
C O N T I N U A T I O N  O F  D I F F E O M O R P H I S M S  

R E T A I N I N G  V O L U M E  

A.  B.  K r y g i n  

1. In this paper  we shall denote by M m a connected, smooth, orientable,  closed manifold of c lass  C ~, 
by W m its submanifold with smooth boundary aW m, and by 600 the volume on M m. On M m some metr ic  is 
fixed, Wi are the connected components of W m, Nj a re  the connected components of M\W, and id is the 
identity mapping of M (with this,  if A is a subset  then idlA is the identity embedding A ~ M). For  any r e -  
gion A ~ M we write ":~o, A> = i 0J ; here ,  60 is a differential m - f o r m .  The different families of mappings 

(ft(x),  Ft(x), etc.) a re  smooth functions of t and x of class  C~°; the exception is the family of d i f feomor-  
phisms entering into the lemma. 

Let there be a continuous family of embedding_s f t  : 0W ~ M, with f0 = idl 0W; it is known [4] that then 
f t  can be continued to a family of diffeomorphisms f t  : M --* M, coinciding with f t  on ~W and with id when 
t = 0; we set  Wt =~t  w ,  Wit =] ' tWi ,  and Njt +YtNj. 

THEOREM 1. Let  the family of embeddings f t  : aW ~ M possess  the proper t ies  : f0 = id I OlV, :i~o, WD 
= (¢o 0, W.,, and <co0, N D = <¢o o, Nit~ for all i and j. Then, there exists a family of diffeomorphisms Ft: M --*M, 
such that F~o 0 = 600, with F 0 = id and FllaW = f l .  

LEMMA. There exists a continuous mapping v of the set of positive definite m- fo rms  60 with identi- 
cal <60, M> = <600, M> into Dill(M) such that v(~) *,~ = co. 

P roof  of the Lemma.  (Actually, we shall repeat  the arguments  of J.  Moser,  [1], Theorem 2, although 
this asse r t ion  does not formally appear  there.) ~ t  = (1-t)¢°0 + t~ is the family of fo rms .  We s p e c i ~  a 
vec tor  field Vt such that the family of diffeomorphisms q t :  M ---M defined by it has the p r o p e r t y  ~ t6ot = ~0. 

We pe r fo rm the following computations: 

d * 
0 = ~t %to~t = ¢~; ((~t I- Lv6o,) = ~; (St b div,~,) 

(i denotes inner multiplication and L the Lie derivative).  Hence, d iv t~ t  = - $ L .  Moreover ,  <~ t ,  M> = 0, 
so that &t is an exact  form.  By using the expansion given in [2] (§3 1), we obtain d iv t~ t  =-dSG&t.  From 
the equation i v t~ t  = 6G~t  we uniquely find the field V t plus the corresponding family of diffeomorphisms 

* 
opt. We have the equation ~P160 =~0, i .e. ,  mapping t,(~) = q~l is the one we seek. This mapping is continu- 
ous as  a mapping of the space of forms with the topology of C n into the space of diffeomorphisms with the 
topology C n, n = 1, 2 . . . . .  oo. Indeed, G is continuous as a mapping of the space of differential  forms of 
c lass  C n into the space of forms of c lass  C n4t, so that the mapping 60~ ~ V t  is continuous as a mapping of a 
form into a vec tor  field of c lass  cn;  finally, the continuity of mapping V t ~ ~#l is, in essence,  the theorem 
on the continuous dependence of the solutions of differential  equations on the right-hand sides of those 
equations. 

We note in passing that when n = = the mapping we obtain is a global section of the fibration consti-  
tuting the dif feomorphism q~ of form (P'600. Whenn<~,v is not a section of this fibration since if t, is of 
c lass  C n we then have the formula ~*w o, and this means that v(~v*w 0) will, in general ,  be forms of class 
C n-1. It is possible to consider  v as a section of the fibration the slSace of which consists  of the di f feomor-  
phisms of c lass  C n with Jacobians of class  C n, It is not hard to deduce f rom this that this space is the 
d i rec t  product of the space of forms by Diff (M, w0) (the space of diffeomorphisms retain volume 60o). 
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Proo f  of T h e o r e m  1. We se t  tot = ( 1 - t ) f t l * ° J o  + t ( f l  of;-1) *too, where  f t  is as above; then, <tot ,Wit  > 
= <~o,  Wi >, < ~ n d  ca 1 ffi too. We set  ~ t  = v(a~t)'l o f t ,  Nit = ~tNj, Wit = ~tWi. The family  of embed -  
dings ~ t l aW h a s  the p r o p e r t i e s  ~0 = f 0  = id, q~l =7I,  so that 911 ~W =f l ,  <~0, Wit > = <~0, Nit =<~0 ,  Nj>. 
Indeed, 

<¢Oo, N]~> ---- <%, v (mt)-XN/t> = <v (cot)-**%, Nit > = <tot, Nit> = <(Oo, N]>. 

We now p roceed  to the const ruct ion of F t. On ~o t OW we define the vec to r  field Vt (~tx) = ~ ~t+~x. 

In a e-neighborhood of aW we introduce coordinate  y t r a n s v e r s a l  to aW. We continue field V0 in this neigh- 
borhood in the following way: V0x(X, y) = V0x(X), and we f ind V0y(X, y) f r o m  the equation div0~o0 = 0 with 
the init ial  condition V0y(X). By an analogous const ruct ion we p roceed  in q~tUe ~W. We obtain the closed 
( n - D - f o r m  ivt~0 in the cor responding  neighborhoods of manifolds ~ot~W. It  r ema ins  to cons t ruc t  the f am-  
i ly of c losed fo rms  w t on M coinciding with ivtco0 in some neighborhood of manifold ~t 0W. 

Let  {zh}be the nonzero gene ra to r s  of Hn_i(M, R) lying in CtUeaW (i.e.,  of Hn_l(aW , It)). There  ex-  
i s t s  on M a unique ha rmonic  f o r m  Wk, such that < ~ h ,  Zh > = 1 and <OJh, z> = 0 for al l  o ther  cycles  not de-  
pending on z h. The cycles  of Hn_l(~otU~ ~W, It), not depending on {Zh}, a r e  fo rmed by the boundar ies  Nit 
and Wit. The values of ivt~0 on them equal  ze ro  s ince 

<ivtm o, aN-~t> = <divtmo, N-it> <Lvtm o, ~ t > = ~ l  <(cps o ~pT')'mo,Nlt>=O 
as  I s~ t  

The f o r m  at =ivto) o - -  ~ <ivto~o, zh> o)a has  zero  per iod and, consequently,  is exact  on ~PtU eaW.  Let  
h 

gs : ~PtUe~W --" ~tUe aW be a mapping which, in t e r m s  of the coordinates  introduced above,  is such that 
gs(x,  y) = (x, sy).  We cons t ruc t  an ope ra to r  on the fo rms  

i y .  • 

o 

Standard computat ions  in the local coordinates  show that kda  t + dka  t = a t - g ~ & t ,  where  ~ t  = (idlq~taW) * 
a t is an ( m - D - f o r m  of ze ro  per iods  on the closed manifold ~ t  aW. Using the expansion of [2] (§ 31), we 
obtain c~ t = dkct t + dg 0 t}Gat. Let  p(y) be a smooth function equal to 1 when ~J --< (e./2) and equal to 0 when 
Jyl >- e ,  so that then the ( m - D - f o r m  

wt = ff~. ( iv t(oo, za > ¢o~ ~ d [p(y) ( kat -',- goSGat)l 
h 

is c losed,  is defined on M, and coincides with iVtW0 in ~otUe/20W. In t e r m s  of it we uniquely reconst i tu te  
vec to r  field V t and "mot ions"  Ft, coinciding with Ct  on aW and re ta ining volume to o by vir tue  of the c losure  
of  w t. 

By analogous and, in par t ,  s i m p l e r  a r g u m e n t s  we prove  

THEOREM 2:. Le t  the fami ly  of embeddings f t  :W -~ M have the p rope r t i e s :  f0  = idjW, f ~ 0  = ¢% 
and <~0,  Njt> =<~0 ,  Nj>. Then,  there  exis ts  a family  of  d i f feomorphisms  Ft : M ~ M such that F¢¢~ = 
0~ 0 and Ft lW = f t .  

Finally,  for some  connected components  of manifold W one can speci fy  "motions"  f t  : Wi ~ M, of 
the i r  boundar ies  f t  : aWl -* M. 

R e m a r k .  An impor tan t  spec ia l  case  is when W is the se t  of "bal ls"  D m on closed manifold M m, with 
m > 1. T h e o r e m  t a s s e r t s  that for  any two se t s ,  Di and ~ ,  with identical  volumes  of the cor responding  
"bai ls"  there  ex is t s  a motion M retaining volume and t rans la t ing  D i into Di- 

This  a s se r t i on  is also t rue  in the case  of nonclosed M, which Strengthens L e m m a  1.1 of  [5]. Indeed, 
let ~ot : aW ~ M be an a r b i t r a r y  family of  embeddings taking aDi into aD i.  In M we choose a compact  man-  
ifold with boundary N such that N D Dit for al l  i and t .  Splicing boundary N and that of the manifold N'  we 
can obtain a smooth closed manifold (double). On the union of N' and U 0Di we specify  a family  of embed-  
dings f t  as  follows: f t  iN '  = id a n d . f t  J ~Di = ~ot. In view of what was said above there  exis t  a motion ~ t  
of  the closed manifold such that Ot too "- ~0, OlDi = D~ and OtJN'  = i d i N ' .  Then, the Ft we have been s eek -  
ing is defined by: F t on N coincides with Ot and F t = id outside N. 
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2. We s e t < w  0 ,w i  > = a  i ,<co0 ,Nj>  = b j , a  = {a i} ,b  ={bj} .  If  t h e e m b e d d i n g _ s f : W - * M o r f : O W - - "  
M are  diffeotopically identical  we have then uniquely defined Wi(f)  =] 'Wi,  Nj(f)  = f N j ,  where f :M ~ M 
is re la ted  to id by means of the diffeotopy continuing the diffeotopy connecting f with id IW or  with id[ OW. 
(It is c l ea r  then Nj(f)  does not depend on the choice of the continuation.) 

We introduce the following topological spaces  with C~- topology • 

Eab(W, M) is the se t  of:embeddings f : W ~ M diffeotopic to id lW and with p rope r t i e s  1) <~0, wi(f)  >= 
ai; 2) <w0, Nj ( f  )> =bj ;  

Eab(W, M, oJ 0) is the se t  of embeddings f r w  --- M,  diffeotopic to idlW and with p rope r t i e s  1, 2, and 

3) f * ~ 0  =~0;  

E~b(aW, M) is the se t  of  embeddings f :  OW --- M, diffeotopic to idlOW and sat is fying conditions 1) 
and 2); 

E2(W, M) and Ea(aW, M) a r e  the cor responding  se ts  of Eab(W, M) and Eab(0W, M) extended by 
dropping condition 2). 

The following mappings a r i se :  

Diffo (M, (Oo) Diff (M, %) E~b(W,M) E,~(W,M,%) Eo(W,M) 

E~b (OW, M) E~b (W, M, %) E~ (OW, M) Eao (OW, M) Ea (OW, M) 

(here,  Diff 0 is the connected component  of id in Diff, and 7r r e s t r i c t i on  mapping on, r espec t ive ly ,  W or OW). 

THEOREM 3. The t r ip le  (Diff0(M, ~0), Eab(  0W, M), r) is a local ly t r iv ia l  f ibrat ion.  

Proof .  Our goal is the construct ion of a local sect ion,  i .e . ,  a continuous mapping 71 of some neighbor-  
hood f0  E Eab(aW, M) in Diff0(M, COo) such that 77 (f)  o f  = f0  for all  f of uf0.  With no loss of genera l i ty  we 
can a s sume  that f 0  = id[ 0W. Denoting the exponential  geodesic  mapping by exp, we cons t ruc t  the homotopy 

fj(x) = exPx(i eXPx 1 (f(x))) ,  joining f0 and f l  =f" It is known f rom T h e o r e m  1 that there  exis ts  a family of 
d i f f eomorph i sms  F t re ta ining coo and such that F 0 = id and Fll aW =f. In the const ruct ion of F t there  is an 
inde te rminacy  in the choice ofjF t : M - -  M, the continuation of f t .  It can be e l iminated by using the local 
sect ion X : Uf0 -"  Diff0(M), constructed by R. Pala is  in [3] (section 4). We set  f t  = )f(f t ) ,  by which there 
will be defined on U f0 the continuous mapping ~(f) = F l, q .e .d.  

It  immedia te ly  follows f r o m  T h e o r e m  3 that the t r ip les  (Eab(W, M), Eab(3W, M), 7r) and (Eab(W, M, 
~0), Eab(3W, M), [) a r e  locally t r iv ia l  f ibra t ions .  By s i m i l a r  methods we prove  the local t r iv ia l i ty  of the 
f ibrat ion (Diff0(M, coo), Eab(W, M, COo), lr). 

THEOREM 4. The t r ip le  (Ea(W, M), Ea(OW, M), ~) is a local ly t r iv ia l  f ibrat ion.  

Proof .  For  a suff icient ly sma l l  neighborhood uf0 there  exis t  "bal ls"  Dpj of  radius # such that Dpj 
Nj(f)  for  all  f of U]0. We put into cor respondence  with each f E uf0 

outside U Dpt, 
co q) = I ̀ % i 

% + ci (f) pj (x) ~o in DtI, 

where pj(x) is a smooth function, equal to 1 in Dp and equal to 0 outside DOj, while the e j ( f )  a re  found 

f rom the equation <ca(f) ,  N j ( f )>  = < coo, Nj(f0)>.  Using the i emma ,  we obtain the mapping  ~: Uf0 ~ Diff0(M), 
where  ~(f) = v(ca(f)) and ~( f )*ca( f )  = coo. Embedding ~ ( f ) - I  °fo belongs to Eab(aW, M). Using the local 
sect ion ~, cons t ruc ted  for  the proof  of T h e o r e m  3, we get 7/(~¢f) - I  of)  o ~(f0) -1 o f0  = ~ ( f ) - I  o f  o r  ~(f) o 
f0  = f ,  where  ~(f) = ~ 9 ¢) o 71(~ ( f ) - t  of)  o ~(f0) - t  is a mapping of uf0 in the se t  of d i f feomorphisms  M leav-  
ing volume W invariant .  Thus,  the local sect ion is const ructed.  

I n  eonclusion,: the author  wishes  to thank D. V. Anosov under  whose  direct ion our  resu l t s  were  ob- 

tained. 
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