
S T A B L E  R A N K  O F  R I N G S  A N D  D I M E N S I O N A L I T Y  

O F  T O P O L O G I C A L  S ~ ' A C E S  

L .  N.  V a s e r s h t e i n  

The concept of the stable rank of a ring, introduced by H. Bass,  turned out to be ve ry  useful in t r ea t -  
ing the stabil ization problem in K-theory.  This paper  opens with the definition of stable rank and with an 
investigation of its basic  proper t ies  (the connection of the stable rank of a ring with the stable ranks of the 
opposite ring, of the mat r ix  ring, of the factor  ring of ideals). We then consider  the connection of the stable 
ranks of cer ta in  commutat ive r ings with the dimensions of the spaces of their  maximal ideals. For  ex- 
ample,  the stable rank of the ring of all continuous real-valued functions on n-dimensional  topological space 
and the stable rank of the ring of polynomials in n unknowns with real  coefficients both equal n + 1. 

F O R M U L A T I O N  O F  T H E  R E S U L T S  

I. Let  J be an associat ive ring. It will be convenient for us to consider  J as being a ring embedded 
as a two-sided ideal in some associat ive ring L with unity. Such an L could be, for example, the ring jr,  ob- 
tained by the formal  adjunction of a unity to ring J.  The definition of the stable rank of ring J,  to be given 
below, does not depend on the choice of L. 

Definition. Column vector  b = (bi)1_<i_<n is called J -unimodular  if b l - 1 ,  bi E J (i > 1) and there exist 

a l - l ,  ai  E J ( i >  1) , such that ~ a l b ~ = l .  

The following lemma shows that our  definition coincides with that of [2]. 

LEMMA 1 (see, Lemma 2.0 of [4]). Let b l - 1 ,  b i E J (i > 1). Then, the following three asser t ions  are  
equivalent: 

a) vector  b = (bi)l__.i_<n is J -unimodular ,  
t t  

b) ~ Lbi = L, 

i t  

C) ~,~ Jbi = J. 

Definition. By the stable rank of ring J (abbreviated as st .  r .  (J)) we mean the least natural number 
m for which the following condition is met: 

(1)m for any g-unimodular  vector  (bi)1_< i_< m+l  there exist v i E J,  such +that vector  (bi + vibm+l)l_<i_<m 
is J-unimodular .  If  such a natural  m does not exist we then set  st .  r .  (j) = ~ .  

Remark.  If  ring L is generated as the left ideal of its own infinite subset (b~) X EA, then, for any 
g E A, there exist  v~ E L,  such that L is generated as the left ideal of elements (b~ + v~b~)~ EA-#"  

THEOREM 1. If  st .  r.  (J)= m then, when n > m, for any J-unimodular  vector  (bi)l~i_<n there exist 
vi E J such that vec tor  {bi +vibn)l_<i_<n_l is J -unimodular ,  and vi = 0 when i > m. In par t icular ,  (l)n 
(1)n+ 1 for any ring J and natural number n. 
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Accord ing  to this t h e o r e m ,  the e x p r e s s i o n  "st .  r .  (J) --< m"  has  h e r e  the s a m e  mean ing  as  in [3, 4] and, 
fo r  r ings  with uni ty,  the s a m e  mean ing  as the e x p r e s s i o n  "m def ines  the s table  rank for  GL(J}" in [1]. 

It  is obvious that  the fol lowing two l e m m a s  flow f r o m  the defini t ion of  s table  rank.  

LEMMA 2. I f  r ing  J d e c o m p o s e s  into the d i r e c t  p roduc t  (of any number)  of r ings  Jk,  then st .  r .  (J) = 
max (st. r .  (J~,)). 

LEMMA 3. St. r .  (J) = s t .  r .  ( J / r a d  J),  where  rad  J is the J acobson  rad ica l  of r ing  Jo 

The  following t h e o r e m  e l imina te s  the lack o f  equiva lence  of  row v e c t o r s  and co lumn v e c t o r s  in the 
defini t ion of  s tab le  rank .  

THEOREM 2. St. r .  (J) = s t .  r .  (j0), where  j0 is the i nve r se  r ing  to r ing  J .  

We denote by Mn(J) the r ing  of  all  n ×  n m a t r i c e s  ove r  r ing  J .  The connect ion of the s tab le  rank  of  
r ing  J with the s tab le  rank  of  r ing  Mn(J) was quite unexpected  by the au thor .  

THEOREM 3. S t . r .  (M,, (J)) - -  I = - -  [ ~ j - i ] .  

Here ,  Jr] denotes  the in teg ra l  p a r t  of the number  r ,  i .e . ,  the g r e a t e s t  in teger  not exceeding r .  

F r o m  T h e o r e m  3, by  means  of  L e m m a s  2 and 3, follows the evident  

COROLLARY.  If  the r ing  J / r a d  J d e c o m p o s e s  into the p roduc t  of  (any number  of) m a t r i x  r ings  o v e r  
nonassoc ia t ive  d iv is ion  r ings  (for example ,  if J is a f i n i t e -d imens iona l  a l g e b r a  o v e r  a field),  then s t .  r .  (J)= 1. 

To be s u r e ,  this a s s e r t i o n  can  a l so  be p r o v e n  without  the use  of  T h e o r e m  3 (see [1] o r  [4]). 

It is known (see [3] o r  [4]) that  fo r  any two-s ided  ideal  J1 in J the inequal i t ies  s t .  r .  (J1) -< s t .  r .  (J) 
and st .  r . ( J / J  l) -< s t .  r .  (J) hold.  In this pape r  we obtain  bounds on the o the r  s ide for  the s tab le  rank  of  
r ing  J .  

THEOREM 4. Fo r  any r ing J and twosided ideal  J1 in J the fol lowing inequal i t ies  hold:  max (st. r .  
(J1), s t .  r .  (J/J1)) -< s t .  r .  (J) -< max  (st.  r .  (J1), s t .  r .  (J /Jr)  + 1). 

If,  for  each  ( J / J1 ) -un imodu la r  v e c t o r  b = (bi)l_<i_< m, whe re  m =s t .  r .  (J), the re  ex i s t s  ma t r ix  A 6 
GL(m,  L), such  that  modulo  J i  v e c t o r  Ab is congruen t  with the f i r s t  co lumn of  the unit  ma t r i x  In, then s t .  
r .  (J) = max (st.  r .  (Jl),  s t .  r .  ( J / J i ) ) ,  

Here ,  as  e v e r y w h e r e  in the sequel ,  we denote  by GL(n, L) the group of  two-s ided  inver t ib le  n x n  
m a t r i c e s  o v e r  r ing  L, and by In the unit  e l emen t  of  this g roup .  

COROLLARY.  St. r .  (J l) = max (2, s t .  r .  (J)), whe re  j1 is the r ing  obtained by the fo rma l  adjunct ion 
of  uni ty  to r ing  J .  

Indeed,  j i / j  = Z, the r ing  of  i n t ege r s .  

R e m a r k s  on T h e o r e m  4. a) The au thor  knows no c o u n t e r e x a m p l e s  to the equat ion  st .  r .  (J) = m a x  {st. 
r .  (J1), s t .  r .  ( J / J i ) ) .  

b). Let  us show that  fo r  the val id i ty  o f  the inequal i ty  s t .  r .  (Ji) -< s t .  r .  (J) it is e s sen t i a l  that  Jl  is a 
two- s ided  ideal .  Let  s t .  r .  (J) = m; by  our  subsequent  T h e o r e m  5, m can take on any na tu ra l  va lue .  Then,  
by T h e o r e m  3,  s t .  r .  (Mm(J)) =2.  Cons ide r  in r ing  Mm(J) the left ideal  J i  cons i s t ing  of  m a t r i c e s  d i f fe r ing  
f r o m  the z e r o  m a t r i x  only in the f i r s t  co lumn.  Then,  J 1 / r a d  J1 = J / r a d  J ,  so  that,  by  L e m m a  3, s t .  r .  (Ji) = 
m .  

II .  Before  fo rmula t ing  the t h e o r e m s  connect ing  s tab le  ranks  o f  r ings  o f  cont inuous funct ions on a 
topological  space  with the d imens iona l i ty  of  this space ,  we provide  the a pp rop r i a t e  def ini t ion o f  d i m e n -  
s ional i ty .  

On rea l  n -d imens iona l  space  R n we c o n s i d e r  the o r d i n a r y  d is tance  p(a, b )= (ai--hi) ~ and the 
- - i ~ - - ~ l  

c o r r e s p o n d i n g  Hausdor f f  topology.  
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L E M M A - D E F I N I T I O N .  Le t  X be a t o p o l o g i c a l  s p a c e ,  and l e t  a : X --- R n be  a cont inuous  mapp ing .  
T h e  po in t  O = (0 . . . .  , 0 )  i s  c a l l e d  an  u n s t a b l e  va lue  of  mapp ing  "z"  i f  the  fo l lowing  cond i t i ons ,  a l l  e q u i v a -  
len t  to one a n o t h e r ,  ho ld :  

a) fo r  any  £ >0 t h e r e  e x i s t s  a con t inuous  mapp ing  b: X ---R n,  such  tha t  p ( a (x ) ,  b(x)) -< e for  a l l  
x E X a n d b ( x )  9 O; 

b) fo r  any £ >  0 t h e r e  e x i s t s  a con t inuous  m a p p i n g  b: X ~ Rn,  such  tha t  a(x) =b(x)  when p (a(x), O) >-- 
£ a n d b ( x )  ~} O; 

e) fo r  any £ > 0 t h e r e  e x i s t s  a con t inuous  m a p p i n g  b: X .--  R n, such  tha t  p(a(x) ,  b(x)) -< £ - P ( b ( x ) ,  O) 
fo r  a l l  x ~ X, and  a (x) = bix) when p(a(x) ,  O) - e.  

P r o o f  of the  i m p l i c a t i o n  a ) ~  b) .  We f ind b f r o m  a) and set 

where 
b' (x) = a (p (a (x), 0)) a (x) -]- (1--  a (p (a (x), 0))) b (x), 

! when r < e, 
a ( r ) =  /e--lwhene~r~<2e, 

when r ~ 2e. 

Then  b '(X) 9 0  and b ' (x)  = a ix) when zix) - 2£ .  

P r o o f  of the  i m p l i c a t i o n  b) ~ c).  We  find b f r o m  b) and s e t  

/b (x) when ,o (b (x), O) > *, 

b' (x) = feb (X)/R (b (x), O) when 9 (b (x), ~ 0 )  e. 

The  i m p l i c a t i o n  c) --+ a) is  obv ious .  

Def in i t ion .  The  d i m e n s i o n  d(x) of  t o p o l o g i c a l  s p a c e  X is  the g r e a t e s t  i n t e g e r  d fo r  which t h e r e  e x -  
i s t s  a con t inuous  m a p p i n g  • : X --- R d wi th  s t a b l e  va lue  O. I f  such  a d does  not  e x i s t  we then  s e t  d¢X) = ,o. 

We note tha t  i f  O i s  a s t a b l e  v a l u e  f o r a  : X ~ R  n, then th is  is  a l s o  t r ue  for  the c o m p o s i t i o n  of  " a "  
wi th  a p r o j e c t i o n  on any l i n e a r  s u b s p a c e  in R n. T h e r e f o r e ,  fo r  any  n -< d(X),  t h e r e  e x i s t s  a cont inuous  m a p -  
p ing  X --- R d with s t a b l e  va lue  of  O. I t  i s  e a s y  to v e r i f y  tha t  diX) c o i n c i d e s  with the  d i m e n s i o n  def ined  in 
[5] by  m e a n s  of  the  mapp ing  of X, not  in R n, but  in the uni t  cube I n ~  R n. I t  i s  known tha t  fo r  "good" s p a c e s ,  
e . g . ,  f o r  m e t r i z a b l e  s e p a r a b l e  X (see  [5]), diX) c o i n c i d e s  with a l l  the  o t h e r  d i m e n s i o n s  ( induc t ive ,  c o m b i n -  
a t o r y ,  e tc . )  which  fo r  any t o p o l o g i c a l  s p a c e  a r e  d i f f e r e n t ,  in g e n e r a l .  F o r  e x a m p l e ,  d iR  n) = n.  

We p r o v i d e  one f u r t h e r  de f in i t ion  of  d i m e n s i o n .  We denote  b y  s n  the n - d i m e n s i o n a l  s p h e r e  {z E Rn+l [  
p (a ,  O) = 1} and b y  S n-1 = {a E s n [ a n + !  = 0} the e q u a t o r  of th i s  s p h e r e .  

Def in i t ion .  Cont inuous  m a p p i n g  a : X ~ s n  is  s a i d  to be  n o n e s s e n t i a l  if  t h e r e  e x i s t s  a cont inuous  
m a p p i n g  b : X ~ s n - t ,  such  tha t  b(x) = a i x )  when a(x) E S n-1. 

I t  i s  r e a d i l y  v e r i f i e d  tha t  the  n o n e s s e n t i a l i t y  of  " a "  is  equ iva l en t  to the e x i s t e n c e  of  a h o m o t o p y  
a t  : X ~ S n (0 < t -< 1), a 0 = a ,  such  tha t  sit c o i n c i d e s  wi th  " a "  on a - l ( S  n- l )  and a l ( X ) =  s n - t .  

Def in i t ion .  The  d i m e n s i o n  d'(X) o f  t o p o l o g i c a l  s p a c e  X is  the  g r e a t e s t  i n t e g e r  d fo r  which t h e r e  e x -  
i s t s  an  e s s e n t i a l  mapp ing  X --~ S d .  I f  such  a d does  not  e x i s t  we then  s e t  d ' iX)  = .o. 

THEOREM 5. F o r  any  t o p o l o g i c a l  s p a c e  X we denote  b y R X ( r e s p e c t i v e l y ,  b y  R0 X) the  r i ng  of  a l l  ( r e -  
s p e c t i v e l y ,  bounded) con t inuous  r e a l v a l u e d  funct ions  on X. Then ,  s t .  r .  iR X) = s t .  r .  (P~) = d(X) + 1 = 
d'(X) + 1. 

THEOREM 6. Le t  X be a t o p o l o g i c a l  s p a c e ,  and l e t  K be the s u b r i n g  in RX con ta in ing  a l l  c o n s t a n t s .  
We a s s u m e  that  fo r  any  bounded  funct ion  jf 6 R0 X and for  any £ > 0 t h e r e  e x i s t s  funct ion g E K such tha t  
[ f ( x ) - g i x ) I -  £ fo r  a l l  x E X. Then ,  s t .  r .  (K) ---d(X) + 1. We f u r t h e r  a s s u m e  tha t  i f  g E K and g(x) ->- 

fo r  s o m e  e > 0 a n d f o r a l l x  EX,  t h e n g - I  EK.  Then s t . r . ( K )  =d(X) + 1. 

E x a m p l e .  Le t  X be  the  r i n g  o f  i n f i n i t e l y  d i f f e r e n t i a b l e  func t ions  on R n. Then,  s t .  r .  (K) = n + 1. 

THEOREM 7. L e t  X be  a t o p o l o g i c a l  s p a c e ,  CX the r i n g  of a l l  cont inuous  c o m p l e x v a l u e d  funct ions  
Oh X, and K a s u b r i n g  in c X  con ta in ing  a l l  c o n s t a n t s .  We a s s u m e  that  fo r  any  bounded funct ion f E R X and 
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> 0 the re  ex i s t s  funct ion  g E K N R X, such that  [ f ( x ) - g ( x )  I --- e for a l l  x E X. Then  s t .  r+ (K) >- s t .  r .  
(C x) = [d(X)/2] + 1 .  We f u r t h e r  a s s u m e  that i f g  E K a n d  Ig(x) l -> e for  some  ~ > 0 and for  a l l x  EX, then 
g-1 E K. M o r e o v e r ,  le t  g E K for any funct ion  g E K. Then  st .  r .  (t0 = [d(X)/2] ÷ 1. 

In  this  t h e o r e m ,  Jr] is  the i n t e g r a l  p a r t  of n u m b e r  r .  

I l I .  We r e c a l l  that  topologica l  space  X is sa id  to be  Noe the r i an  if t he re  does not ex i s t  an inf in i te  
cha in  X 1 ~ X 2 ~ . . . of c losed  se ts  s t r i c t l y  e m b e d d e d  within  one a n o t h e r .  A c losed  se t  is ca l led  i r r e d u c i b l e  
if it  i s  i m p o s s i b l e  to r e p r e s e n t  i t  as the un ion  of two of i ts  p r o p e r  c losed  s u b s e t s .  

Def in i t ion .  The d i m e n s i o n  dim(X) of topologica l  space  X is the m a x i m a l  length  d of the cha in  X0 D 

X 1 ~ . . . D Xd of d i f fe ren t  embedded  c losed  i r r e d u c i b l e  s e t s .  

The d i m e n s i o n  dim(X) is u s u a l l y  u sed  only for  Noe the r i an  spaces  X; for a Hausdor f f  space  X it is 
a lways the case  that  d imX = 0. On the o ther  hand,  for a N o e t h e r i a n  space  X, it  is  a lways  t rue  that d(X) = 0. 

THEOREM O F  BASS (see [1] o r  [4]). Let  K be a c o m m u t a t i v e  r i n g  with un i ty ,  the space  X of m a x i -  
ma l  idea ls  of which is a Noe the r i an  space  of d i m e n s i o n  dim(X) = d.  Then ,  s t .  r .  (K) - d + 1. 

i o n  the space  of m a x i m a l  idea l s ,  we a r e  c o n s i d e r i n g  a topology in  which the c losed  se t s  a r e  the se t s  
of idea ls  con ta in ing  s o m e  r i n g  e l emen t s . )  

I t  would be d e s i r a b l e ,  u n d e r  the condi t ions  of the Bass  T h e o r e m ,  to ob ta in  a bound for s t .  ro (K) on 

the o ther  s ide .  In this  connec t ion  we succeeded  in ob ta in ing  the fol lowing r e s u l t .  

THEOREM 8. Let  k b e  any subf ie ld  in the f ield of r e a l  n u m b e r s  R, and let  K = k [ t  1 . . . . .  tn] be the 
p o l y n o m i a l  r ing  in  n unknowns with coef f ic ien ts  f rom k.  Then ,  s t .  r .  (K) =n  + 1. 

The au thor  knows no c o u n t e r e x a m p l e  to the equa t ion  s t .  r .  (K) = d im(X)  + 1 unde r  the condi t ions  of 

the Bass  T h e o r e m .  I f  the condi t ion  of be ing  Noe the r i an  is  d ropped ,  it is  then i m p o s s i b l e ,  in  g e n e r a l ,  to 
c h a r a c t e r i z e  the s t ab l e  r a n k  of the r i ng  only  in  t e r m s  of the topologica l  space  of m a x i m a l  i d e a l s .  F o r  ex -  
a m p l e ,  the spaces  of m a x i m a l  idea ls  of r i ng s  R X and c X  (see T h e o r e m s  5 and 6) a r e  i s o m o r p h i c  as top-  
o logica l  s p a c e s ,  whi le ,  a t  the s a m e  t ime ,  s t .  r .  (R X) = d(X) + 1 and s t .  r .  (C X) = [d(X)/2] +1. 

PROOFS OF THE THEOREMS 

I.  P roo f  of T h e o r e m  1. Let  cond i t ion  (1) m hold,  n > m,  and let v e c t o r  b = ( b i ) f ~ i - ~  be J - u n i m o d u l a r ,  
tl n 

i . e . ,  ~.j aibi == 1 for  s o m e  a i E L (see L e m m a  1). We se t  b l  = bi(1 -< i -< m) and b~+ 1 = ~, aibi~ J.  Then  
i ~ l  . i~m. .~-I  

v e c t o r  b '  = (b[) i _  i_< m+ 1 is J - u n i m o d u l a r  and,  by  condi t ion  (1) m,  t he r e  e x i s t  v[ e J such that  ~, Lb, = L, 

whereb . "  ' ' ~ = v [ a j ( 1 - - - i  < m < j - < n - 1 )  v i = v [ a n ( 1 - - < i - < m )  i = b i  ÷ v [ b m + l  = bi vi aib i . We se t  Ai,  j - , 
] ~ m - } - I  n - - l  

w 
a n d v i = 0 w h e n i > m .  Then ,  bi'=bi-l-v~bn+ ~, Az. jb/( l~i~<m).  W e s e t b i = b i w h e n m < i < n a n d A =  

l~_~ -t- ~ Ai.je,j (? G L ( n - 1 ,  J ) ,  where  Ai, jei ' , j  is  the m a t r i x  with Ai,  j in  pos i t ion  i, j and with z e r o s  

e l s e w h e r e .  Since vec to r  b"  = (b[')i_~i~n_ 1 is J - u n i m o d u l a r ,  v e c t o r  A - l b  '' = (bi + vibn)l-<i~n-1 is a l so ,  q .e .d .  

P roof  of T h e o r e m  2. Since (j0)0 = j ,  i t  Suffices to prove  the inequa l i ty  s t .  r .  ( j0)_ s t .  r .  ( J ) .  Let  s t .  
m q - I  

r .  (J) = m.  We need to show that  if ~, a~bi = l  , where  ~ i - 1 ,  b l - 1  E J  and e l ,  bi EJ( i  > 1}, t he re  then ex i s t  

u i  E J ,  such that  ~ (ai ~ a,,,+~u~)J = J. 
i ~ l  

C o n s i d e r  the m a t r i x  

a 
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m 
By condition (1)m and L e m m a  1 there  ex is t  v i E J and ci E J such that ~, c~(bi ÷ v~a,n+~b,,,+t) = - -  b,,,+~ 

i ~ 1  (io i)(,o• o)(o i l  ) 
A =  lm - - V  lm 0 0 lm am+l E 

c -, O0 1 O0 

Then 

h a s  the fo rm 

A = , 6. GL (m .-~-2, L), 
- -  l g  

where  v = (vi)l_i_< m is a column vec tor  while c and u a re  row vectors  of length n, with ui E J.  Matrix 

(0o° i) (i , B ~ A  ulm h a s t h e f o r m  O* 10 : ' w h e r e ~ ' = ( a i + a m + l u i ) 1 - < i - < m ' s ° t h a t ' c ° n s e q u e n t l y '  0 : ) *  

t ~  

E GL(m + 1, L), whence ~ a;L = L ,  q.e~l. 

P roo f  of T h e o r e m  3. Definition. Matrix B = (Bi , j ) l< i<  n I<4<k of dimensions n x k is said to be J -  
• ° . ~ - -  , ~ - - j - -  ° 

u n i m o d u l a r i f B i , i - l ,  Bi, j E J w h e n i ~ j a n d f f t h e r e e x l s t s a k  n m a t r L x A s u c h t h a t A i , i - l ,  Ai, j 6-J 
when i : j and AB = lk .  

Example.  Each n-dimensional  (Mk(J))-unimodular vec tor  can be considered as a J -unimodular  
(nk x k ) -mat r ix .  

T h e o r e m  3 is a special  case of the following theorem.  

THEOREM 3' .  Let  k be a natural  number.  Then, condition (1)m is equivalent to the following con-  
dition: 

(1)kin for  any J-unimodular  ((re+k) x k ) - m a t r i x B  there  exis t  vi EJ  such that / I ~  k-I ~ t B =  ( B ' ) ,  

where ((m + k - l )  × k) -mat r ix  B' is J -unimodular  and u is the last  row of mat r ix  B. 

For  the proof  of T h e o r e m  3' we shall  use the following readi ly  ver i f ied  

(lo ;) LEMMAo Matr ix  B of the fo rm , where  u is a row vec tor  with coordinates  in J ,  is j -uni-  

modular  if  and only if ma t r ix  B' is J -unimodular .  

P roo f  of T h e o r e m  3' is by induction on k. When k = 1 condition (1)m coincides with (1)1  . We now 
assume that k -> 2 and that we have a l ready proven the equivalence (1)n <=> (1)kn - i  for all n. We now show 
that then (1) n ~ (1)kn for all n. 

k-1 (1) k (we reca l l  by 1 (1)m => • Initially,  assuming (1) and (1)m_ i we obtain that Theo rem (1) n for  n > m) 
Let  B be a J -un imodular  ma t r ix  of dimensions (m +k) x k. We consider  its f i r s t  column b which, c e r -  
tainly,  is J -un imodular .  By (1)re+k-1 there  exis t  vi E J such that vec tor  b '  = (bi + v ibm+k) l< i_m+k_  l is 

J -unimodular .  It follows f rom (1)re+k_ z (see (c) on p. 411 of [4]) that Ab' = e I (the f i rs t  column of the 
unit matrix) for  some A EGL(m + k - l ,  J) .  The mat r ix  

B"---:A (lmok-' ;I)B has the form bin+! ' " 

Asser t ion  (1)km simultaneously holds, or  does not hold, for  mat r ices  B and B" (i10 - -u '  )'lk_~ Replacing B by 

, Ik--l, bm+k ' 
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F r o m  the J - u n i m o d u l a r i t y  of  ma t r ix  B follows the J - u n i m o d u l a r i t y  of m a t r i x  B ' .  By (1)~_ll the re  

ex i s t  vi E J,  such that  1,,+k-~ B -~ " ; where  m a t r i x  B" is J - u n i m o d u l a r  and, consequent ly ,  so 
0 

a l s o i s m a t r i x  (1 0 ! .  
B ,r ,, 

To obtain :the r e v e r s e  impl ica t ion  (1) k =~ (1)m, it su f f i ces  to apply  (1) k to m a t r i x  B of  the f o r m  

( lk- ,  O" t whe re  b is any  ( m +  D - d i m e n s i o n a l  J - u n i m o d u l a r  co lumn v e c t o r .  
b J ' \ O  

P r o o f  of T h e o r e m  4. As has  a l r e a d y  been  ment ioned,  the inequal i ty  st .  r .  (J) - max  (st.  r .  (Jl), s t .  r .  
(J /J l))  was  p roven  in [3, 4]. Since the condit ion of  the second  p a r t  of  the T h e o r e m  is au toma t i ca l ly  met  if  
s t .  r .  (J/J1) -< m - 1  (see [3, 4], it then only r e m a i n s  to show that ,  a s s u m i n g  this condi t ion to hold,  we have 
the inequal i ty  s t .  r .  (J) -< m when m = max (st.  r .  (Jl), s t .  r .  ( J / J l ) ) -  

Let  v e c t o r  b = (b i ) l_<i_m+l  be J - u n i m o d u l a r .  Since s t .  r .  (J/J1) -< m, we can then find vi E J ,  such 
that  v e c t o r  Jr,  ( J / J i )  - u n i m o d u l a r .  By hypothes i s ,  t he re  ex i s t s  ma t r i x  A E GL(m,  L), such that  Ab '  --- e 1 
mod Jr .  A s s e r t i o n  (1) m, which we sha l l  now p rove ,  is s imu l t aneous ly  val id  o r  invalid for  v e c t o r s  b and 

b ' = A  v b. R e p l a c i n g b b y b " w e s h a l l a s s u m e t h a t f r o m t h e b e g i n n i n g b l - l ,  bi  E J l ( 2 ~ i - < m ) .  
i 

Replac ing  r ing  L by  j l  we sha l l  a s s u m e  that  J i  is a twosided ideal  in L (this is convenien t  for  the 
m + i  m-I-L 

use  of  L e m m a  1). Since ~ L b i = L  and b l - 1  EJ1, then ~, aibik= I --bL f o r  s o m e a  i E J l ,  whence (a 1 + 1) 

('ix 0 - / b is J l - u n i m o d u l a r .  Since s t .  r .  (J1) <- m the re  ex i s t  v i e  Jl  b I ~- ~ albi:-: I. i .e . ,  v e c t o r  0 a,,,+1 such 

that  v e c t o r  (b i + V i ~ m + I b m + l ) t _ < i < m  is J t - u n i m o d u l a r  and, in p a r t i c u l a r ,  J - u n i m o d u l a r .  This  comple t e s  
the p r o o f  of  condi t ion (1)m. 

II.  P r o o f  of T h e o r e m  5. We need to show the equiva lence  of  the fol lowing four  a s s e r t i o n s :  

(a) (1) n fo r  J = R0 X, 

(b) (1) n fo r  J =  R X, 

(c) each  cont inuous mapping  b : X --- S n is nonessen t ia l ,  

(d) for  each cont inuous mapping  a : X - - -R n the value O is uns tab le .  

P r o o f  of the impl ica t ion  (a) => (b). Let  b = (b i ) t< i<n+  i be an  R X - u n i ~ o d u l a r  v e c t o r  and then f (x)  = 
p (b(x):O'~ ~ '0  f~r  a ' i ~ x  ~ ' ~ ' h i s  ~nequ'~lty is n e c e s s a r y  and suf f ic ien t  fo r  R -un imodu la r i t y ) .  V e c t o r  
(b i / f ) l~ i_<n+l  is RoX-unimodular so that  by  condi t ion (1) n, a s s u m e d  t rue  fo r  J = R0 X, the re  ex i s t  vi E R~,  
such  that  v e c t o r  ( b i / f  + vibn+lff)i--<i ~ n is R X - u n i m o d u l a r .  Then v e c t o r  (bi + vibn+l)1_< i_<n is RX-un i -  
modula r .  

P r o o f  of impl ica t ion  (b) => (C!: Le t  b : X ~ S n be a cont inuous mapping .  We denote  by bi(x) the i - th  
p ro jec t ion  of  v e c t o r  b(x) ER  n+t ,  and we c o n s i d e r  the R X - u n i m o d u l a r  v e c t o r  b = ( b i ) i < i < n + l .  By (1)n for  
J = R X t h e r e  ex is t  vi E RX, such  that  v e c t o r  a '  = (bi + vibn+ i) i_  < i  _< n is RX-unirr /odular .  We se t  a (x) = 
a ' ( x ) / p ( a  '(x), O). Then,  a : X ~ S n- i  is a continuous mapping  co inc id ing  with b on b -1 (sn-1), i .e . ,  on those 
x for  which bn+l(x) = 0. 

P r o o f  of  impl ica t ion  (c) =~ (d). Le t  b '  : X - ~ R n  be a cont inuous mapping ,  and let ~> 0. We se t  

f ( x )  = P(b'(x),  O), 

/b; I(') b,,+, (.) i t(') 
bi(x) ~ [ebl (x) ' f (x)  when f ( x ) >  e, ( 0 when/(x)> e. 

n+l 
Then ~ b ~ = e  2. 

i = 1  

We se t  

By (c) the re  ex i s t s  a cont inuous mapping  a '  : X -~ aS n- !  co inc id ing  with b on b - l ( e sn -1 ) .  
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Ib' (x) when f (x) ~ e, 
a (x) = la' (x)/• (a' (x), O) when f (x) ~< ~. 

It  r e m a i n s  to ment ion  that  a (X) ~ O and, r eca l l ing  definit ion b), i s  an uns table  mapping .  

P r o o f  of impl i ca t ion  (d) =~ (a). Le t  v e c t o r  b = (bi) l_<i<n+l be RoX-unimodular which,  obvious ly ,  is 

e q u i v a l e n t  to the inequal i ty  f (x )  = P(b(X), O) < g for  s o m e  ~ > 0 and a l l  x E X .  Since for  the mapping  b '  : 
X ~ R n, g iven b y  the fo rmula  b'(x) - (bi(x))l<_ i_<n, the value O is uns tab le  [according: to  our  a s s u m e d  a s -  
s e r t i o n  (d)], t he re  then ex is t s  a c o n t i n u o u s m a p p i n g  a : X  ~ R n for  which  p(~t(x), O) - > g / 2  for  a l l x  E X 
and a(x) =b ' (x )  when p(b'(x),  O) >- ~ / 2 .  

We se t  

v, (x) = / ( ~ ' ( * ) -  b, (.))/b._~, (x) when ~ (b' (x). O) < ~/2, 
( o when o (b' (x), O) ~ s/2. 

Then,  a i  = bi + v ibn+l  and v e c t o r  a = (bi +vibn+l)l_<i_<n is RX-un imodu la r .  

P r o o f  of  T h e o r e m  6. It is n e c e s s a r y  to show that  if  (1) n holds when J = K, then the value of O is un -  
s tab le  for  each  cont inuous mapping  a :  X ~ R  n. Le t  1 > g > 0. We se t  f (x )  =O (a(x), O) and 

a' (x) = / a  (x) when f (x)--< 2~, 
[ 2ea (x)/r (x) when ] (x) >/2e. 

Since r ing  K is dense  in R ~  the re  ex i s t  bi E K, such that  p(b '(x),  a '(x)) -< e /2  for  all  x E X, whe re  b '  = 
n 

( b i ) l < i <  n, and i n p a r t i c u l a r ,  o(b ' (x) ,a(x) )  ~ ~ / 2 w h e n o ( a ( x )  O) < 2e. We se t  bn+a(x)=(e/4)2 ~ b~(x) 2. 
~ 1  

Then,  v e c t o r  b = (bi)l_<i_<n+ 1 is K-un imodu la r .  We can  find v i ¢ K such that  v e c t o r  c '  = (bi + vibn÷l~ i_<i_<n 

is K-un imodu la r .  We s e t  

c" (x) = I eC" (x)/4~ (c' (x), O) when bn., (x) >/0 ,  
[ b' (x) when bn+l (x).~ O. 

Then,  0" : X --~ R n is a cont inuous mapping  c"(X) 9 0  and p(c"(x),  a (x)) -< ~ when P(a(x) ,  O) -< 2¢ .  Final ly  
we se t  

c (x) = a (p (a (x), 0)) a (x)i-  (1-- a (p (a(x), 0))) c" (x), 

whe re  function a is the s a m e  as  in the p r o o f  of  the equivalence  of  the defini t ions of  uns table  mappings .  
Then,  c(X) ~) O and p(c(x),  a(x)) < ~ fo r  al l  x E X. 

Now, let hold the addi t ional  condi t ion of  the T h e o r e m ' s  second par t .  We need to show that  when 
n = s t .  r .  (R0 X) condi t ion (1) n holds  for  J = K. Fo r  any K-un imodu la r  v e c t o r  b = 0ai)l_<i___n+ 1 the v e c t o r  

n+t 
b / f ,  where  f (x )  = p(b(x), O), is RX -un im odu la r ,  s ince  ~ (bdf) 2= 1. Consequent ly ,  t he re  ex i s t  v~ E R X, 

such that  v e c t o r  b'  = (b i / f  + v~bn+t/J )i~i_<n is R ~ - u n i m o d u l a r ,  i .e . ,  ~ b~ (x)~>8 for  some  ~> 0 and fo r  

tl 

all  x E X. We can  find v i E K such  that  the inequal i ty  ~, (v~ (x) - -  v~ (x)) 2 ~ (~/2) 2 (for all  x E X) ho lds .  We 
i ~ l  

se t  c = (bi + vibn+i) i_<i<n-  Then,  g(x) = p(c (x ) / f ( x ) ,  O) -> p ( b ' ( ~ ,  O)-/~(b ' (x) ,  c(x)/f(x))  -~ £ /2  for  al l  x E X. 
tl 

Consequent ly ,  ~, (cdf ~) • c~ = g~ ~ e~/4, whence  g-Z E K, if  f - 2  6 K. Fo r  the p r o o f  of  the K-un imodu la r i t y  
i ~ l  n + l  

of  v e c t o r  c i t  r e m a i n s  to show that  f - 2  E K. We reca l l  that  I ~ = ~ b~. Since vec to r  b is K-un imodu la r  
n+~ i=~ n+t 

then ~ aJ~z =1 for  s o m e  ~ti E K. By the Cauchy-Bunyakovsk i i  Inequal i ty ,  f2sZ > 1, where  s ~ ~= ~, aL 
l = l  i ~ 1  

whence ( f s )  -~- E K and f - ~  E K. 

P r o o f  of  T h e o r e m  7. We sha l l  show that  i f  condi t ion (1) n holds for  J = K then d(X), < 2 n -  1, i .e , ,  fo r  
each  cont inuous  mapping  a :  X --~R ~n the value  of  O is uns tab le .  Let  £>  0. We se t  f (x )  = p ( a ,  (x), O) and 

a" (x) := |2sa (x)/f (x) when f (x) ~ 2~. 
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By h y p o t h e s i s  t h e r e  e x i s t  b i E K N RX such  tha t  p(b!(x) ,  ~ '(x)) - ~ / 2  for  a l l  x E X, w h e r e  b '  = ' (b{) , - - - . i ~ n '  
in particular, p(b'(x), a(x)) ~ e /2  when p(a(x), O) --< 2~. We set b i =bi + ~:-~b~+i 6 K, bn+ i = (~/4) 

2n 

--~; (b[)2EK Then, vector b = (bi)i_<i_<n+ i is K-unimodular. We can find v i E K such that vector c '  = (b i + 

vibn+ l) i < i ~ n  is  K - u n i m o d u l a r .  

We s e t  

c" (x) : / ec' (x)/4p (c' (x), O) when b,,+, (x) > O, 
[b' (X) when ba+, (X)-~ O. 

Then ,  c"  : X ~ R  2n i s  a cont inuous  mapp ing ,  c"(X) 9 0  and p ( a (x ) ,  c"(x)) -< e w h e n P  (a (x ) ,  O) -< 2e.  F i n -  
a l l y ,  we  def ine  the  cont inuous  mapp ing  c : X -,- R 2n the s a m e  a s  a t  the end of  the  p r o o f  of the  f i r s t  ha l f  of  
T h e o r e m  6. 

Now, l e t  the add i t i ona l  cond i t ion  of  the  s e c o n d  ha l f  of the  t h e o r e m  hold .  We need  to show tha t  when 
2n >- s t .  r .  (R0 X) fo r  J = K then  cond i t ion  (1)n is  m e t .  F o r  a n y  K - u n i m o d u l a r  v e c t o r  b = (bi)l_<i_<n+t we s e t  

f (x}  = p (b(x), O), w h e r e  b i s  c o n s i d e r e d  a s  a con t inuous  m a p p i n g  X - - , - R  2n. We s e t  bi/ f  = f i  + ~ -  f f n + i ,  
._,n+.. 

! 

w h e r e f i  ERoX(1 - < i - <  2 n + 2 ) .  Then  ~ , [~==1  Since  s t . r .  (R~ () < 2 n t h e r e t h e n e x i s t v  i ER X such  tha t  
2a 

2 i=, R0X-unimodular ,  i . e . ,  ~,b[(x)2>~e fo r  s o m e  e > 0 a n d a l l x  6 X .  v e c t o r  b '  = ( f i  + v [  (f2n+ t +f2n+2)) l_<i<2n is 

We can find vi 6 K such tha t ,  for  a l l  x 6 X, the  fo l lowing  i nequa l i t y  h o l d s :  

[(vl V------1 £ + 3  ([,,+, - -  If---- l )::~+,) - -  vi 12 -~< e2/4. 
i = l  

We se t  c = (bi + v ibn+l )  Ni_~n .  Then ,  g(x) = O(c(x)/f(x), O) ~ g / 2  fo r  a l l  x ,  whence  g 2 = ~ (cdf ~) ~c~)e2/4. 
• i =  1 

T h e r e f o r e ,  g-2 EK,  i f f  -2 E K. To p r o v e  the K - u n i m o d u l a r i t y  of  v e c t o r  c i t  r e m a i n s  to show R a t  f - 2  EK.  

n-l-1 

We r e c a l l  tha t  F = ~, bibt. 
i = 1  

Since  v e c t o r  b i s  K - u n i m o d u l a r  then  ~ a~bi = 1 for  s o m e  e i  E K. By the  C a u e h y - B u n y a k o v s k i i  In -  
a + l  / = 1  

equa l i t y ,  f2sZ - 1, w h e r e  s 2 = ~ aiai, whence  ( f s )  -2 E K a n d f  -2 E K. 

R e m a r k .  It can  be  shown a n a l o g o u s l y  tha t  the s t a b l e  r ank  of  r i n g  K of  con t inuous  q u a t e r n i o n - v a l u e d  

funct ion on t o p o l o g i c a l  s p a c e  X equa l s  [d(X)/4]  + 1. 

III .  P r o o f  of  T h e o r e m  8. The  i nequa l i t y  s t .  r .  (K) -<n + 1 is  con t a ined  in the B a s s  T h e o r e m .  It  r e -  

m a i n s  fo r  us  to show tha t  when J = K cond i t ion  (1) n is not m e t .  We s e t  b i  = t i  (1 --~ i -< n) and bn+ t  ~ 
n 

1-- ~, t~. V e c t o r  b -- (bi) i_~i<n+ l ,  o b v i o u s l y ,  is  K - u n i m o d u l a r .  W e r e  t h e r e  to e x i s t  v i 6 K such that  v e c -  

t o r  b '  = (b i + v i b n + i ) t ~ i ~  n w e r e  K - u n i m o d u l a r ,  then we would be ab l e  to de f ine  a con t inuous  mapp ing  

a : R n  ~ R  n by the f o r m u l a  

a(x) = {b'~x))p(b' (x), O) when ba+t (x)>O, 
when bn+1 (x) ~ O. 

Then ,  a ( R  n) 9 0  and p(~(x),  x) -< 2 fo r  a l l  x E Rn° Whence ,  o b v i o u s l y ,  would  fol low the i n s t a b i l i t y  o f  the  

va lue  of  O for  the  i d e n t i c a l  mapp ing  of  s p a c e  R n which,  a s  i s  we l l  known, i s  f a l s e .  

R e m a r k s .  a) When  k = R the  i nequa l i t y  s t .  r .  (K) - n + 1 in T h e o r e m  8 fol lows f r o m  T h e o r e m  6 as  

app l i ed  to the  uni t  ba l l  X in R n.  

b) A p p l y i n g  T h e o r e m  8 when k = R, we can  ob t a in  the  i nequa l i t y  s t .  r .  (C[t 1 . . . . .  tn]) -- in/2] + 1, 

w h e r e  C is  the f i e ld  of  c o m p l e x  n u m b e r s .  
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