero.  

The general ized lemma of Morse a s se r t s  that such a family g can be reduced to the form g(x, z) = 
~: y] ~: . . . ~y2ebya smooth change of var iables  Yi = YI (x, z) (this lemma is proved in the same way as the 
ord inary  lemma of  Morse in which there  is no pa rame te r  x; see, e.g. ,  [4]). Now 

! = ~ (z) _+_+ y~__+... ___ y~ (~ ~ ms), 

which is what had to be proved.  

The number  of deficient squares  n - p = dim[xJr will be called the eorank of the function f at zero .  
Thus, the corank of a function at a nondegenerate cr i t ica l  point is equal to zero .  

LEMMA 4.2. The corank of  a simple g e r m  does not exceed two. 

Proof.  We cons ider  the cubical Taylor  polynomial of the fune t ionf  at a cr i t ical  point of corank k. 
The res t r ic t ion  to the null space of the second differential  defines on this k-dimensional  l inear subspace 
of the tangent space a cubical form which is independent of the coordinate sys tem.  

The action of  the group of diffeomorphisms on the space j3 (3-jets of functions) induces an action of 
the l inear group GL(Rk) in the fo rm of a l inear substitution in the cubical forms on R k. If the cubical forms 
of the functions f and g lie in different orbits of the action of GL(Rk) on 3- je ts ,  these functions lie in d i f fer -  
ent orbits of the action of  the group of dif feomorphisms on the space of jets J~. 

But the dimension of the space E of cubical forms in R k is equal to C~+2, and the dimension of the 
group GL(Rk) is equal to k 2. For  k :~ 3 we have C~+ 3 > k z. Consequently the dimension of all orbits  of 
GL(R k) in E is less than the dimension of E. Hence the orbits form a continuous family in E for k - 3. 
This means that the orbits of the group of diffeomorphisms in j3 also form a continuous family near  the 3-  
jet of the func t ionf .  

Thus, a g e r m  of corank k >-- 3 cannot be simple,  and Lemma 4.2 is proved.  

It remains  for  us to c lass i fy  simple germs  of coranks 1 and 2. 

A simple ge rm of corank 1 can be reduced to one of the normal  forms of type Ak with LEMMA 4.3. 
some k -> 2, 

rt--I 

] = -+_ xk+l + Q, Q = ~ ,  8,y i .  2 (e~ = __-4-1). (4 .2)  
i = l  

Proof.  By vir tue of Lemma 4.1, in some coordinate sys tem x, y we h a v e f  = ~a (x) + Q(y), where 
~a Enl s. We investigate the function ~a of  one variable x. If all derivat ives of  q0 at zero  a re  equal to 0, 
then tlae g e r m f  is not simple (infinite number  of abutting orbits  --xk + Q). Let,  for  some k --- 2, all der iva-  
t ives of + at 0 up to o rde r  k inclusive be equal to zero ,  and the derivative of  o rde r  k + 1 be different f rom 
zero .  
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T h e n f  r e d u c e s  to n o r m a l  f o r m  (4.2).  In f ac t ,  by  v i r t u e  o f  L e m m a  3.2 t h e  k + 1 - j e t  

c k+l ~ y~ ~ = . . .  ! Y~-I (c :#  0) (4.3) 

i s  su f f i c i en t :  t h i s  fo l lows f r o m  the  f a c t o r i z a t i o n  of  a l l  m o n o m i a l s  in x,  y o / d e g r e e  k + 2: 

z ~+'~ = (k ~ i) cxl'ho, y~g~, (x, y) = ! 2y~hi~ (ho, hi~, ~ m~). 

Thus ,  we can  w r i t e f  in the  f o r m  (4.3), and h e n c e ,  ( a f t e r  s u b s t i t u t i n g  x '  = Icl 1/k+l x),  a l s o  in the  f o r m  (4.2). 
L e m m a  4.3 i s  p r o v e d .  

It is  not  d i f f i cu l t  to  v e r i f y  tha t  a l l  g e r m s  (4.2) a r e  s i m p l e  ( see  b e l o w  ~ 8). 

R e m a r k  4.4.  A c t u a l l y ,  we have  p r o v e d  m o r e  than  was  f o r m u l a t e d  in L e m m a  4.3.  N a m e l y ,  we have  
p r o v e d  tha t  e v e r y  g e r m  of  c o r a n k  1 e i t h e r  r e d u c e s  to one of  the  n o r m a l  f o r m s  (4.2) o r  has  a c r i t i c a l  po in t  
o f  in f in i te  m u l t i p l i c i t y ,  and h e n c e ,  be longs  to a s e t  of i n f in i t e  c o d i m e n s i o n  in the  s p a c e  of  g e r m s .  

~ 5 .  C l a s s i f i c a t i o n  o f  S i m p l e  G e r m s  o f  C o r a n k  2 :  t h e  S e r i e s  D k  

L e m m a  4.1 r e d u c e s  the  s tudy  of  g e r m s  of  c o r a n k  k to  the  c a s e  of func t ions  of  k v a r i a b l e s :  the  r e d u c -  
t i on  is  b rough t  about  in the  g e n e r a l  c a s e  ju s t  a s  i t  was  done  fo r  t h e  c a s e  k = 1 in the  p r o o f  of  l e m m a  4.3. 
Hence  fo r  the  c l a s s i f i c a t i o n  of  s i m p l e  g e r m s  of c o r a n k  2 i t  s u f f i c e s  to  d e a l  wi th  func t ions  of  two v a r i a b l e s .  
(However ,  the  c a l c u l a t i o n  c a r r i e d  out  b e l o w  could  a l s o  b e  done fo r  a l a r g e r  n u m b e r  of  v a r i a b l e s ,  wi thout  
u s i n g  the  a b o v e - c i t e d  r educ t ion . )  

A g e r m  of  a funct ion  of  two v a r i a b l e s  has  c o r a n k  2 if  i t s  2 - j e t  i s  z e r o .  In t h i s  c a s e  the  3 - j e t  d e t e r -  
m i n e s  a c u b i c a l  f o r m  on the  t angen t  p l a n e .  It is  e a s y  to  p r o v e  

L E M M A  5.1.  A c u b i c a l  f o r m  on the  p l ane  R 2 is  r e d u c e d  by  a l i n e a r  change  of  v a r i a b l e s  to  one of  the  
fo l lowing  t y p e s :  x2y ± y 3  x2y, x 3, 0. 

The  p r o o f  d e p e n d s  on the  fact  tha t  t h r e e  d i f f e r e n t  po in t s  in a p r o j e c t i v e  l ine c a n  b e  t r a n s f o r m e d  into 
any o t h e r  t h r e e  by  a p r o j e c t i v e  t r a n s f o r m a t i o n .  

LEMMA 5.2.  I f  t he  g e r m  of  a funct ion of  two v a r i a b l e s  of  c o r a n k  2 is  s i m p l e ,  t hen  i t s  c u b i c a l  f o r m  
is  d i f f e r e n t  f r o m  0. M o r e o v e r ,  i f  a g e r m  of c o r a n k  2 of a funct ion of  any  n u m b e r  of v a r i a b l e s  has  z e r o  c u b -  
i c a l  f o r m  on the  null  p l ane  of  the  s e c o n d  d i f f e r e n t i a l ,  t hen  i t  is not s i m p l e .  

P r o o f .  U n d e r  the  g iven  h y p o t h e s e s  the  4 - j e t  can  be  r e d u c e d  to the  f o r m  ~ (xl ,  x 2) • x 2 • . . . • X2n 
mod ~5, w h e r e  ~ is  a h o m o g e n e o u s  p o l y n o m i a l  of  d e g r e e  4. Th i s  p o l y n o m i a l  g i v e s  a f o r m  of d e g r e e  4 on 
the  null  p l a n e  o f  t he  s e c o n d  d i f f e r e n t i a l ,  which  does  not  depend  on the  c o o r d i n a t e  s y s t e m .  The  c r o s s - r a t i o ,  
def ined  on z e r o s  of  ~p, is  an  i n v a r i a n t  a c t i o n  of  the  d i f f e o m o r p h i s m s  on the 4 - j e t s .  The  e x i s t e n c e  of  a con-  
t inuous  f a m i l y  of  o r b i t s  d i s t i n g u i s h i n g  v a l u e s  of t h i s  i n v a r i a n t  i s  an  o b s t r u c t i o n  to  t he  s i m p l i c i t y  of  t he  g e r m .  

LEMMA 5.3.  The  3 - j e t  of  the  funct ion x2y • y3 a t  0 is  su f f i c i en t .  

P r o o f .  F o r  c a l c u l a t i o n  it i s  m o r e  conven ien t  to  t ake  the  (obv ious ly  equiva len t )  f o r m f  = x2y • (y3/3). 
Then  al/Oy - -x  2 ~ y2, a//Ox --- 2xy, and L e m m a  5.3 fo l lows  f r o m  L e m m a  3.2 and the  d e c o m p o s i t i o n s  

y, = (z~ ! y~) ( ~  y2) -T 2xy (xy/2), y3x = 2xy (yZ/2), 

x2y ~ = 2xy (xy/2), yx a = 2xy (x~/2), x 4 = (x 2 -}- y~)x ~ ~ 2xy (xy/2). 

F r o m  L e m m a  5.3 and 5.1 i t  fo l lows tha t  i f  t he  c u b i c a l  f o r m  is  not d e g e n e r a t e ,  then  the  funct ion  can  

be  r e d u c e d  to  t he  n o r m a l  f o r m  

D4 : / = x~y ~_ ya. 

It  is  not  h a r d  to  v e r i f y  tha t  both  g e r m s  of  type  D 4 a r e  s i m p l e  ( see  §8).  

We now c o n s i d e r  the  c a s e  of  a cub i ca l  f o r m  of  t ype  x2y. 

LEMMA 5.4.  A s i m p l e  g e r m  of a func t ion  of  two v a r i a b l e s  of c o r a n k  2 wi th  c u b i c a l  f o r m  x2y can  be  
r e d u c e d  to  one of  the  n o r m a l  f o r m s  

D~ : / =  x2y ± y~-l (k ~ 5). 
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P r o o f .  We a s s u m e  tha t  t he  s - j e t  of the  f u n c t i o n f  in s o m e  c o o r d i n a t e  s y s t e m  has  the  f o r m  x2y + 
~s (X ,  y) ,  w h e r e  ~ s  i s  a h o m o g e n e o u s  p o l y n o m i a l  of  d e g r e e  s .  ( F o r  s = 4 t h e r e  i s  a u t o m a t i c a l l y  such  a c o -  
o r d i n a t e  s y s t e m ) •  We r e p r e s e n t  ~as in the  f o r m  

(~s = a! f  -Jr 2bxy '-1 -F x~P (x, y), where ¢ ~ m 8-~. 

Subs t i t u t i ng  x - by  s -2  = x l ,  y - ¢(x,  y) = Yi r e d u c e s  f to  the  f o r m f  = x]y i + ay~ rood ,1 s+ i  (because  m2s-3c  
m s+ l  f o r  s > 3). Next ,  two c a s e s  a r e  p o s s i b l e :  a = 0 and a ~ 0. If  a = 0, t hen  the s - j e t  of  the  f u n c t i o n f  i s  
r e d u c e d  to  t h e  f o r m  x2y• Hence  the  s + 1 - j e t  h a s  t he  f o r m  x]y I + ~ s + l  (xi,  yI) ,  and we can  r e p e a t  t he  p r e -  
v ious  a r g u m e n t .  Going on,  we wi l l  e i t h e r  ge t  a = 0 fo r  a l l  s = 4, 5, . . . ,  o r  at  s o m e  s t e p  we get  a ~ 0. 

If  a ~ 0 n e v e r  o c c u r s ,  t hen  the  s i n g u l a r i t y  h a s  in f in i t e  c o d i m e n s i o n  and the  g e r m  o f f  a t  0 is  not s i m -  
p l e  ( for  e x a m p l e ,  i t s  o r b i t  in  j s  abu t s  a l l  o r b i t s  of  x2y + x k for  k --- s ) .  

Now if  fo r  s o m e  s one h a s  a ~ 0, t hen  the  g e r m  of the  f u n c t i o n f  a t  z e r o  w i l l  b e  equ iva l en t  to  the  
g e r m  of  x2y + a y  s .  F o r  the  p r o o f ,  we v e r i f y  tha t  t h e  s - j e t  x2y + (ayS / s )  (s -> 4, a ~ 0) i s  s u f f i c i e n t .  By 
L e m m a  3•2 th i s  fo l lows f r o m  the  fo l lowing  d e c o m p o s i t i o n s :  

x~'y .~ = 2xyh (x, y), h ~ m ~ for a -t- ~3 = s -t- 1 > 3 (a > O, ~ > 0), 

x'+~ = (x ~ -4- ay'-~) x'-~ "4- 2xy ( - -  x~-~y'-~/2a) (x*-t ~_ m ~, (xy)a-~ ~ m~), 

y,÷x = (x ~ -t- aY "-~) (y'/a) "4" 2xy ( - -  xy/2) (y~ ~ m ~, (--  xy/2) ~ m~). 

In o r d e r  to  c o n v e r t  x2y + ( ayS / s )  in to  x2y • yS,  i t  s u f f i c e s  to  s u b s t i t u t e  x 1 = px ,  Yl = qY. L e m m a  5.4 i s  
p r o v e d  • 

R e m a r k  5.5• A c t u a l l y ,  m o r e  was  p r o v e d  than  L e m m a  5.4.  N a m e l y ,  we have  p r o v e d  tha t  e v e r y  g e r m  
o f  c o r a n k  2 wi th  c u b i c a l  f o r m  x2y e i t h e r  r e d u c e s  to  one of  t h e  n o r m a l  f o r m s  D k ( f  = x]x2 • x k-1 • x~ 
• . .  * X~n ) , o r  has  a c r i t i c a l  po in t  of in f in i t e  m u l t i p l i c i t y ,  and h e n c e  be longs  to  a s e t  of  in f in i t e  c o d i m e n s i o n  
in the  s p a c e  of g e r m s .  

I t  i s  not  h a r d  to  v e r i f y  tha t  the  g e r m s  Dk, k -> 4, a r e  s i m p l e  ( see  .~ 8).  

§ 6 .  T h e  G e r m s  E e ,  E ~ ,  E 8 

We s h a l l  look f o r  s i m p l e  g e r m s  of  func t ions  of  two v a r i a b l e s  of  c o r a n k  2 wi th  c u b i c a l  f o r m  x 3. 

L E M M A  6.1.  A s i m p l e  g e r m  of  a func t ion  of  two v a r i a b l e s  of c o r a n k  2 wi th  c u b i c a l  f o r m  x 3 r e d u c e s  
to  one of  the  fo l lowing  n o r m a l  f o r m s :  

Ee : ! = x 3 ± y4, Ev : / = x 8 + z y  3, Es: f =- x 3 A- ys. 

Proof •  1 °. We w r i t e  the  4 - j e t  of  the  funct ion  c o n s i d e r e d  in the  f o r m  

x a 4- ay* 4- bxy a 4- 3x~cp (x, y) mod m",whem (~ ~ m ~. 

S u b s t i t u t i n g  x + ~a(x, y) = x I t u r n s  t he  4 - j e t  in to  x~l+ a y  4 + bxly3 mod  m 5. 

2% We a s s u m e  tha t  a ~ 0. Then  one c a n  r e d u c e  the  4 - j e t  t o t h e  f o r m  x] ~: y~ + 4 c x l ~  rood m s by  s u b -  
s t i t u t i n g  y = PYl. A f t e r  t h i s  we  s e t  Y2 = Yl ~ cxl•  Then  the  4 - j e t  a s s u m e s  the  f o r m  x]  + y24 + 3x]¢ mod m 5, 
w h e r e  ¢ Em 2. Now, s u b s t i t u t i n g  x 1 + $ = x 2 r e d u c e s  t he  4 - j e t  to  t he  f o r m  x~ :~ y24 mod  05• By L e m m a  3•2 
t h i s  j e t  is  su f f i c i en t  ( see  e x a m p l e  3 .3) .  T h u s ,  in t he  c a s e  a ~ 0 the  g e r m  is  r e d u c e d  to  the  n o r m a l  f o r m  E6• 

3". We a s s u m e  tha t  a = 0, b * 0. Then  the  4 - j e t  h a s  the  f o r m  ~ + b x l y  3, and i t  c an  be  r e d u c e d  to  the  
f o r m  x~ + x 1 ~l mod m 5 b y  s u b s t i t u t i n g  y = pyl•  

We s h a l l  show tha t  t he  4 - j e t  x 8 + xy 3 is  su f f i c i en t •  F i r s t ,  we s h a l l  show tha t  t he  o r b i t  of  any  5 - j e t  
x 3 + xy  3 + ~a rood m 6 ( ~  Em 5) i s  open  in  the  s p a c e  of 5 - j e t s  wi th  4 - j e t  x 3 + xy 3. F o r  t h i s  i t  s u f f i c e s  t o  r e p r e -  
s en t  any  m o n o m i a l  5 - j e t  xC~yf¢(c~ + f~ = 5) in the  f o r m  

x~y~ = (3x ~ 4- y3 _}_ A)hl  4- (3xy~ 4- B)h2 rood m e, (6.1) 

w h e r e  A = O(p / Ox, B = O~/Oy E m 4, h ~ m 2 . F o r  the  d e c o m p o s i t i o n s  o f  xy 4, x2y 3 and x3y2 we t a k e  h i = 0, 
h2 = x ~ - l y f l - 2 / 3 .  F u r t h e r ,  

x ~ = (3x 2 4- y3 4- A) (z3/3) + (3xy ~ + B)(--x2y/3)  mod m e 
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Thus ,  for a l l  m o n o m i a l s  d iv i s ib l e  by x, the d e c o m p o s i t i o n  (6.1) is  ach ieved .  F ina l l y ,  

y~ = (3x 2 + y~ + A)y 2 + (3xy ~ @ B) (--x) + Bx modm6; 

Here  Bx modm 6 is  a m o n o m i a l  of d e g r e e  5, which is d i v i s i b l e  by x. The d e c u m p o s i t i o n  (6.1) with left s ide  
Bx ex i s t s  by what was p roved .  This  m e a n s  it a l so  ex i s t s  for  yh. 

Thus ,  the orb i t  of the 5 - j e t  x 3 + xy 3 + ¢p(ga ~m 5) is open in  the  space  of 5 - j e t s  with 4 - j e t  x 3 ÷ xy 3 and 
hence  con ta ins  th is  e n t i r e  space .  Consequen t ly ,  any 5 - j e t  with 4 - j e t  x 3 + xy 3 rood m 5 can  be reduced  to the  
f o r m  x 3 + xy s mod m 6. 

4 °. We sha l l  show that  the 4 - j e t  of  x 3 + xy 3 rood m 6 is su f f i c i en t .  Our  c ompu t a t i on  in  P a r .  3 ° shows 
for  any T E m5 t h e r e  ex i s t s  a d e c o m p o s i t i o n  of the  f o r m  (6.1) 

7 = ( 3x~ + Y3)hl + (3xy2)h~ mod m6,wher¢ hi ~ m. 

Consequen t l y ,  for  5 E m 6 t h e r e  ex i s t s  a d e c o m p o s i t i o n  

5 = (3x ~ + ya)hl + (3xy~)h~ rood m 7, where h i E ms. 

Thus ,  the 5 - j e t  of x ~ + xy 3 is  su f f ic ien t  by L e m m a  3.2 .  

But by v i r t u e  of 3 °, e v e r y  5 - j e t  with 4 - j e t  x 3 + xy a mod m 5 can  be  t r a n s f o r m e d  into the f o r m  x 3 + xy 3 
mod m 6. Thus ,  the 4 - j e t  of x 3 + xy 3 rood m 5 is a l r e a d y  su f f i c i en t .  

We have  thus  p roved  that  if  in 1 °, a = 0 and b ~ 0, t hen  the  funct ion  c a n  be t r a n s f o r m e d  to the n o r -  
ma l  f o r m  E 7. 

5 °. We a s s u m e  that  a = 0, b = 0. Then  the 4 - j e t  has  the f o r m  x 3 mod mr. We w r i t e  the 5 - j e t  of ou r  
func t ion  in the  f o r m  

x a + a'y a @ b'xy 4 + 3x~q) (x, y) mod me,here (p ~ ra 3. 

Subs t i tu t ing  x + ~P(x, y) = x I t r a n s f o r m s  the  5 - j e t  into ~ + a ' y  5 + b ' x l y  4 mod m 6. 

6 °. We a s s u m e  that  a '  ~ 0. Then  one  c a n  r educe  the 5 - j e t  to the f o r m  x] + ~ + 5 c ' x l y  ~ mod m s by 
s u b s t i t u t i n g  y = PYl- Af te r  th is  we se t  Y2 = Yl ~ c ' x i .  Then  the 5 - j e t  a s s u m e s  the  f o r m  x~ + y25 + 3x~¢ mod 
• ~, where  ¢ em a. Now s u b s t i t u t i n g  x 1 + ~ = x 2 t r a n s f o r m s  the  5 - j e t  to the  f o r m  x~ + y~ mod m ~. 

By L e m m a  3.2, the 5 - j e t  x 3 + y5 mod m s is su f f i c ien t  (the m o n o m i a l  x~yf  ¢ for  a e f? = 6 is  d iv i s ib l e  
e i t h e r  by x 2 o r  by y4). T h u s ,  in the  ca se  a '  ~ 0 the funct ion  r e d u c e s  to the n o r m a l  f o r m  E 8. 

7 °. We a s s u m e  a '  = 0. Then  the 5 - j e t  has the  f o r m  x 3 + b ' x y  4 mod m 6. We sha l l  show that  th i s  je t  is  
not su f f i c i en t .  M o r e o v e r ,  the p a r t i t i o n  of the space  of 6 - j e t s  with th i s  5 - j e t  into o rb i t s  is cont inuous  (at 
l eas t  for  b '  ~ 0) in  the  ne ighborhood  of any  such  6 - j e t .  Thus  we wi l l  show that  for  s i m p l e  je t s  a '  ~ 0. 

8 °. We sha l l  show that  ou r  6 - j e t  for  b '  ~ 0 can  be r educed  to the  f o r m  x 3 • xy 4 + Xy 6 mod m 7. In fact ,  
we sha l l  show that  the coef f ic ien t  b '  in the 5 - j e t  can  be  made  equa l  to • 1 by  an  ax ia l  d i l a t a t ion .  Af t e r  th i s  
we sha l l  show tha t  the t angen t  p lane  to the o rb i t  of any  6 - j e t  x 3 ~: xy 4 + ~ rood ~7 (where ¢ ~ m 6) con ta ins  the 
e n t i r e  space  of m o n o m i a l s  of deg ree  6 which a r e  d i v i s i b l e  b y  x ( mod~  ~) . F o r  t h i s ,  we sha l l  give a d e c o m p o -  
s i t i on  of the m o n o m i a l  xayf l  (a  + fl = 6, a -> 1): 

x~y9 = (3x ~ ~- y~ + A)h~ + ( ~  4y 3 + B)h~ rood m ~, 

w h e r e A  = 0(P/0x, B = ~ / ' 0 y ,  A a n d B  ~m ~. Namely ,  for  1-<o~-< 3 w e  se t  h I =  0, h 2 =  ~ x ~ - ~ y a - a / 4 ~ m  ~, 
and f o r 4 - <  o~ < - 6 w e  se t  h i = x~'-~y~/3~m ~ ,h2 = O. 

Consequen t ly ,  the o rb i t  of the 6 - j e t  x ~ ~- xy 4 + ga rood m 7 con ta ins  a r e p r e s e n t a t i v e  with ~ = hy ~, which 
is  what  was a s s e r t e d .  

95 We c o n s i d e r  the  f ami ly  of funct ions  depend ing  on a p a r a m e t e r  ) , , / h  = xa ~: xY 4 + hY 6- We sha l l  
show that  the o rb i t  of the g e r m  of the  f u n c t i o n f h  at z e ro  (and even  the o rb i t  of i ts  6- je t )  v a r i e s  con t inuous ly  
with ~. 

With th is  a i m ,  we note  that  the z e r o s  o f f ) ,  f o rm 3 p a r a b o l a s  x = t iy  2, where  t i a r e  the roots  of the 
equa t ion  t 3 + t + ), = 0. We sha l l  show that  the ra t io  (t 3 - t l ) / ( t  2 - t 1) (defini te  to wi th in  the  o r d e r  of the roots)  
is  an  i n v a r i a n t  of the s y s t e m  of t h r e e  t angen t  p a r a b o l a s  with r e s p e c t  to d i f f e o m o r p h i s m s  (it is  suf f ic ien t  to 

c o n s i d e r  the 2 - j e t s  of the p a r a b o l a s  and the  1 - j e t s  of the d i f f e o m o r p h i s m s ) .  
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We shal l  v e r i f y  tha t  the  o r d e r e d  t r i p l e  of pa r abo l a s  x = 0, x = y 2  x = ky 2 (k ¢ 0, 1) is n e v e r  t r a n s -  
f o r m e d  by  a d i f f e 0 m o r p h i s m  of  the p lane  (near  x = y = 0) into ano the r  t r i p l e  of the s a m e  f o r m  with d i f f e r -  
ent  k (one p a r a b o l a  can  be  t r a n s f o r m e d  by  the d i f f e o m o r p h i s m  into x = 0, and the second  into x = y2). 

A d i f f e o m o r p h i s m  which c a r r i e s  the  f i r s t  t r ip le  into the  second  leaves  the y axis  fixed and hence  has  
the f o r m  

x'  = x (au + u (x, y)), y' = a~lx -~ a~y -~ v (x, y),whereu ~ m ,  v ~ t n  ~. 

In  o r d e r  tha t  the  p a r a b o l a  x = y2 r e m a i n  in p l ace ,  one mus t  have  a t l  = a 2 2 .  But then the image  of  the  p a r a -  
bola  x = ky 2 wil l  a l so  be x '  = ky '2 mod y,3, which cannot  be  a p a r a b o l a  x '  = k 'y  '2 fo r  k '  ~ k .  

10 °. We r e t u r n  to the 6 - j e t  of 8 °. The n u m b e r  (t 3 - t l ) / ( t  2 - tl) , c o n s t r u c t e d  f r o m  th is  jet ,  v a r i e s  con-  
t inuous ly  with k. Whence  it follows that  the 6 - j e t s  of the  functions f A  be long  to d i f fe ren t  o rb i t s  (which v a r y  
cont inuous ly  with k). This means  that  not one of  the  g e r m s  with a '  = 0 is s imp le ,  and L e m m a  6.1 is p roved .  

One can  v e r i f y  (see §8), tha t  the g e r m s  E s, ET, Es a r e  s imple .  

R e m a r k  6.2.  Actua l ly ,  we have p roved  m o r e  than  L e m m a  6.1.  Namely ,  we have  p roved  that  e v e r y  
g e r m  of c o r a n k  2 with cubica l  f o r m  x 3 e i t h e r  r educes  to  one of the f o r m s  

x ~ ± ~ '  ~ z ~ ~ -  . ~ t = x~ + x~x~ ± x l  ± + x~, Ee: ] = 1 ,_ ~_~: 3_,_' . ± x ~ ,  ET: . . . .  

Es: f = x ~ + x  5 , ~ x ~ + . . . @ x ~ ,  

o r  be longs  to the  se t  of cod imens ion  8, which cons i s t s  of  g e r m s  whose  5 - j e t s  r educe  to  the f o r m  

~ ± z , x  l ± ~] ± . .  ± x~ mod m'.  

All g e r m s  of  th i s  las t  type  a r e  not s imp le .  

The las t  p a r t  of  the  a s s e r t i o n  (that the g e r m s  with 5 - je t  x~ * xlx ~ • x~ • . . .  + X2n a r e  not s imple)  
fo r  n > 2 does  not follow f o r m a l l y  f r o m  L e m m a  6.1,  but  was  a l so  p roved .  

We shal l  show,  fo r  example ,  tha t  the tangent  plane to the  orb i t  of  the 6 - je t  ~ + xtx ~ + hx~ • x~ :~ 
• . . ± X2n (and e v e r y  6 - j e t  with the  given 5 - j e t  r e d u c e s  to  this  form) does not conta in  the  d i r ec t i on  x~, i .e . ,  
that  t he  equa t ion  r e l a t i ve  to  hi E ~a 

(3x~ ±x~) th + (6kx~ ± 4x~x~) h, ± 2x3ha ± . . .  ± 2x,,h, = x~ modm' 

is unso lvab le .  In  fac t ,  we se t  ~ = ±1,  x 3 = . . .  = Xn = 0, and we in t roduce  the notat ion h,(x2) = h2 (el, r ~ x ~ ,  
x2, 0, . . . .  0). Then  we get 

x2 mod x,. 
Consequen t ly ,  

which is i m p o s s i b l e  for  such a 7t. 

Thus, the orbits of the 6- je ts  xl • xl + X xl • • . . .  • 4 mod,  vary continuously with X, so 
no g e r m  with such a 6 - j e t  is s imp le .  

R e m a r k  6.3 The p a s s a g e  f r o m  the  c l a s s i f i ca t ion  of  g e r m s  of  functions of k v a r i a b l e s  to  g e r m s  of 
c o r a n k  k of  funct ions of  any n u m b e r  of va r i ab l e s  c a n  a l so  be  jus t i f ied  with the help  of any of the fol lowing 
a s s e r t i o n s .  

P r o p o s i t i o n  6.4.  The map which a s s o c i a t e s  with the  g e r m  of ~a at z e r o  the g e r m  of the function 

at the  point (0, 0) is t r a n s v e r s a l  to  the orb i t  of  the g e r m  o f f  at this  point .  

P ropos i t i on  6.5. If  the  g e r m  of  the  functions /~ (x, y) = % (x )+  Q (y) and/~ (x, y) = ~, (x) + 0 (Y) and 
(where ~t  6m3, ~ ~ m'~) at  the point  (0, 0) a r e  smooth ly  equivalent  and of  finite mul t ip l ic i ty ,  then the  g e r m s  
of  the functions ~l and ~2 a r e  a l so  equivalent .  

The p roo f s  a r e  not given s ince  they  a r e  long and it is not c l e a r  if the r e q u i r e m e n t  o f  finite mul t ip l ic i ty  
is e s sen t i a l .  We sha l l  not u s e  p ropos i t ions  6.4 and 6.5 in what  fol lows.  
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§ 7 .  C l a s z i f i c a t i o n  o f  S i n g u l a r i t i e s  u p  t o  C o d i m e n s i o n  6 

T h e o r e m  2.10 fo l lows  i m m e d i a t e l y  f r o m  the  l e m m a s  p r o v e d  above  in ~ 4 -6 .  As a m a t t e r  of  fact ,  
t h e s e  l e m m a s  p r o v e  s o m e w h a t  m o r e ,  n a m e l y ,  f r o m  r e m a r k s  4.4,  5.5,  and  6.2 fol low the  

THEOREM 7.1.  Any g e r m  of  a func t ion  a t  a c r i t i c a l  poin t*  can  e i t h e r  

1) be  d e s c r i b e d  in  one of  the  f o r m s  Ak,  Dk, E~, E 7, Es, o r  

2) b e l o n g s  t o t h e  se~ of  c o d i m e n s i o n  6,: f o r m e d : b y  a l l  g e r m s  of  c o r a n k  g r e a t e r  than  2, o r  

3) b e l o n g s  to t he  s e t  o f  c o d i m e n s i o n  7 , : f o r m e d  by  t h o s e  g e r m s  of  c o r a n k  2, whose  3 - j e t  r e d u c e s  to 
the  f o r m +  x] + . . .  ~x2n, o r  

4) be longs  to  the  s e t  o f  c o d i m e n s i o n  8, f o r m e d  by  a l l  g e r m s  of  c o r a n k  2 wi th  5 - l e t  which  r e d u c e s  to  
t he  f o r m  ~ + xlx~ ~ x ]  ~ . . .  • X2n, o r  

5) be longs  to t he  s e t  o f  in f in i te  c o d i m e n s i o n ,  f o r m e d  by  a l l  g e r m s  of  c o r a n k  1 wi th  c r i t i c a l  po in t  of  
in f in i t e  m u l t i p l i c i t y .  

In c a s e  1) the  g e r m  is  s ' imple ,  and  in the  r e m a i n i n g  c a s e s  it is  not .  

Each  of  the  s e t s  d e s c r i b e d  in 2) -5) ,  h a s ,  f o r  n - 3, c o d i m e n s i o n  not l e s s  than  6 ( for  n = 1, not l e s s  
than  7,  f o r  n = 2, in f in i t e  c o d i m e n s i o n ) .  Hence  f r o m  T h e o r e m  7.1 fo l lows T h e o r e m  2.10 a s  we l l  a s  T h e o r e m  
2.11 and C o r o l l a r y  2.12.  

~ 8 .  V e r s a l  D e f o r m a t i o n s  o f  F u n c t i o n s  

We r e c a l l  the  de f in i t i on  of v e r s a l  d e f o r m a t i o n s  o f  funct ions  ( for  m o r e  d e t a i l s  on v e r s a l  d e f o r m a t i o n s  
( see  [5], [6]). 

L e t f  be  the  g e r m  of  a s m o o t h ~  funct ion f :  R n ~ R a t  the  po in t  0. A d e f o r m a t i o n  F o f  the  f u n c t i o n f  
is  a g e r m  of  a s m o o t h  func t ion  F:  R n × R l --- R at  the  poin t  (0, 0), f o r  which  F(x ,  0) =f(x). The s p a c e  R l 
of  the  s e c o n d  a r g u m e n t  of F i s  c a l l e d  the  b a s e  of  t he  d e f o r m a t i o n ,  and  i ts  e l e m e n t s  a r e  c a l l e d  the  p a r a -  
m e t e r s  of  t he  d e f o r m a t i o n .  The  d i m e n s i o n s  of  the  b a s e s  of  d i f f e r e n t  d e f o r m a t i o n s  o f  one f u n c t i o n f  can  be  
d i s t i n c t .  

Def in i t ion  8.1.  A d e f o r m a t i o n  F of  the  g e r m  of a f u n c t i o n f  is  c a l l e d  v e r s a l ,  i f  e v e r y  o t h e r  d e f o r m a -  
t ion  of  the  f u n c t i o n f  i s  equ iva l en t  to  one  induced  f r o m  F.  

Th i s  m e a n s  tha t  f o r  any  funct ion G: R n × R n ~ R which is  s m o o t h  n e a r  the  po in t  (0, 0), such  tha t  
G(y,  0) = f ( y ) ,  t h e r e  e x i s t  1) a map  ¢: R m --* R I which  is  s m o o t h  n e a r  0 and ~(0) = 0 (change  o f  p a r a m e t e r ) ,  
2) a d i f f e o m o r p h i s m  (x = X(y,  ~t), w h e r e  X: R n x R m  --* R n, X(0, 0) = 0, de t  (DIX) (0, 0) ~ 0) which  d e -  
pends  s m o o t h l y  on t h e  p a r a m e t e r  ~ ~ R l ,  wh ich  t u r n s  into the  i d e n t i t y  t r a n s f o r m a t i o n  for /~  = 0 (X(y, 0) = y) ,  
such  tha t  

C (y, ~) =-- F (X (y, ~ ) , ,  (~)). 

D i f f e r e n t i a t i n g  t h i s  r e l a t i o n ,  we  a r r i v e  at  the  fo l lowing  de f in i t i on .  

Def in i t ion  8.2.  A d e f o r m a t i o n  F: R n × R l - -  R of  the  g e r m  o f a  f u n c t i o n f :  R n - -  R a t  z e r o  is  c a l l e d  
i n f i n i t e s i m a l l y  v e r s a l  i f  e v e r y  g e r m  at  0 of  a funct ion or: R n - -  R can  be  r e p r e s e n t e d  in the  f o r m  

n l 

i = l  ~ j = l  

OF I ()~ = ()~i . . . .  , )~z) ~ R') , h i are smooth functions, c i are numbers. where ~ = ~ ~=o 

In other words, a deformation of the germ of a function at a critical point is infinitesimally versal if 
the  g e r m  of i t s  d e r i v a t i v e  with ~respect  to  the  p a r a m e t e r  g e n e r a t e s  t h e  l oca l  r i n g  of  g r a d i e n t  m a p s  at  the  
c r i t i c a l  po in t .  

*With c r i t i c a l  v a l u e  z e r o ;  t he  c o d i m e n s i o n  is  :a lso i n t h e  s p a c e  of  g e r m s  with  c r i t i c a l  v a l u e  z e r o .  
~ T h e r e  e x i s t  C ~ R - ,  and  C - a n a l y t i c  and  f o r m a l  v a r i a n t s  o f  the  fo l lowing  de f i n i t i ons ;  the  r e s u l t s  c a r r y  o v e r  
to  a l l  t h e s e  c a s e s .  
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THEOREM 8.3. Every infinitesimally versal deformation is versal. 

The proof is too long to give it here; it can be carried out by any of a series of standard schemes 
(see,  e .g. ,  [1], [7]). 

Choosing gene ra to r s  of the local r ing for  g e r m s  of the functions Ak, Dk, Ek,  we get the bas ic  resu l t  
of  the p r e sen t  pa rag raph .  

COROLLARY 8.4. As v e r s a l  deformat ions  for  the g e r m s  of functions Ak, D k, and E k [see fo rmulas  
(1.1)] one can take the following k - p a r a m e t e r  deformat ions :  

A~: F (~, ~) = ~ x~+~ + x~ + Q + z~_~x~ -~ + ~ _ ~ - ~  + . . .  + ~x~ + Z0, 
D~: F (x, ~) = x~x~ ~ x~-' -4- Q -4- k~_,x~ -4- k~-2x~ ''~ + . . .  -4- ~,~x, -4- ~o, 

E,: F (x, ~.) = x] + x~x] + Q + ;.~z,:~ -4- 7.~x'~ + ~.~ -4- X~x] + X~x~+ ~.,x~+~, 

Here  Q is the s tandard  quadrat ic  f o r m  
$ $ - ~ - . . . - z , + z ~ + ~ + . . . + z L  

COROLLARY 8.5. As t r a n s v e r s a l s  to the orbi ts  of the s imple  g e r m s  f in the space  of r~jets  of func- 
t ions with c r i t i ca l  point 0 and c r i t i ca l  value ze ro ,  one can take the l inear  family with k - 1 p a r a m e t e r s  
e2 . . . . .  ~k of the f o r m  

- -  k + l  X 2 

D~ : x~x~ ~___ z~-' ÷ Q ÷ %x~ -{- . . .  ÷ e~_2x~ -2 ..-}- e~-~x,x2 + ekx~ 

E,:z~ ~ x~ + Q + ~x~ + ~x~ -4- ~,~ + ~x~x, + ~x~x~ 

E~: xl'~ -4- xlx~S _~ Q -4- a~x~ -4- s~z~ -4- eax'.~ -4- esx~ -4- %xlx, -4- sTzlz~ 
E8: 3 5 x~ -4- x.~ -4- Q -4- e2x~ -4- s3x~ -4- e,x~ -4- %x~,÷%x~x~÷s,x~z~ ÷ ~sX,X~ 

(r>k÷ I), 
(r>k-- I), 

(r >4), 
(~ >4), 
(~ >5). 

F r o m  these  fo rmulas ,  in pa r t i cu l a r ,  follows 

COROLLARY 8.6. The g e r m s  of types Ak, Dk, E6, ET, E8 a r e  s imple .  

In fact ,  by d i rec t  calculat ion it is easy  to see  that  for  all  ~ the g e r m s  indicated in Coro l l a ry  8.5 b e -  
long to the o rb i t s  of types  AI, DI, El (l -< k), which (for fixed k and n) a r e  finite in number .  The fo rmulas  
of Coro l l a ry  8.5 a lso  c l ea r ly  pe rmi t  one to enumera t e  all  orbi ts  which abut orbi ts  of the given s imple  g e r m .  

COROLLARY 8.7. The d i ag ram of abutting of s imple  g e r m s  has  the f o r m  (in the complex case) 

Here P -- S denotes that the orbit P abuts the orbit S; the complete set of orbits abutting S is obtained 
from S by moving along arrows in the diagram. 

It is easy to foresee the result of Corollary 8.7 heuristically, by considering the inclusions of the 
Dynkin diagrams of Ak, Dk, E k in one another (see §9). However, the proof requires some calculation. 

First of all, from dimensional considerations it is clear that S k can abut only P/with I < k (P and S 
run through the values A, D, E). Further, from the semicontinuity of the rank and multiplicity, it follows 
that Ak can abut only Al, and that Dk can abut only Dl and Al. Thus, only the abutments indicated in the dia- 
gram are possible. 

In order to prove that the abutment Pk-i "- Sk is realized, it is sufficient to indicate a curve in the 
space of jets (t ~ft),for which f0 has type S k, andft for t ~ 0 has type Pk-i. 
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As such a curve ,  one can take,  for example, the intersect ion of the t r ansve r sa l s  to Sk, indicated in 
Coro l la ry  8.5, with orbit  Pk-1. 

The calculations (rather  tedious, especial ly  for A~ ~ Es) give the following curves :  

k+l k 2 A~-I * - A ~  : /t  = xl  -4- txl  + x2-k- Q, 

~ x~ ' t ~  -~ + p ,  D~-I ~ D~ : It = xl 2 + + 

A~._, ~-- D,,: It = x~x, - -  x~ -t - -  [ tx~ -~" -~- t2x~ -3 + . . .  + t~-S x~] + 2 V-t-~-'Zx,x2 - tx~ + Q, 

D5 ~ Es: /t = (x~ - -  tx~) ~ (x~ + 2tx,) + x~ + Q, 

.4~ <- E~: It = x~ + (z~ + txO ~ + Q, 

D~ <--- E:: /t = (x~ - -  tx2) ~ (x I + 2tx2) + x~ (xl - -  txz) A- Q, 

An <-- ET: It = 16tnx~ A- x~ - -  4tz~x2 - -  8Fx,x~ A- x~ (xt + ix2) + Q, 

D7 <--Es: ]~ = (x~ - -3 tx~)  ~ (x~ + 6tx~) - -  18tSx~ .-]- 6tx~x~ + x~ + Q, 

A~ , -  Es: /t = t ~ (x~ - -  t~x~) ~ - -  x~ (St4x~+4tx~) -]- x~ -}- 4t~x~ + 5tSx~ -]- x~ A- Q, 
3 : $ E~ ~-- E 7 : It = x~ -t- x~x~ + tx~ + Q, 

We shall show, for example,  that the func t ion f t  indicated in the line A s ~- E~, for  t # 0, belongs to 
A s. In fact, for t ~ 0 the corank  of the g e r m  o f f t  at 0 is equal to 1, s o f t  has type Ak with some k -< ~.  
In o r d e r  to find k it suffices to cons ider  the function ¢t(x2) = f t (x l (x  2) , x2), where the function xt(x g) is de- 

b] t 
i 

Ix = 0 • the o rde r  of ze ro  of the function ~t is then equal to k + fined by the condition ~ ,~,). ~, , 1. We find 

success ive ly  

3x~ -k 2t (x~ --k tx:) = O, x ,  (x~) = - -  (x~/t) + o (x~), 

(x~ -4- tx~ (x2))' = 9x~/4F = o (x~), q)t = - -  x~,'t s -4- o (x~). 

Thus, k + 1 = 6, i . e . , f t  has type A 5. 

,~9. B i f u r c a t i o n  D i a g r a m s ,  B r a i d s ,  a n d  t h e  W e y l  G r o u p  

We consider  the bases  of the ve r sa l  deformations indicated in Coro l l a ry  8.4. These bases  a re  na tur -  
ally s trat i f ied according  to the s ingular i t ies  of the zeros  of the level sur faces  of the function F(., )t). The 
set of all values of the p a r a m e t e r  ~ E C k for  which the function F(., D has zero  as a cr i t ica l  value, forms a 
hypersur face  Z in C k (the bifurcation diagram),  which can be called the general ized swallow's tail of the 
cor responding  s ingular i ty  (Ak, Dk o r  Ek); the ord inary  swallow's  tail in C a is obtained for the s ingular i ty  
A 3 • 

In this paragraph  we consider  (without proofs) more  o r  less new proposit ions about bifurcation dia-  
g rams  of ge rms  of type Ak, Dk, Ek. 

PROPOSITION 9.1. The complement  in C k to the bifurcation d iagram E of a g e r m  of type Ak, Dk o r  
E k is an Ei lenberg-MacLane  space K0r, 1): lti(ck - ~') = 0 for i -~ 2. 

In o r d e r  to descr ibe  the fundamental group of this complemer~, we recal l  the construct ion of E. Br i e -  
skorn of the group of braids of the group generated by a map (see [8], [9], [!0]). 

Let r be a finite group generated by a map of R m into some hyperplane.  

The complexification of  the action of r on R m gives a finite group in C m. Let X be the domain in 
C m formed by points of "general  type ~ (with orbits of the smal les t  number of points). The domain X is ob- 
tained f rom C k by throwing out a cer ta in  number  of hyperplanes ("diagonals").  

Definition 9.2. The braid  group of  the group r is the fundamental group of the quotient space X / F  : 
B(r)  = ~t ( x / r ) .  

PROPOSITION 9.3. The fundamental group of the complement of the bifurcation d iagram of a g e r m  
of type Ak, Dk, o r  Ek is the braid group of the corresponding Weyl group: lrl(ck - Z) = B ( r )  ~ o k  - z is 
homeomorphic  to X / F .  
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The complement  c k  - Z of the b i furcat ion su r face  s e rve s  as the base  of a s e r i e s  of impor tan t  f i b ra -  
t ions .  One of t h e m  has  f ibe r  ove r  the point ~ E C k - • the hype r su r f ace  in C n with equation F(., D = 0. 
Since k does not belong to the bi furcat ion d i ag ram Z, the f iber  is a nonsingular  h y p e r s u r f a c e .  We denote it 
by  V = Vk. 

PROPOSITION 9.4. The nonsingular  f iber  Vk o f a  v e r s a l  de format ion  of a s ingular i ty  Ak, Dk, o r  E k 
is homotopical ly  equivalent to a, bouquet of  s p h e r e s  of dimension n -  1. 

As these  sphe re s  one can : take  the vanishing cyc les  of  P i c a r d ,  Lefschetz~ M o r e o v e r ,  if  n is: odd (so 
that  the in te rsec t ion  index in Hn_i(V k) is s y m m e t r i c ) ,  then these  k c y c t e s  e a n b e  c h o s e n  so that t he i r  i n t e r -  
sect ion indices will give the Dynkin d iagram:  

O 

Es: : i : 

I 

Ea ; : " = 

; = : : to point 

: _7 

7 

Here  each point r e p r e s e n t s  a sphere  (a gene ra to r  in Hn_I(Vk)). The se l f - in t e r sec t ion  indices of the 
gene ra to r s  a r e  equal to ( -  1)n-1/22, if the points ~ and fl a re  joined by a segment ,  and (~, ~) = (-1) n+I/z, i f  
the points c~ and ~ a re  joined by a segment ,  and (~, ~) = 0, i f  the re  is no segment .  

PROPGSITION 9.5. The action of the fundamental  group ~I(C k - Z )  of the base  of the f ibrat ion con-  
s ide red  on the  homology of the f iber  Vk (for odd n) is the s tandard rep resen ta t ion  of the genera l ized  bra id  
group as the Weyl group; the P i c a r d - L e f s c h e t z  t r ans fo rma t ion  is rea l ized  as a map into Hn_i(Vk) (for Ak, 
see  the work  of A. N. Varchenko [11]). 

R e m a r k  9.6. An in teres t ing  spec ia l  case  is the case  n = 3. In this  ca se  the hype r su r f ace  V~ is an 
o rd inary  su r face .  The s ingular i t ies  of su r faces  of types A k, Dk, Ek have been thoroughly studied under  the 
name of "double ra t ional  points"  (see [12], [13], [14]). In the theo ry  of double ra t ional  points ,  in pa r t i cu l a r ,  
it is proved that a s ingular  point of a su r face  which sa t i s f i e s  some  rigidity condition, can be reduced to one 
of the types Ak, Dk, Es, ET, EB. Moreover ,  it turns  out that the set  of lines joined in min imal  resolut ions  
of  double ra t ional  poir~s is descr ibed  by a Dynkin d i a g r a m  ( p o i n t s - l i n e s ,  s e g m e n t s - i n t e r s e c t i o n s ) .  

Surfaces  with double ra t ional  points ,  t he i r  v e r s a l  de format ions ,  and the i r  resolut ions  can be obtained 
f r o m  the cor responding  Lie groups (Ak, Dk, Ek) : they appea r  in the descr ip t ion of the s ingular i t ies  of a 
map ,  assoc ia t ing  with a ma t r ix  (an e lement  of  the Lie algebra) its cha rac t e r i s t i c  polynomial .  In this con-  
nection,  see  [15], [16], [17]. With the indicated map is also connected a family  of a lgebra ic  manifolds of 
o ther  (but a lways even) d imensions  - it would not be su rp r i s i ng  to mee t  among t h e m  ~Vk~ not only for  n - 1 = 
2 but a lso  for  n - 1 = 2/ >2. 

Despite  the  facts  mentioned above,  the connection of s ingular i t ies  with Weyl groups does not s e e m  to 
be well  unders tood,  For  example ,  it is not c l e a r  whether  connected with s ingular i t ies  a r e  only coxe te r  
groups genera ted  by ref lec t ions ,  o r  r ea l  Lie groups with the i r  Weyl g r o u p s -  in the la t te r  case  one couid 
hope to obtain some  informat ion  about nonsimple  g e r m s .  

§ 1 0 .  L a g r a n g i a n  S i n g u l a r i t i e s  

The invest igat ion above of the c lass i f ica t ion  of s imple  g e r m s  of functions has  applicat ions in the 
theory  of s ingular i t ies  of projec t ions  of  so -ca l l ed  lagrangian manifolds .  

Actually,  this  c lass i f ica t ion  was found for  the solution of the p rob l ems  of asympto t ic  in tegra ls  of 
rapidly  osci l la t ing functions [18], which is c lose ly  connected with lagrangian s ingula r i t i es .  In the p r e sen t  
pa rag raph  is communica ted  (without detailed proof) p r e l i m i n a r y  informat ion about lagrangian s ingular i t ies ;  
the c lass i f ica t ion  resu l t s  obtained with its help is contained in ~11. 

Definition 10.1. A symplec t ic  manifold is a pa i r  (M 2n, ~2), where  M 2n is a smooth even-d imens iona l  
manifold,  and ~2 is a c losed nondegenerate  different ia l  2 - f o r m  on it. A d i f f ecmorph i sm of symplec t ic  man-  
folds f :  .M] n --. M] n is cal led symplec t ic  i f f * ~  = ¢o]. 
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Definition 10.2o A submanifold L n of  a symplect ic  manifold (M 2n, co 2) is called a lagrangian manifold 
if the form i*w 2 induced by the inclusion i: L ~ M is equal to zero .  

Definition 10.3. A fibration p: M --  ]3 is called a lagrangian fibrat~on ' f  its fiber is lagrangian. 

Definition 10.4. A lagrangian map ~: L --* B is the map induced by the project ion r = pi of a lagrang- 
Jan  manifold onto the base  o f a  lagrangian fibration. 

Examples of lagrangian fibrations a re  the cotangent fibrations T*B of smooth manifolds B. More pa r -  
t icn lar  examples are  :coordinate 2n -d imens iona l space  R 2n with coordinates x i, Yi (i = 1 , . . . ,  n), with form 

~o ~ = ~ d x l  /~ dyi and project ions 7r(x, y) = y. 

PROPOSITION 10.5. Any lagrangian fibration is locally isomorphic  to the s tandard one just descr ibed,  
and the affine s t ruc ture  on the fiber in a neighborhood of each point is defined invariantly.  

The proof  is based on an application of Darboux's  theorem.  

An example of a lagrangian submanifold is a submanifold L = [x, y : y = aS/ax}, where S is a function 
on R n = ix}, of the standard 2n-dimensional  space Rm. The corresponding lagrangian map ~: L - -  B is 
called the gradient .  If xi a re  taken as coordinates on L, and Yi on B, then n is given by the formula 

~(x l  . . . .  " x ~ ) = (  °~va~ . . . .  ' ao-~-~)" (10.1) 

Every  lagrangian submanifold L n in R 2n is locally given by its "derivative function" S(x) in a neigh- 
borhood of each of its points,  in which the  tangent space to L n is t r ansve r sa l  to the y - space .  

PROPOSITION 10.6. In a neighborhood of each point without exception a lagrangian manifold is given 
by at least one of the 2 n formulas of the following form: 

OF OF 
y~ = - ~ ,  x~ = oy~ (i ~ I ,  ] ~ J), (10.2) 

where F = F(x I, yj) is the "derivative function ~ and I = (i 1 . . . . .  ik) is one of the 2 n subsets of the set (1, 
. . . .  n), and J is its complement .  Here,  if the kernel  of the project ion of the tangent plane onto the y - space  
is k-dimensional ,  then as I one can take a set of k e lements .  

The proof  is found, for  example,  in [19]. 

Para l le l  to the general  theory  of singulari t ies  of smooth maps there  is a theory  of s ingulari t ies  of 
lagrangian maps,  which a re  about as frequently met in applications (caustics,  envelopes, Huygens principle,  
Hamil ton-Jacobi  equations, etc.). 

Definition !0.7.  A lagrangian equivalence of lagrangian maps 7rl, z : LI, 2 ~ Bi,2 is a symplect ic  diffeo- 
morph ism s:  M 1 --~ M 2, d: Bt ~ Bz of the lagrangian fibrations Pl,2:M1,2 ~ BI,2, such that L i is ca r r i ed  
into L 2. If such an equivalence exis ts ,  then the maps ~r 1, r2 a re  said to be lagrangian equivalent. 

Proposi t ion 10.8. From lagrangian equivalence follows equivalence in the sense of the ord inary  
theory  of singulari t ies  of smooth maps (]t,2: U ~ V are  equivalent if there  exist d i f feomorphisms h: U - -  
U and k: V - -  V such that k f i  = f ~ ) .  

The proof  is obvious. The converse  proposit ion is not t rue,  as is shown by the example of smooth 
equivalent but lagrangian inequivalent ge rms  at z e r o f l  = x s andJz  = x s + x 4. 

Definition 10.9. A lagrangian map is said to be lagrange stable if every  close lagrangian map is 
lagrangian equivalent to it. 

Remark.  In the definition of lagrange stabili ty one must choose among severa l  possible concepts.  
Here is one of them. 

Definition 10.10. A lagrangian map is said to be weakly lagrange stable if every  close lagrangian 
m a p  i s  equivalent to  i t i n  the s e n s e  o f the  :ordinary theory  of s ingular i t ies .  

Lagrange stable maps a re  weakly lagrange s t ab le  according to proposi t ion 10.8. I do not know ex- 
amples  of weakly lagrange stable g e r m s  of maps which are  not lagrange stable.* 

*There exist ge rms  of smooth maps R 2 ~ R z which a re  not equivalent to gradients  in the sense of the ordin-  
a ry  theory of singulari t ies (and also local rings which are  not real ized by gradients) .  The author thanks 
V. P. Palamodova,  for  showing the example: Yi = x3, Y2 = x~x2 + x~. 

267 



R e m a r k .  The concepts  of lagrangian equivalence and stabi l i ty  in the large a re  not v e r y  reasonab le .  
For  example ,  the lagrangian curves  (x 2 + y2 _ 4) ((x - ~0 2 + y2 _ 1) = 0 in the plane (x, y) for  different  kl, 
k2 (0 --< kl,2 < 1) a re  lagrange inequivalent because  of the invar iance  of the afflne s t ruc tu re  on the f iber  of a 
lagrangian f ibrat ion.  

Local  va r ian t s  of definit ions of lagrangian s tabi l i ty  and weak lagrangian s tabi l i ty  of  g e r m s  a re  con-  
s t ruc t ed  on the model  of the o rd ina ry  theory  of s ingular i t ies  (see [1]). Below "stabi l i ty  ~ always means  
" lagrangian s tabi l i ty ,"  i f  the con t r a ry  is not a s s e r t e d .  

PROPOSITION 10.11. Eve ry  g e r m  of a lagrangian map is lagrange equivalent to the g e r m  of a g r ad -  
ient map .  

For  the proof ,  a sl ight bending of the coordinate  s y s t e m  suff ices .  In fact ,  eve ry  g e r m  of a lagrangian 
map can be  wri t ten  in the fo rm (10.2). The symplec t ic  d i f feomorph i sm given by x'~ = x~. y~ ---- y~ (i ~ 1), 
x~ = x~ Jr )~yj, y~ = yj (] ~E I) , p r e s e r v e s  f ibers  and defines a lagrangian equivalence of the initial  map with 
s o m e  new lagrangian map,  depending on the number  k. It is easy  to ver i fy  that this new g e r m  is a gradient  
[i.e.,  can be wri t ten  in the f o r m  (10.1)] for  a lmos t  all  k. 

! 
In fact ,  a de r iva t ive  function of the fo rm (10.2) for  the new g e r m  will be F - - ~ - ~ , y ]  (]~_Y). The 

condition of local solvabi l i ty  of  the new equation (10.2) with r e spec t  to y j  will be ] a~F/ay~ - -  )~E I =~ 0 .  If  
is not an eigenvalue of the hes s i an  of F with r e spec t  to y j ,  then the new g e r m  is a gradient;  thus,  the excep-  
t ional  values  of k a r e  finite in number  (not more  than n). 

Proposi t ion 10.11 fo rma l ly  reduces  the study of all  g e r m s  of lagrangian maps to the study of g r a d -  
ient g e r m s .  However  actual ly  in working with lagrangian s ingular i t ies  it is more  convenient to use  the 
char t s  (10.2). 

We proceed  now to the inf ini tes imal  analogs of  the concepts  introduced.  

Definition 10.12. An inf ini tes imal  lagrangian equivalence of a lagrangian f ibrat ion is a vec to r  field 
on the total  space  which p r e s e r v e s  both the symplec t ic  s t r u c t u r e  and the f iber  s t r uc tu r e .  

Just  like any vec to r  field which p r e s e r v e s  the symplec t ic  s t ruc tu re  on M, the field of an inf ini tes i -  
mal  |agrangian equivalence X is locally given by a r ea l  function (the Hamil tonian function) H by the formula  
(o ~ (X (x), ~) = dH (~) (V~ ~ T~M). 

LEMMA 10.13. The Hamiltonian function of an inf in i tes imal  lagrangian equivalence is l inear  (in- 
homogeneous) along each f iber .  Converse ly ,  any function which is l inear  (inhomogeneous) along each f iber  
gives an inf ini tes imal  lagrangian equivalence.  

Proof .  By v i r tue  of proposi t ion 10.5, it suff ices  to cons ider  the coordinate  f ibrat ion (x, y) I ~  (Y). 
Then the field X has  components  0 H / 3 y , - 0 H / 0 x .  Fo r  the field to be a lagrangian equivalence,  the second 
component  should not depend on  x. Consequently,  H = a(y)x + b(y),  which is what was needed.  

R e m a r k .  Lagrangian equivalences a r e  c lass ica l ly  called Wextended point t r a n s f o r m a t i o n s . "  

Definition 10.14. An inf ini tes imal  lagrangian deformat ion  of a lagrangian manifold is an e lement  of 
the tangent space  to the manifold of a lagrangian manifold .  

Definition 10.15. A lagrangian map is called inf ini tes imal ly  s table  if  eve ry  inf in i tes imal  lagrangian 
deformat ion  of its lagranglan manifold is induced by  some inf ini tes imal  lagrangian equivalence.  

The definition of the cor responding  local concepts  is analogous: it is only n e c e s s a r y  to rep lace  man-  
ifolds and maps  by the i r  g e r m s  eve rywhere .  

Remark .  In o r d e r  to make definition 10.14 for  g e r m s  comple te ly  p r e c i s e ,  we note that if the g e r m  of 
a Iagrangian manifold is given by formula  (10.1) o r  (10.2), then the tangent space to the manifold g e r m  is 
identified in the g e r m s  cons idered  with the space  of g e r m s  of smooth functions of  x (or of xI, yJ) .  F r o m  
L e m m a  10.13 it is easy  to deduce 

PROPOSITION 10,16. For  inf ini tes imal  s tabi l i ty  of a gradient  g e r m  (10.1) at ze ro  it is n e c e s s a r y  
and sufficient that  the local r ing of the gradient  map be genera ted  by l inear  functions. 
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H e r e ,  t he  loca l  r i n g  of  a g r a d i e n t  map  i s  the  quo t ien t  r i n g  of  t he  g e r m s  of  s m o o t h  func t ions  of  y at  0 
b y  the  i d e a l  spanned  b y  t h e  n g e r m s  of the  p a r t i a l  d e r i v a t i v e s  ~S /3x i .  

Thus ,  the  cond i t ion  of  i n f i n i t e s i m a l  s t a b i l i t y  c o n s i s t s  in  the  fac t  tha t  fo.  e v e r y  g e r m  a of  a s m o o t h  

os 
func t ion  at  0 t h e r e  e x i s t s  a d e c o m p o s i t i o n  a (x) = ~ ~ hi (x) + co -t- C~Xl ~- . . .  + c,~xn , w h e r e  h i  a r e  g e r m s  of 

s m o o t h  func t ions  a t  z e r o ,  and ci a r e  r~umbers .  

Now we s h a l l  f o r m u l a t e  the  cond i t ion  of  i n f i n i t e s i m a l  s t a b i l i t y  fo r  g e r m s  of  t he  f o r m  (10.2) a t  z e r o .  
We a s s u m e  tha t  a t  z e r o  F = 0 and 0 F / 0 x I  = 0 (the l a t t e r  can  be  a c h i e v e d  b y  t r a n s l a t i o n  o f  the  o r i g i n  o f  c o -  
o r d i n a t e s  YI)- We i n t r o d u c e  t h e  f u n c t i o n s f ( x )  = F(x,  0) and  ~j(x)  = ( S F / a y j )  (x, 0) (] E J ,  x = xI ) .  

F r o m  L e m m a  10.13 fo l lows  

T H E O R E M  10.17.  I n f i n i t e s i m a l  s t a b i l i t y  of  the  g e r m  (10.2) at  z e r o  i s  equ iva l en t  to  v e r s a l i t y  of  the  
n + 1 - p a r a m e t e r  d e f o r m a t i o n  G of  the  g e r m  of  the  f u n c t i o n f  a t  0 which  i s  o b t a i n e d  f r o m  F i f  the  yj  a r e  c o n -  
s i d e r e d  a s  p a r a m e t e r s  and a g e n e r a l  l i n e a r  i n h o m o g e n e o u s  func t ion  of  x i s  added :  

G (x, ~) = ] (x) + ~ j  (x) + ~0 + ~ x ~  (i ~ z, ] ~ ]). 

The p r o o f  i s  b a s e d  on the  fact  t ha t  t he  cond i t ion  of  i n f i n i t e s i m a l  s t a b i l i t y  ( e x i s t e n c e  of  a d e c o m p o s i -  
t ion  of any g e r m  a(x,  y) into a s u m  a (x, y) = A o -f- ~A~x~ + ~,A j (8F/Ogj), i ~ I, ] ~ J , w h e r e  A m a r e  g e r m s  of 
func t ions  of  OF/0x i and  of y j  a t  z e r o )  c o i n c i d e s  with the  cond i t i on  of i n f i n i t e s i m a l  v e r s a l i t y  f r o m  P a r .  8.2 ( ex i s t ence  

of  a d e c o m p o s i t i o n  of  any  g e r m  ~r(x) into a s u m  (x) = ~h~O//Ox~ -4- ~c~q~ (x~) ÷ c~ -4- ~c~x~ (i ~ I, ] ~ ]) 

( w h e r e h a r e  g e r m s  o f  func t ions  o f  x I a t  z e r o ,  and Cm a r e  n u m b e r s )  b y  the  p r e p a r a t i o n  t h e o r e m  of  W e i e r -  
s t r a s s - M a l g r a n g e .  

The  c l a s s i f i c a t i o n  of l a g r a n g i a n  g e r m s  is  o b t a i n e d  by  c o m b i n i n g  t h e  t h e o r e m s  on func t ions  f r o m  
~.~ 2 -8 ,  T h e o r e m  10.17 and the  fo l lowing  p r o p o s i t i o n .  

THEOREM 10.18.  E v e r y  i n f i n i t e s i m a l l y  s t a b l e  g e r m  of  a l a g r a n g i a n  map  i s  s t a b l e .  

Th i s  fo l lows f r o m  g e n e r a l  t h e o r e m s  on a c t i o n s  of  i n f i n i t e - d i m e n s i o n a l  g r o u p s ,  which  a r e  not f o r m u -  
l a t ed  in [1], and c a n  be  p r o v e d  on the  m o d e l  o f  t h e  p r o o f s  of  the  s t a b i l i t y  t h e o r e m s  in [1] o r  on the  m o d e l  of 
the  p r o o f s  of  J .  M a t h e r  in  [7]. 

g l l .  C l a s s i f i c a t i o n  o f  S i m p l e  L a g r a n g i a n  G e r m s  

Now we s h a l l  de f ine  and c l a s s i f y  s i m p l e  s t a b l e  g e r m s  of  l a g r a n g i a n  m a p s .  G e m s  of  l a g r a n g i a n  m a p s  
o f  an  n - d i m e n s i o n a l  l a g r a n g i a n  m a n i f o l d  in g e n e r a l  p o s i t i o n  a r e  s t a b l e  and s i m p l e  f o r  n < 6. Hence  o u r  
c l a s s i f i c a t i o n  r e d u c e s  to  n o r m a l  f o r m  the  g e r m s  of  l a g r a n g i a n  m a p s  in g e n e r a l  p o s i t i o n  fo r  n < 6. 

Def in i t ion  11.1.  A g e r m  of  a l a g r a n g i a n  m a p  at  the  poin t  x 0 i s  c a l l e d  s i m p l e ,  i f  t h e r e  e x i s t s  a f in i te  
s e t  of  g e r m s  of  l a g r a n g i a n  m a p s  such  t ha t  e v e r y  f i n i t e - p a r a m e t e r  f a m i l y  o f  l a g r a n g i a n  m a p s  con t a in ing  a 
map  with t he  g iven  g e r m  f o r  the  v a l u e  z e r o  o f  t he  p a r a m e t e r s  h a s  for  a l l  c l o s e  v a l u e s  of t he  p a r a m e t e r s  
a t  a l l  po in t s  s u f f i c i e n t l y  c l o s e  to x 0, on ly  g e r m s  which  a r e  l a g r a n g i a n  e q u i v a l e n t  to  g e r m s  of t he  g iven  s e t .  

R e m a r k  11.12.  S t ab l e  g e m s  a r e  not  n e c e s s a r i l y  s i m p l e .  In  f ac t ,  the  m a n i f o l d  o f  s i n g u l a r i t i e s  of  a 
s t a b l e  g e r m  can  con t a in  c u r v e s  a long  which  the  l a g r a n g i a n  t ype  of  the  g e r m  v a r i e s  c o n t i n u o u s l y .  S i m p l e  
g e r m s  can  be  u n s t a b l e  (an e x a m p l e  i s  the  g r a d i e n t  map  of  the  l ine  wi th  S(x) = x t) . The  b a s i c  r e s u l t  of  t h i s  
p a r a g r a p h  i s  t h e  c l a s s i f i c a t i o n  o f  s i m p l e  s t a b l e  g e r m s .  

T H E O R E M  11.3.  E v e r y  s t a b l e  s i m p l e  g e r m  of  a l a g r a n g i a n  m a p  of  an  n - d i m e n s i o n a l  l a g r a n g i a n  m a n -  
i fo ld  is  l a g r a n g i a n  equ iva l en t  to  one o f  t he  g e r m s  o f  the  fo l lowing  l i§t :  

k - 1 - 2 -  . Ak: F = ! x ~ + l A - y ~ _ l x l  , . . + y ~ z ~  ( k ~ n . 4 - i , I  {t}), 
X2,T, ~ k-1 D~.: F =  ~ 1 ~-#-x~ + yk_lx~-~ + . . .-4- y3x~ ( k ~ n - { -  l , I  = {l ,2}),  

E~: F =  +_z~ x ~ ! ~ + y,xlx~ -4- Y4X~X2 + y3x~ (5 ~< n, I = {i, 2}), 
E~: F = 3 3 xa = xl ± xlz~ + y,z,x~ + Y5 ~ + y4x~ + x ~ Ya 2 (6 ~ n, I {1, 2}), 

Es: F = + x~ +__ x~ + y,zlZ~ + y.XlX~ + y~x~x~ + y,x~ + y3x ~, 
(7 ~ n, I =- {1, 2}). 
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Here F is a function which gives the equations of a lagrangian submanifold of the space R m = [(x, y)~ by the 
formulas y~ = OF/Ox~, x j  = - -  OF'Oyj (i ~ 1, ] ~ I ) .  The lagrangian map is given by the project ion (x, 

y) l-* Y. 

Remark  11.4. The normal  forms 11.3 are  written by throwing out summands of degree 0 and 1 in x 
f rom the formulas  for versa l  deformations in Par .  8.4.: The stability of the g e r m s  follows f rom Theorems 
10.17 and 10.18; the completeness of the:l is t  is proved (with the help of:these theorems) hy the same a r g u -  
ments which in §§ 3-6 proved the  completeness of the list of simple germs of  functions. 

:COROLLARY 11.5. Every stable simple g e r m  of a lagrangian map of  ann -d imens iona l  lagrangian 
manifold is lagrangian equivalent to one of the germs of gradient maps given by the following functions: 

~-1 ,i A~: S = + z ,  TM + (x~_~ + x~ ) + . . .  + (x, + =,*)~ + O, 
I Xk-2"12 Dk: S = ± x ~ x 2 ~ ! - ~ x ~ - ' + ( x ~ - , - r -  ~ , -~...-t-(xaWx~)z-b Q, 

Ee: S = ÷ z~ x ~ .... + ~ + (xa -I- xxx~) ~ -4- (x, + xix.z) ~ + (x s + x~) ~ -~- Q, 
3 E,: S = ± x, ± z~z~ + (z, + x~)~  + (x., + z~) ~ + (x, + z~)~ + (z.~+ x~) ~ + Q, 

E~: s = ± x~ + ~ + (~, + x,x~)~ + (x. + x~x~)~ + (x~ + xlx~)~ + (x, + z~)~ + (x~ + ~)~ + Q, 

where Q = x~ + . . .  + x~n. 

The co ro l l a ry  is proved with the help of proposit ion 10.11 and the normal  forms given here  a re  ob- 
tained f rom the normal  forms of Theorem 11~ by the t ransformat ions  indicated in the proof of proposit ion 
10.11. 

THEOREM 11.6. For  n < 6 a lagrangian map of an n-dimensional  lagrangian manifold in general  
position has at each point a simple stable germ.  

COROLLARY 11.7. A lagrangian map of a lagrangian manifold of dimension n < 6 can, by a small  
perturbation (in the c lass  of lagrangian maps), be t ransformed into one such that in a neighborhood of each 
of its points it will reduce by a lagrangian equivalence to one of the following normal  forms:  

f o r n =  1 

for n = 2, in addition, 

for n = 3, in addition, 

for n = 4, in addition, 

for n = 5, in addition, 

2 AI: F = xl, A~: F = ±_x~; 

A.: F = ± x~ + y.~ + y,x~ + y ~ ,  
Ds: F ----- ~ x~x~_ ± x~ + y4x~ -4- y3x~; 

A,: F = ± x~ + y~x~ + . . .  + y~z, ~, 
D6: F ± x ~ x 2 - - x  ~ -  x 4 x ~ = ~ z-t-Y5 . ,- t-y,x~-]-y3 ~, 
E,:  F = a 4 :~ xl  ± x~ + y~z~x~ + y~xlx2 + y~x~. 

Here the lagrangian manifold is given in the space R zn = {(x, y)~ by the equat ions Yi = aF/gxi ,  xj = - 8 F /  
9y i, where i = 1, j ~ 1 for  the cases  Ak and i = 1 or  2, j ~ 1 and 2 for  Dk and Ek. The lagrangian map is 
the projection onto the y - space .  

For  example,  a typical lagrangian map of a th ree -d imens iona l  manifold has at isolated points singu- 
lari t ies of type A 4 and D 4 (three tangents come together ,  two of them can be minimal),  on curves joining 
these points there  can be singulari t ies of type A s (cusps) and on sur faces  pass ing ~tii~ough these curves  
there  can be singularit ies of type A s (folds). 
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We r e m a r k  h e r e  f u r t h e r  tha t  the  c o d i m e n s i o n  c(I) = c( i  1 . . . . .  i s) of the  B o a r d m a n  c l a s s  Z I  ( see  [1] 
o r  [20], [21]) in the  s p a c e  of  j e t s  of  l a g r a n g i a n  m a p s  of  an n - d i m e n s i o n a l  m a n i f o l d  can  be c o m p u t e d  b y  the  
fo l lowing  f o r m u l a :  c(I) = ~n,l(n, I) - n , w h e r e  ~ is  t he  c o d i m e n s i o n  of the  B o a r d m a n  c l a s s  Z n, i l  . . . . .  i s  in 
the  s p a c e  of  j e t s  of  func t ions  R n -* R ~. To c o m p u t e  7, in [1] o r  [20] t h e r e  a r e  f o r m u l a s .  F o r  e x a m p l e ,  
Ak = Z Ik-I,0 and has  c o d i m e n s i o n  k - 1, Z 2 has  c o d i m e n s i o n  3 and c o n s i s t s  (with a r e s i d u a l  p a r t  of c o d i m -  
e n s i o n  4) of j e t s  of  t ype  D~, Z2,~ has  c o d i m e n s i o n  5 a n d  c o n s i s t s  (with a r e s i d u a l  p a r t  of  c o d i m e n s i o n  6) of  
j e t s  of  t ype  E~, and Y~,!,! h a s  c o d i m e n s i o n  7 and con ta ins  E 8. 

COROLLARY 11.8.  A l a g r a n g i a n  m a p  of  a t y p i c a l  l a g r a n g i a n  m a n i f o l d  of  d i m e n s i o n  n < 6 can ,  b y  a 
s m a l l  p e r t u r b a t i o n  (in the  c l a s s  o f  l a g r a n g i a n  m a p s ) ,  b e  t r a n s f o r m e d  into one such  tha t  in a n e i g h b o r h o o d  of  
any  poin t  it can  be  r e d u c e d  by  a l a g r a n g i a n  e q u i v a l e n c e  to  one of  the  fo l lowing  n o r m a l  f o r m s  x I ~  9S /0x :  

f o r n =  1 

A~: S = x ~ ,  A~: S = + - x ~ ,  

f o r n =  2 

A~: S = x~ 4- x~, As: S = 4- x~ + x~, 

f o r n =  3 

A,: S =  x~ + x': + x~, 
A~: S = ± x ~  4- x~ + xl, 
A~: S = ~ x~ + (z, + Xl~) * + ~',  
A, :  S = : ~  x~ 4-  (X 3 --~ X~) 2 + (X 2 ~-- X~) 2, 

D,: S - : : x ~ x ~  ± ~ + (z3 + x~)~, 

A~: S = ± x~ -i (x, 4- ~)~. 

f o r n - -  4 

"2 + x] + x], 

A2: S 3 2 , x2 J_x ~ : ± x 1 4 - x . 2 ~  3:-  4, 
A3: S = ± x~t q- (x, 4- xi)'  + xi 4- zl, 
A,: S - -  ~ = ~- z, + (z~ + ~)2 + (x~ + x~)~ + z~ 
A~: S = --~ x[ q- (x 4 -1- z~) ~ q- (x~ q- x~) 2 4- (xz 4- x~) z, 
n,: S =  ± x [ x , ± ~ + ( x 3 +  x~)~ + ~,  
D~: S = ± x~x~ ± x~ 4- (x~ + x~) ~ q- (x 3 4- x~) "~, 

f o r n  = 5  

AI: S = x ~ ± x z x ~ x ~ x} 
2 o X2 

A~: S = ± x~ + (z~ + x~)~ + x~ + x~ + ~,  
A 4 : S  ~ , 5 ' , ,  : x~ + (z~ + x~) ~ + (x~ + z~) ~ + x~ ~- z.-;, 
A~: S = +_ x~ + (x, + x;)2 + (x3 + x~)~ + (x~ + z~)-" + xl, 

3 2 2 2 2 D,: S = ± z~z~ ± x2 + (x3 + x:) + z, + zs, 
D6: S = ~ x~x 2 -4" x~ 4- (x, 4- x~) 2 "4- (xa q- xi) 2 "Jr- x~, 
D e : S = - -  2 ,_ 5 
E6: S , _ 3 - -  4 = : ~ : x,. + (x~ + z~z~) 2 + (z, + z~z2) 2 + (z3 + x~)~. 

R e m a r k  11.9.  F o r  n ~ 6 t h e r e  e x i s t  l a g r a n g i a n  m a p s  which  canno t  be  a p p r o x i m a t e d  by  l a g r a n g i a n  
m a p s  whose  g e r m s  a t  e a c h  po in t  a r e  l a g r a n g e  s t a b l e  (or  s i m p l e ,  o r  even  w e a k l y  l a g r a n g e  s t a b l e ) .  A l l  t h i s  
fo l lows  f r o m  the  e x i s t e n c e  of p r o j e c t i v e l y  i n v a r i a n t  c u b i c a l  c u r v e s  on the  p r o j e c t i v e  p l a n e  and f r o m  the  
fac t  tha t  the  c o d i m e n s i o n  of  ~3 in the  l a g r a n g i a n  c a s e  i s  equa l  to  6. 

Note A d d e d  in P r o o f .  At  the  t i m e  o f  p u b l i c a t i o n  of  t h i s  p a p e r  t he  a u t h o r  r e c e i v e d  the  p r e p r i n t  o f  J .  
G u c k e n h e i m  on " C a t a s t r o p h e s  and p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s , "  pp .  1-29 ( P r i n c e t o n ,  1972); a m o n g  the  r e -  
s u l t s . a n n o u n c e d  b y  J .  G u c k e n h e i m a r e  :some of  t h e  p r o p o s i t i o n s  o f  ~ 10 o f  t he  p r e s e n t  p a p e r ;  he  a l s o  i nd i ca t ed  
tha t  s o m e  o f  t h e m  w e r e  f o u n d  by  L.: H S r m a n d e r  and A.  W e i n s t e i n .  
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