
ON T H E  Q U E S T I O N  O F  T H E  S O L V A B I L I T Y  

O F  B I S I N G U L A R  A N D  P O L Y S I N G U L A R  E Q U A T I O N S  

I .  B .  S i m o n e n k o  

Let  C be the unit  c i r c l e  in the complex  var iab le  plane,  T =C × C, the ope ra to r  S (E Hom[L2(T), 
L2(T)]) * has the f o r m  

(S/)(O = a~ (t) f ( t)  + = i  ~ ~q - -  6 m ~ T= - -  t~ 

( ± ~ ' I  ~ a , , ( t .  , ) _ r , )  a t , E , ,  t = (t, .  t~). ,= ( , , ,  ~,), t e r .  + 
' , ~ t i ]  C ~  ( x l - t l ) ( T * - - / ~ )  

Concerning the ke rne l s  a i, a2, a12 we a s s u m e  that they a r e  expanded into abso lu te ly -convergen t  
Fou r i e r  s e r i e s ,  i .e . ,  

X-~ tal (/, X) = ff.~ Tit t X~t al  (t ,  r,) = ~ Tit x,  , a.l (t, '~ )  = ~1 Ti "g~ , a ls  
t = l  i = I  i= l  

~,, = (:,;, =:;, ~, = (,~;, ~,), t ' ,  = t, , . .  = , ,  , ,  ; 

( i) 

1 2 12 
ct[, tr~',/~[, ill' a r e  in tegers  and, m o r e o v e r ,  ~z (1 ~1 +ITs1 +[Ti[)< + o~ ; the coefficient  a0(t ) is a s sumed  con-  

t inuous.  

By A 0, Ai, Bi,  BI, B[' we denote the o p e r a t o r s  of mult ipl icat ion by the functions a0(t), t ai, tfli, r~i, 
r ~ t ,  r e spec t ive ly ,  and by S l, S 2 we denote the o p e r a t o r s  defined by  the equal i t ies  (s~)(t) = =i ~ x ~ -  tt 

1 ~ q : ( h , X ~ ) d  ' 
(S~ ) (O  = - - 7 . ,  - - t  ~ "  

The o p e r a t o r  S given by formula  (1) is defined as the sum 

+co ~ • +co ~ , +c012 
s = Ao + y, ~A,S.B + y, ~,A,S,S~ + y, ~,A,S.S~B,. 

I t  is not difficult  to be convinced that  such a definit ion of a b i s i n g u l a r  ope ra to r  coincides with gen- 
e r a l l y  accepted  ones t when the l a t t e r  have meaning,  for  example ,  when the kerne ls  additionally sa t i s fy  a 
HSlder condition. 

14. 2 THEOREM. Let  A£, A£ (1~1 =t)  be one-dimensional  s ingular  o p e r a t o r s  f r o m  Hem [L 2 (C), L 2 (C)], de-  
fined by the equal i t ies  

"*Hem(D1, B 2) is the space  of l inear  o p e r a t o r s  act ing f r o m  the Banach space  B l intothe Banach space  B 2. 
CA single in tegra l  is to be unders tood in the pr inc ipa l  value (p.v.) sense ,  and a double integral  as repeated  
p .v .  in tegra l s .  
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t+ 1 ( a~ (o, X, O') -+a~2 (o, X, o', D 
(A~'~)(O)=Iao(O, ~.)_+ao. (O, ;~, O)],~(O)+--~- ~ ~ - o' ,~ (0') dO', 

1 !  ~ (~,, O, O') -',- a12 (~, O, ~,, O') 
(A~)(0) = [no (~, 0) _+ a~ (~, 0.0)] ~ (0) + ~ 0 -- 0' ~ (0') dO' 

Then for  ope ra to r  S to be a Noether ian ope ra to r  it is n e c e s s a r y  and sufficient  that the ope ra to r s  ~ ,  ~ 
be  inver t ib le  for  al l  values  of the p a r a m e t e r  X.  

Proof .  Le t  Z 2 be a d i s c r e t e  plane,  i .e . ,  the se t  of  points on a plane with in tegra l  coordina tes .  By F 
we denote an ope ra to r  f r o m  Hom[L2(T), L2(Z2)]* which a s soc ia t e s  with a function on a torus  the double s e -  
quence of coeff icients  of  its Four i e r  se r i es ;  by Z~ we denote the compact i f ica t ion  of the d i s c r e t e  plane by 
an inf in i te ly-dis tant  sphe re  (see [1-3]) and we cons ider  the opera to r  FSF-I(  E Hom[L2(Z2), L2(Z 2) ]). 

This  o p e r a t o r  is an ope ra to r  of  local type (see [1-5]). 

Jus t  as  was done in [1-3] we c a r r y  out a local ana lys is  of this ope ra to r  a t  infinitely dis tant  points .  
At finite points ,  by  v i r tue  of the d i s c r e t e n e s s  of space  Z 2, any ope ra to r  f r o m  Hom[L2(Z2), L2{Z2)] is locally 
Noether ian.  

We subdivide the se t  of infinitely dis tant  points into eight pa r t s :  the four se ts  F++,  1 ~ + - ,  1 ~ - + ,  F - - ,  
consis t ing of infinitely dis tant  points cor responding  to the r ays  issuing f r o m  the or igin  and being located 
in the open squa res  E++(x >0 ,  y >0}, E+-(x >0 ,  y < 0 ) ,  E - + ( x < 0 ,  y >0),  E - - ( x < 0 ,  y <0) ,  r e s p e c t i v e -  
ly, and the four se ts  consis t ing of one point M+oo 0, M0,+~o, M_%0, M0,_oo, cor responding  to the 
r a y s x > 0 ,  y = 0 ;  x = 0 ,  y > 0 ;  x <  3, y =0;  x = 0 , y < 0 , r e s p e c t i v e l y .  

Fo r  each type of point the ope ra to r  FSF -1 is local ly equivalent  to the s imp le r  opera to r :  

M_.~, ° [ +o~ 1 , +oo . 
oo, o) r s r - '  ~ F ~ Ao +_ Y, ~,AiB, + ~ ~,A,s:8, 

12 
± +- 2J "r,A,S~BQ F-t; (2) 

x. i~ l  i ~ 1  i~  1 / 

Mo,~oo [ +.-.~I , +0% +ool. ', 
o,  lAo+ >', +_ y,  ± y,  ),,-,; (3) 

\ i~l t = l  i=l , 

-t..Oa 2 +00 TiAiBi" ) 
+00 ~ , 

--2_ +) FSI:-X~F Ao ± ~,  ~¢l~e, + ~, v,A~e'~ .4- ~, ~ r -~, M e "P~-+; (4) 
i~1 i ~ l  i = l  / 

+oo, +o% +~ 
± - )  psJ,-'~F Ao + ~ ~,A,B; - y ,  "~As; ~- Y, ~,A,~,~ ~-,, M e ~+-. (5) 

\ i=1 ~==1 i=l / 

We now note  that  the inver t ib i l i ty  of the r ight  hand sides of the equivalences  (2)-(5) ensues  f r o m  the 
t h e o r e m ' s  hypotheses .  Hence,  on the bas i s  of the r e su l t s  in [4, 5], i t  follows that the o p e r a t o r  FSF - I  and, 
consequently,  a lso  the o p e r a t o r  S, a r e  Noether ian.  The suff iciency of the conditions of the t h e o r e m  is 
p roved .  

Necess i ty .  I f  the ope.rator S is a Noether ian  ope ra to r ,  then the r ight  hand s ides  of equivalences (2)- 
(5) a re  local ly  Noether ian  a t  the cor responding  points (see [4, 5]). Hence ensues  the inver t ib i l i ty  of these  
o p e r a t o r s  (see [1-3]). 

R e m a r k .  F r o m  the p roof  it is c l ea r  that  n e c e s s a r y  and sufficient  conditions for being Noether ian  
can be formula ted  a lso  for polys ingular  equations,  which would consis t  of  the invert ibi l i ty  of the polysingu-  
l a r  equations on a unity of l e s s e r  o rde r .  

The author  thanks V. A. Kakichev for  useful  d iscuss ions  on the work .  
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*The m e a s u r e  of each point of Z z equals unity.  
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