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ORBITAL EQUIVALENCE OF SINGULAR POINTS OF VECTOR FIELDS 

ON THE PLANE 

R. I. Bogdanov 

This note is a continuation of [1]. The theorems formulated herein yield the moduli of 
the singular points of vector fields on the plane relative to smooth orbital equivalence 
(see Sec. 5 in [i]). 

Notation. Let V denote the Lie algebra of germs at (0) ~ R 2 of vector fields of class 
C~on the plane, ~2 (~,) the R-algebra of germs at (0) ER 2 ((0) 6 R) of functions of class C ~ on the 
plane (on the line), mr. r an integer, r~2 (Vr, r = I, .., ~) the r-th power of the 
maximal ideal ~2 in ~2 generated by the germs that vanish at (0)~R 2 (the r-flat" germs of 
vector fields on the plane, i.e., the v ~ V ,  such that v(~P) c . f ~ P + r - l V p ~ Z , p ~ t  ). 

Let Jk denote the space of k-jets of germs in V (JR = ~Yv~-I), k ~ 0 an integer; ~k will 
denote the natural projection ~k: V + Jk. 

Let y be the germ at (0)~ R 2 of a fiberlng ~ of class C ~, 9: R= -- R, ? (0) = 0. Let v*(~,) 
C e2 denote the image of ~ under the induced mapping v*: Q~--Q2. 

Let ~I ..... ~m ~ V. Let v* (~, ..... ~m) denote the y* (~1) -module generated by the germs in 

V of the form v =  ~ , / i '~ i , /~Ev*(QO" 
i = l  

THEOREM i. For every germ v~v (with the exception of a set of germs in V of codimen- 
sion ~ in the space V), there exists an integer k~0, germs ~ .... , ~ V  and a germ y at 
(0) of a fibering of class C ~ ~: R=--R,~(0) = 0, such that the germ v is C~-orbitally equivalent 

to a germ of the form 

= P k + h ~  + z ,  (1)  

w h e r e  Pk i s  t h e  germ o f  a p o l y n o m i a l  f i e l d  o f  d e g r e e  a t  mos t  k, ~ P~ = ~k v, h~ ~ Vk+ 1 n v*(~,,- . . . .  

~ ) ,  × ~ V~. 

Remark 1. F o r m u l a  (1)  may be  r e g a r d e d  a s  a " n o r m a l  f o r m"  w i t h  m o d u l i  i n  t h e  fo rm o f  
functions of a single variable, though some germs w of type (I) belong to a single C~-orbi - 
tal orbit. In some cases, one can construct a C~-orbital polynomial normal form with fi- 
nitely many parameters (moduli) (see Theorem 2). 

Definition i. A germ v EI] is called a germ with nontrivial linear part if the eigen- 
values of the matrix ~ v ~ J, do not vanish simultaneously. 

Moscow State University. Translated from Funktsional'nyi Analiz i Ego Prilozheniya, 
Vol. i0, No. 4, pp. 81-82, October-December, 1976. Original article submitted April 15, 1976. 

This material is protected by  copyright registered in the name o f  Plenum Publishing Corporation, 227 West 1 7th Street, New York, N. Y. 
10011. No part o f  this publication may be reprOduced, stored in a retrieval system, or transmitted, in any form or by  any means, electronic, 
mechanical,  photocopying, microfilming, recording or otherwise, without  written permission o f  the publisher. A copy o f  this article is 
available f rom the publisher for  $7.50. 

316 



THEOREM 2. l) If the C~-orbital orbit of a germ v ~ ~~ has finite codimension in the 

space V, then it is the orbit of a germ with nontrivial linear part. 

2) If ~ ~ 1"i is a germ with nontrivial linear part, then either the C~-orbital Orbit of 

v has finite codimension in the space V, or v belongs to a set of codimension ~ in V. 

Theorem 3 below, together with Definitions 2-5, is a refinement of Theorem I. 

Notation. Let 01A °2 denote the outer product of basis vector fields 01 = 0/0z~,o2 = o/o~ 
and for every ~ ~ v define a germ a~(~) ~ Q2 by the condition ~ A v = ~v(~)01A ~2 (here A 
denotes the outer product of vectors). 

Definition 2. The derived ideal I(v) of a germ v ~ v is the following ideal in the 
algebra ~2: 

/ (~) = ~ (~) = {! ~ ~: / = ~ (~, ~ ~ ~}. 

Definition 3. A germ v ~ V is said to be of finite multiplicity if the factor alge- 
bra 9~H (v) is finite-dimensional (over R). 

The multiplicity of the singular point (0)~R ~ of a germ v~ is defined as ~(~= 
= - - t  ~ direr  ~;~/l (v) (~ (v) = 1,2 . . . . .  ~) .  

Definition 4. The r-jet q = ~ v~y~ of a germ v ~ ~ of finite multiplicity is said 
to be stable if 

V f ~ ~r+l  H ~ ~ ~ :  av (~) = / (rood ~r+~. (2 )  

Lemma 1 a n d  Remark  2 b e l o w  show t h a t  D e f i n i t i o n  4 i s  w e l l - f o u n d e d .  

LEMMA 1 ( s e e  [ 2 ] ) .  A ge rm v ~ T: i s  o f  f i n i t e  m u l t i p l i c i t y  i f  a n d  o n l y  i f  t h e r e  e x i s t s  
an  i n t e g e r  r > 0 s u c h  t h a t  c o n d i t i o n  2 i s  s a t i s f i e d .  

Remark  2 .  L e t  v ~ r~ be  a ge rm and  r > 0 an i n t e g e r  s u c h  t h a t  (2 )  h o l d s .  Then (2 )  i s  
a l s o  t r u e  f o r  a n y  ge rm ~ ~ v~ s u c h  t h a t  ~ r  y = ~r v. 

LEM~4A 2. F o r  a l m o s t  a l l  ge rms  i n  V ( w i t h  t h e  e x c e p t i o n  o f  a s e t  o f  g e r m s  o f  c o d i m e n s i o n  
i n  t h e  s p a c e  V ) ,  t h e r e  e x i s t s  a s t a b l e  j e t  a n d  t h e  m u l t i p l i c i t y  o f  t h e s e  g e r m s  i s  f i n i t e .  

D e f i n i t i o n  5.  L e t  o r d  (v )  d e n o t e  t h e  i n t e g e r  o r  ~ d e f i n e d  b y  ~ ,  ord (@ =max {r: v E  T%}. 
F o l l o w i n g  F rommer  ( s e e  [ 3 ] ) ,  we s a y  t h a t  t h e  k - j e t  Of a ge rm v i s  s i n g u l a r  i f  av (~0~ + ~ )  
= 0 (rood ~ a ( v ) + ~ ) ,  and  n o n s i n g u l a r  o t h e r w i s e .  

THEOREM 3. L e t  q = ~ r V ~ J r  b e  a s t a b l e  r - j e t .  Then t h e r e  e x i s t  an i n t e g e r  k ~ r  and  
a f r e e  ~ * ( ~ 1 ) - m o d u l e  v*($~ . . . . .  ~ )  s u c h  t h a t  e v e r y  g e r m  u ~  V , ~ u = q ,  h a s  (l) h ~ V ~ + ~ * ( ~ l ,  . . . ,  
~ ) ,  i n  n o r m a l  f o r m  ( 1 ) ,  w h e r e  m = o r d  (v )  i f  t h e  o r d  ( v ) - j e t  o f  v i s  n o n s i n g u l a r  and  m = 
o r d  (v )  + 1 O t h e r w i s e .  

The a u t h o r  i s  d e e p l y  i n d e b t e d  t o  V. I .  A r n o l ' d  and  a l s o  t o  A. M i k h a i l o v  a n d  A. N. 
S h o s h i t a i s h v i l i  f o r  t h e i r  u s e f u l  c o m m e n t s .  
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